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ON A NEW EXTENSION OF HILBERT’S INEQUALITY

BICHENG YANG AND THEMISTOCLES M. RASSIAS

(communicated by A. M. Fink)

Abstract. This paper deals with a new extension of Hilbert’s inequality with a (p, g)— parameter
and a best constant factor. We also consider a more extended form and the equivalent inequality.

1. Introduction

If a,,b, >0, suchthat 0 < Y72 a2 < oo and 0 < Y2 b2 < oo, then the well
know Hilbert’s inequality is written in the following form (see Hardy et al. [1, Ch.9]):

oo oo a b 2
mPn b2 1

DD iaiis Z DA M

n=0 m=0 =0 n=0
where the constant factor 7 is the best possible. Recently, (1) had been generalized
with multiple by Yang [2], and strengthened by Gao et al. [3]. In the following we
provide a classical extension form of (1) with (p,q)— parameter as follows (see [1]):
If ay,by 20, p>13+1=1and 0<% a; < oo, 0<% b < oo, then
one has

_=

sz+n+l sin( Za sz ’ (2)

n=0

where the constant factor is the best p0551ble. And equivalent form is (see Yang

7]
et al. [4]) is the following:
) %) p -
aﬂ]
— ) < | ; 3
; };m—&-n—kl sin(7) Za” ®)

where the constant factor [W’;m]l’ is still the best possible. It is obvious that for
p=¢q=2,(2) reduces to (1). Inequality (2) is called Hardy-Hilbert’s inequality, and
is important in analysis and its applications (see Mitrinovic et al. [5]). In recent years,
by deriving the following inequality of the weight coefficient w,(r,n) (n € Ny =
N U {0}, r > 1), namely
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(1—) o0 1
1 r (m+1/2)r T In2—y
= — — 4
@1(r,n) (n+ 2) ;Zn:o m+n+1 < sin(F) (204 1)t @

Yang [6] gave a strengthened version of (2) as follows:

1
o~ dmby —| In2—vy !
sz+n+l < {Z lsin( ) ,%1%} %

n=0 % (271 + 1)1+

ad n In2-y qé
X{;Lin(ﬁ) (2n+1)1+é]b”}’ ®)

where In2 — y = 0.1159315% (y = 0.57721567" is the Euler constant). And Yang
[7] also proved another strengthened version of (2), which is different of (5). By
introducing a parameter A, and the 8 function, Yang et al. [4] gave a generalization

of (1) as follows: If 2 — min{p,q} < A < 2,0 < > 7, (nJr%)l_)Laﬁ < 0o and
0<%, (n+%)1_lb2 < 00, then

>y mf’f,j <ka<p>{i(n+§)l_laz}# {i(%)lb} (6)

n=0 m= 0 n=0 n=0

where the constant factor & (p) = B(‘”*i—_z7 ‘”’;—_2) is the best possible ( B(u, v) is the
B function). For A = 1, inequality (6) reduces to (2). Yang et al. [8] summarized the
above some results.

The main objective of this paper is to estimate the weight coefficient in the form

A(l—1) oo F-1
1 7 1 1 r n€N0,7'> 1,
_ 1 R 1 7

m=0

with a best

and provide a inequality related to the double series >~ >~ (mi’;ﬁ"l) -

constant factor, which is a new extension of (1) but different from (6). We also consider
the equivalent form and certain particular results.

2. Lemmas

First, we need the following formula of the 8 function (see [9]):
> 1 —1+u

B(M7V) :/0 W[ dt:B(V,M) (l/i7V>0)7 (8)
as well as the following estimate (see Kuang et al. [10], and Yang et al. [4]):
If f® € Cl0,00), [;7f(x)dx < oo, and (—1)"f W (x) > 0, f"(c0) =0 (n =
0,1,2,3,4), then

i 1 1
Srm < [ F@ds+ 30 50) ©)

m=0
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LEMMA 2.1. If n € N = NU{0},r > 1,0 < A < r, define the function R; (r,n)
by Ay
Ra(r.n) /0 1 IR dr—2 1 A

r,n) = — | X+ = X — . — .
AT ! (x+n+l)’1 2 3r (n—l—l))LZM’ 6(n—|—1))”12)t/’
(10)

Then Ry (r,n) > 0.

Proof. Applying integration by parts, we obtain
0 0
1 Ioa_, r 1 1
- N gy = — S Z
/ (x+n+1)’1(x+2) * )L/_% (x+n+1)* (x—|—2)

-3
r 1 | A 0 1 1
- - @@ )7 N —)rd
A (x+n+1)*(x+2) |—%+r/_1 (x+n+1)*+1(x+2) *

2
1 o0 1 1.2
_. d —)rtl
A (n+1)’12*/r+)t+r/% (x+n+ 1)+ (x+2)

r r2

> .
P 2 Ty s [ A SRR VA
Hence by (10), since r > 1 and 0 < A < r , we have

~[>

~

Ri(rn) > r4r—2 1 n r A1
A (1 n A 3ro | (n+1)A24r 2 +7r) 6] (n+ 1) H12Ar
(r—=A)(3r—A4) 312 —Ar— A?
A+ 1225 T 6 L) 12 0. (12)

Thus the lemma is proved.

LEMMA 2.2. If n € No,r > 1,0 < A < r, and wy(r,n) is defined by (7), then

A 1
w; (r,n) < B (7,1(1 - ;)) . (13)
. . A_
Proof. By fixed n and setting f (x) = (Han)A (x+3)7 1 x € (—3,00), by (9),
we obtain
00 L Ay
; m+ l ' < /OO ; X+ l ' dx
= (m+n+ 1) 2 0o (x+n+1)* 2
n 1 n 1 2A n r—=Aa 4
(Vl + 1)12&/1’ 12 (Vl + 1)1+12)L/r r (I’l + l)lzl/r

L1

_/00; _|_1 ' d.
) (xn+ DA T2 *
4r — A A

- /0 ;(x—k—)&_ldx— -
_1 (x+n4 1) 2 3r(n+ 1)A24/r 6(n+ 1)A+124/r |~
(14)
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Setting u = (x+ 3)/(n+ 1), by (8), we find

o 1 1\ 7!
/_L<x+n+1)A (x+5> =
’ (15)

A=1)p oo —14asr A(k—1)

1 r u 1 r A 1

= - ——du = - B =,A(1->)].
(”+2> /0 T (”*2) (r’( r))

Hence by (14), (15) and (10), one gets

w3, (r,n) < B (%,)L(l - %)) - (n+ %)A(l_%)m(nn).

By Lemma 2.1, we have (13) . The lemma is proved.

LEMMA 2.3. If p > 1,117+é: 1,0 <A <min{p,q},and 0 < € < A, then

A—p—¢ A—g—¢

i 1 1\ 7 1 q
I':ZZ:;)(ernJrl)/1 (erE) <”+§)
20 (A—¢e A ¢ 2¢q?
>-B RARNTL .
€ ( g 'p q) (A —€)(A —e+qe)

Proof. We have ’1*—:75 <0 (r=p,q), and A — ¢ > 0. Hence we obtain by
setting u = (y+ %)/(x+ 1),

e
1>/°°( +l> ' [ _
, T2 ¥
[o'e) —1—¢ [o'e) 1 u_ld d
— —  ua
/0 ()H- ) /1 (1+u)’1u u| dx
I~ —l—e o A=E_ AL A—e
u 49 2X+1 u 49
- - du — 2 duld (17)
/ (” > V ) ] g
A—¢ 1
2¢€ e MT_I 00 1 —1—¢ ey i—e
>?/0 7(1+u)/1du—/0 (x—i—E) [/0 u @ duldx
2_£B</18&+E) 2°q
€ g 'p q) (A-€&QA-¢e+qe)

The lemma is proved.

M| —

—

[\S]
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3. Main results and applications

THEOREM 3.1. If a,, b, > 0, p > 1,119 L' =1,0 <A <min{p,q}, such that
oo 1 p—1—24 1 q—1—2
0<Zo(n+§> aﬁ<ooand0<ZO<n+§) bl < o0,

then we have

AN AN R L AN
SR [0

nOmO n=

(18)
where the constant factor B (%, %) is the best possible. In particular, for A = 1, one
has

T e8] 1 p—2 117 00 1 q—2 é
>3 < (% () ) (S (a) )

where the constant factor m/ sin(m/p) is still the best possible.

Proof. By Holder’s inequality and (7) (for r = p, g ), we have

n=0 m=| 0
ZZ (m+1/2)0—2)/pa by (n+1/2)a=P)/pa
- n=0 m=0 m+”+1 Ap (n+1/2)a=M/pa | | (m+n+1)*4 (m41/2)P=2)/pa
1 1
p—A 7 _a 1
D) DR R A ) DL e
. —2 2 )
m=0 n=0 m+n+1 (n+%)q7 n=0 m=0 (m+n+1) (}’VH’%)I’T

(Soam (o)) S (o)

Hence by (13), since w;, (r,n) < B(A/p,A/q) (r =p,q), we have (18).
For 0 < € < A, setting a,, and b, by

(20)

A—q—¢

~ 1 ,17’,),75 ~ 1 q
am = | m—+ = ybp=|n+ = , form,n € Ny,
2 2
we have

ey e g,
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If there exists a positive parameter A (< min{p,q}), such that the constant factor in
(18) is not the best possible, then, there exists a positive number K < B (& &) , such
that (18) is valid if one replaces B (p , q) by K. In particular, we have

0o 1 p—1—4 % 0 1 q—1-A_ é
sl—ezz m+n+1 <£k{z (n+§> Eﬁ} {Z(nJrE) bz},

n=0 m= 0 n=0 n=0
(22)
y (16) and (21), we find
A—€ A € 2847
283( ,—+—>—8 < K(e2'¢ 4 29).
¢ p ) Um0t —erae <K )

Setting € — 0" in the above inequality, we conclude that B (’1 ’1) < K. This is a

contradiction. Hence the constant factor B (’—l %) in (18) is the best possible. The
theorem is proved.

REMARK 3.2. (i) For p = g =2 and A = 1, inequality (18) reduces to (1). It
follows that (18) is a further extension of (1), but different from (6).
(i) Since (19) and (2) are different, it is obvious that (18) is not an extension of

(2).

(iif) Both (19) and (2) are extensions of (1) with (p, ¢) -parameter and the same

best constant factor.
q—2 é
{Zwl(p ( ) bg}.

By (20), for A = 1, we have
= = aiﬂ n 1 b :
>3 S wtgm (e ) )
=0 n 0 m
Hence, by (4), we have a strengthened version of (19) as follows:
COROLLARY 3.1. If ap,b, >0, p> 1,1 5+ l =1,y = 0.57721567" is the Euler

constant, and 0 < > (n + é)p 2dh < o0, 0 < Sorco(n+ 1)772bi < oo, then

1
K awbs | = In2—y N7
sz+n+l < {Z [sin( ) (’H_E) >

s}  @n+ 1)

0o i q—2 é
X Z 'nﬂ - In? Yl (n+l> by )
= |sin(f)  (@nt1)'te 2

THEOREM 3.2. If a, > 0,p > 1,1 + 1 = 1,0 < A < min{p,q}, satisfy

0<> 2, (n+1 )pl/lf,<oo then
oo Al(p—1)—1 [ oo p o© p—1—1
1 A A 1
- (2 2 - p
Z<n+2> [Z m+n+1 = { (p’ CI)} ;(’HQ o
(24)

ST

p

n=0
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P
where the constant factor [B (%, %)} is the best possible; Inequality (24) is equiv-

alent to (18). In particular, for A = 1, we obtain

S d) (S]] S8
) (S ) [ [ S e e
n=0 2 m=0 m+n+l Sll’l(;) n=0 2

where the constant factor [W]p is still the best possible.

Proof. Since 0 < >°0° (n+ 1)P~1=*a}, < 0o , there exists kg € Ny, such that
for any k > ko, to imply 0 < ano(n + 1yp~17*d) < co. We set

m:O

p—1
7k 2 k07

and use (18) to obtain

B b (s

Hence we find
k —1-2 P k —1-1
1\? A A 1\’
Z q 4 - P
Lg_o (n + 2) bn(k)l <B (p’ q) nE:O (n + 2) a. (27)

It follows that 0 < "2 (n 4+ )77 "*bi(c0) < co. Hence (26) is valid as k — oo
by (18). Thus (27) is also valid. Thus inequality (24) holds.

We have proved that (18) implies (24). We need to show that (24) implies (18).
By Holder’s inequality, we obtain
&S] 1 (a—1-2)/q
- b,
<n+ 2>
-~ 1

0 ayb, 0 1\ Atl-a/a ay
Zg;: mtn+1)% Z:g <”+§> Z (mtn+1)*

o 1 Alp—1)—1 [ oo a,
g{Z(n+§> LZ:(m—&-n—F

n=0

y (24), we have (18). It follows that (18) and (24) are equivalent.
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If the constant factor {B (%7 %)r in (24) is not the best possible, then by (28),

one lead to a contradiction. The theorem is proved.

[1]

S

=

=

(10]
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