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A GENERALIZATION OF MACLAURIN’S
INEQUALITIES AND ITS APPLICATIONS

JosIP PECARIC, JIAIIN WEN, WAN-LAN WANG AND TAO LU

(communicated by P. S. Bullen)

Abstract. The well-known Maclaurin’s inequalities are generalized as follows: If x and y are
two positive n-tuples, and y and x/y are similarly ordered, then

1 1 2 2 K k
PU@/PRG) 2 PL@/PP0) 2 - 2 P 0/PY0) 2 2 P @/P ),
where P,[f ] (a) is the k-th symmetric mean of a (see[15], p. 283]). The method used in this
paper is based on the computational method of descending dimension. As applications, several
generalizations for the results of Izumi et al [20], Marshall and Olkin [7], Vasié et al [21], Beesack
etal [22], Yang et al [5] are showed.

1. Introduction

We need the following notation and symbols:

xi= (X1, x)x = () R = > 0,i=1,...,n};

’'n

R, ={xlx>0,i=1,....,n}; x,yeR
yi#0(=1,....n),x/y:=(x1/y1, - %n/yn);

!
LFx:=(1Fxs, ., LFX); X 0= (X1, e ey X1y Xitdy - o ey Xn)3

k
Er(x) == Z Hxij (I <k<n),

1<i1<~<<ik<n j=1
where Ej(x) is called k— th elementary symmetric function of x and defined Eo(x)=1.

DEFINITION 1. Two n-tuples x and y are said to be similarly ordered if and only
if for i,j(1 < i,j < n) we have (x; — x;)(y; — y;) = 0; if this inequality is reversed,
then x and y are said to oppositely ordered. (See [2] [15, p. 230].)
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DEFINITION 2. The k-th symmetric mean of x € R’} , is defined by
Ek(x)
&)
where (1) = n!/[k!(n—k)!]. Especially, Pl (x) = A,(x) and Pl (x) = Gy(x) are the

arithmetic mean and the geometric mean of x, respectively.
As is well known, the chain of inequalities due to Maclaurin states that

1/k
PHI(x) = [ } (1 <k<n),

P = PJ(x) > > PI(x) > - = P, (1)

n n

where x € R, . It must be noted that (1) is not only very interesting, but also
useful in the theory of inequalities, and the result evoked the interest of many authors,
and different proofs as well as many extensions, refinements and variants have been
published. For example, in 1984 Wang and Wang [3] (also see [4]) established a Ky Fan
type chain similar to (1) as follows:

P () P () A . P

> 2.../72.../77
Pl —x  PPa-x P - ) Pl —x)

where x € {x | x; € (0,1/2],i =1,...,n}. In [18] Wang, Li and Chen also established
some results similar to (1) and (2). Recently, Wen and Shi [19] obtained an amusing
strengthening for (1): If x € R, n >3, 2 <k < n— 1, then the largest p and the
smallest ¢ , satisfying

(A () [Ga ()] < PY(x) < gAu(x) + (1 = ) Galx), 3)

are ppr = (n—k)/[k(n—1)] and g, x = [n/(n— 1)][1 — (k/n)]"/*, respectively. In [9]
Wen et al discussed the separation of power means and its applications. We shall estab-
lish an extension of Maclaurin’s inequalities (1) by means of the computational method
of descending dimension. The method first was elaborated at the end of 20th century;
and developed by the present authors of this paper; it has played an important role in
establishing inequalities (see [8-11][14][19]). It seems that the following inequalities
(4) has the true meaning from some mathematical and aesthetical points of view. The
main result to be proved in this paper is as follows:

)

THEOREM 1. Let x and y € R, , andlet y and x/y be similarly ordered. Then

Pl _ PP P (x) P (x)
Ty = pBy =2 Pl = Pl “)
Py(y)  Pu'(y) Py(y) Pu(y)
Equalities occur if and only if x1/y1 = x2/y2 = -+ = Xp/Yu. In other words, if

O<yr <y < - <ypand 0 <xi1/y1 < x2/y2 < -+ < Xn/Yn, inequalities (4) are
equivalent to

EX _ B0y o B
E0) - By 7R

Equalities occur if and only if x1/y1 = x2/y2 =+ = Xu/Yn-

> }1//< > > [E"(x)]l/"_ (4%)
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REMARK 1. We take y = (1,1,...,1) € R, in (4), since y and x/y become
similarly ordered such that (4) or (4 * ) reduces the original Maclaurin’s inequalities (1)
and hence (4) or (4*) is a generalization of inequalities (1).

REMARK 2. Since for any x € R (n > 2), there exits y € R’ such that y and
x/y are similarly ordered (see Theorem 2), therefore combining (4) with (1), we obtain

that
K]

[
M) > Lr Ol pcy s ), (k=10 1),
P (y)
It follows from this fact that (4) strengthens (1).
In Section 4, we shall apply Theorem 1 to generalize some well-known inequalities,
e.g., the following inequality (5) and others. In order to interpret the significance of

this main theorem, we will still display some geometric results of convex body.

2. Preliminaries

In this section we establish the following lemmas which will be used:

LEMMA 1. Let x,y,w € R, and let y and x/y be similarly ordered. Then the
function

n o 1/r
£ (S e
i=1 "t

is increasing with r, where

o= ()

In other words, if ri,r; € R,r; < ry then
() <f(r). (5)

Equality occurs if and only if x1/y1 = x2/y2 = -+ = Xu/Yn-
In fact, this famous result can be found in [12, pp. 48-49] [7] [15, p. 169] [18] and
the references cited therein.

LEMMA 2. (The generalized Bernoulli’s inequality [8]) Let a,t € R,a > 1.
(I) If t > —1, then

I1+0*>1+ar (6)
(II) If t 2 =2 — co/a, then
A+ 4+ > 1 +ar (7)
(III) If t < =2 — ¢y, then
A+l +4 ' < 14 ar (8)

Here ¢y = 2.5911211476 - - - is a unique positive real root of equality In(1 4+ ¢) =
L+ (1 +¢)~!. Equalities in (6) and (7) occur if and only if t = 0.

Note that the inequality (6) is a well-known result [12, p. 65] [15, p. 5]. However,
it seems that both (7) and (8) are new in literature.
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LEMMA 3. (See[15,p.286]) Let y e R, (n>2) and 1 <k <n—1. Then

[Ec0)]* > Ee-1(0)Ea (v). )

/ /7

LEMMA4. Letx,y € R, (n > 2),x, = (X1,%2, ..., X%—1), Yu = V1, Y2, - -, Yn—1),
and

0 <xi/y1 <x2/y2 <+ < Xne1/Yn—1 < X /Y-
Then 1/k
E.(x "
[ "(x;l)] <T (k=1....n—1). (10)
Ek(yn) Yn

In fact, it is easy to see that
’ X,] xn k /
a()= Y T (%) T T (®)=(2) s,
1< < <ip<n—1 j=1 Yij 1<i<-<ig<n—1 j=1 Yn Yn
which means that (10).

LEMMA 5. Let y = (u,...,u,c,...,c) €N, where 0<p <n, n>2,and
—_—— ——

n—p p
¢ is a positive constant. Then, for the function
Fe(u) im k- 2 g ypy Ben) )

Er1(y) Er(y)

we have
0, k>2p+1,
lim Fy(u) := (11)
u—0 c, k < p-

Proof. For any integral number » : 0 < r < n, we have
- > (" j”) (7). (12)
i+j=r0<i<n—p.0<j<p

From i+j=r0<i<n—p,0<j<p,weget0<i<rr—p<i<n—p. Thus
max{0,r — p} <i < min{r,n —p}. (13)

Combining (10) with (9) we have
T S (")) (14)

' i=max{0, r—p} i r—i .

When r > p, we can rewrite (14) as

E(y) = (" B ;’) WPE 40 (W) (15)

r

when 1 < r < p, we can rewrite (14) as
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where o (1) is an infinitesimal of higher order than u; O () is an infinitesimal of the
same order as u (as u — 0), respectively, and when r = 0, then Ey(y) = 1, and (16)
also holds, but we get O(u) = 0.
From (15), (16) and the definition of F (u), we will discuss 4 cases as follows:
Case 1:If k>p+1,thenk—1>p,k>p,k+1>p,and

(Z:i) wk=PeP + 0 (ukfp) ( n—p )ukJrlprp Yo (u/H*lfp)

_ k+l . k+1—p
(kﬁff,)u"-l-f’cp+o<uk—1—p> (0

F =k-
k (U) . (Z:Z) uk—pcP + o (uk—p)

It is easy to calculate that lim ,oFy () =
Case 2: If k=p+1,then k — 1< k>p, k+1>p and

(Z:i)uk—PcP +o0 (ukfp) ( n—p )ukJrlprp +o (ukﬁ'lfp)

_ k 1) - k+1—p
(L)t + 0 ) ) (i_Dyuk=rer + o (uk=r)

Fk(u) =k-

Similarly, we have lim ,_oFy (1) = 0.
Case 3:lf k=p,then k—1 <p,k<p,k+1>p,and

D)t +0 @ (57, u vl + o (uH177)

Fie(u) = k- (7 )1+ 0 (u) —(k+ 1) (®Yck + 0 ()

Itis easy to calculate that lim o F (1) = p - [/ (pc’™")] =c.
Case 4: If 1 <k<p—1,thenk—1<p,k<p,k+1<p,and

() +0(u) (1) ¢+ 0 (w)
(7)) 1+ 0 (u) Q) ck+0u)

It is easy to calculate that

Fk(u):k-

—(k+1)-

@)t
‘LOFk( )=k (x7y) e+ (e @

Summarizing these discusses, we have completed the proof of Lemma 5.

LEMMA 6. Let ye R%, (n>2),0<y; <c(i=1,...,n),where c is a positive
constant. Then, for every, k(1 <k<n—1),
E E
. Eb) —(k+1)- 1) (17)
Er1(y) Ei(y)

Proof. We first consider a special case as follows:
(A) When k =1, then

" 2 e ViV n ,
the left hand side of (17) Zy, Zlg’qg"yyj = > ly’ Z’:I i _ ¢

Z?:l Yi Zl 1 Vi Z?:l Yi

Therefore, (17) holds.
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(B) When 2 < k < n— 1, we denote the left-hand side of (17) by gi(y) , i.e.,

- E(y) Eca(y)
Er1(y) Ex(y) ’

—(k+1)

gk(y) = 8k (y;,yn) =

where we used y = (y1,. .., Vu—1,¥n) := (¥, ya). For simplicity we denote E,(y,) by

n—1

E, (0 < r < n), where y; = (V1,...,yn—1) € R, . It follows from the given relation
(see[1,p.34]) Ex(y) = yuEx—1 + Ex that

YnEr—1 + Ex YnEr + Exi1
=k ——(k+1) —————, 18
gk(y) ynEk72 +Ek71 ( ) ynEkfl +Ek ( )
0 Ev 1) —E; - Ej_ E)? —Epyq - Exe
8, (Ex1) k k22_(k+1).(k) ke Eiy (19)
8Yn (YnEk72 +Ek71) (y,,Ek,l + Ek)

By Lemma 2, we obtain that (E;_;)* — Ej - Ex_» > 0 and (Ex)?* — Exy1 - Ex—1 > 0.
Now we fix y/, arbitrarily, so we may use the following symbol:

1/2
H(y) = Bt + Ex [+ 1 (Ex)® — Eigr - E /
Y wEra + By k (Ex-1)* — Ex - Ex—2
It is easy to verify that
I8k ) .
8—>0(:0,<0)<:> H(y,) > 0(=0;<0). (20)
Vn
From Lemma 2 we obtain that
dH:(&qnypEp2>0
dyn (ynEk—2 + Ek—l)2
thus H(y,) is strictly increasing with y, .
Note that forevery y € R, : 0 <y; <c(i=1,...,n), thereexists u:0 < u <

csuchthat u <y; <c(i=1,...,n).

Case 1: If H(u) > 0, then, for every y, : u < y, < ¢, H(y,) > H(u) > 0.
Using (20), we have 0gi/dy, = 0. Thus gi(y) is strictly increasing with y, such that
max gi(y) = 8k(y;>c)'

Case 2: If H(c) < 0, then, for every v, : u < y, < ¢, H(y,) < H(c) < 0.
Using (20), we have dg;/0y, < 0. Thus gx(y) is strictly decreasing with y, such that
max gi(y) = g (v 1)

Case 3: If H(u) < 0,H(c) > 0, from the continuity and the strict increase of
H(yn) on [u,c], then there exits a unique uy € (u,c¢) such that H(up) = 0. When
u <y, < up, we can obtain that H(y,) < H(up) = 0. Using (20), we have 9gi/dy, <
0. Therefore g(y) is strictly decreasing with y, such that max gi(y) = g(y,, u).
Similarly, when uy < y, < ¢, we can obtain that max gx(y) = g(v,, ¢).

Summing up the above, gx(y) has maximum at y, = u or y, = c¢. Similarly, for
every y; :u < y; < ¢,1 <i<n—1,g(y) has maximum if and only if y; = u or
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yi = c. In other words, there exists p : 0 < p < n suchthatevery y € ®, 1 u <y; <
c(i=1,...,n), we have

gk(y) ggk(l/i,.-.,u,C,-.-,C) :Fk(u)

where Fy(u) was defined by Lemma 5, and we used the symmetry of g;(y). By Lemma
4, lim,—oFy (u) < c, thus letting # — O in both sides gix(y) < Fi (u), we get the
double-inequality

gk(y) < lim Fi(u) < ¢,

namely, (17) is valid. This completes the proof of Lemma 6.

3. Proof of Theorem 1

Now we prove our main result as follows:
If n = 1, the conclusion is clear. Assume that n > 2 below. We only prove that
forevery k: 1 <k <n—1,wehave

Er o

Equality holds if and only if x;/y; = x2/y2 = -+ = Xn/Yu -
We give an inductive proof of (21) as follows:
(A) If n=2,then k = 1 and (21) reduces that

X2 + X1 > x1x2. (22)
yit+y2 ~ Vv

(22) can be deduced from Lemma 1 (taking w; = w, = 1,71 = 0,r, = 1), and
equality holds if and only if x; /y; = x2/y> .

(B) Assume that Theorem 1 holds for n — 1(n > 3). We prove that (21) holds
for n > 3 as follows:

Case 1: If k =n — 1, then (21) is equivalent to the following

(1)

n g 1/(n=1)
doint (xi Hj:lxj) . l:H;l—lxi] 1/n
I, (yf IS, yj) T vl
namely,
[Z?-MFI] o < |:Hzr'l—1xi:| o (23)
Z?:U’i_l h H?;l)’i
Inequality (23) can be deduced from Lemma 1 (taking w; = --- = w, = 1, =

—1,r, = 0), and equality holds if and only if x; /y; = x2/y2 =+ = X/Vu -
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Case2: If 1 <k<n— 2 we shall prove that mequahty (21) holds. Recall that we

used symbols in Lemma 4: x = (X1, X2y« -+ Xn—1) yn = 1,2,y Yu-1) € %ihl.
We shall also use the followmg symbols:
E)]"
K\ X, Xn _Vn /
= | mos| =T =P ).
E(y,) Ty

Since y and x/y are similarly ordered, without loss of generality, we assume that

O<y <y <<y 02 <2< g2
V1 Y2 Yn
From Lemma 4 we have
tr—12>0. (24)
By using the inductive hypothesis, for k > 2 we have
Tic1 2 Tk 2 Tiyy. (25)

It is easy to calculate that
(o) _k () _n—k
N T ny . 26
® o W a 26)
From the above definitions and the facts we get
E(x) = xuEx—1 (x)) + Ex (x,)  (by [1, p. 34])
= Bt (V) (Tim)* ™ + B (v)) (Tw)* (by the definition of Ty)

—1 _ _ -1
=x, <Z 1) () (T )+ (n r ) ()" (Ty)* (by the definition of uy)

— l(Z) [kxn () (T )™+ (k) (i) (Tk)k} (by the equalities (26))

> %(Z) |:an (1) (T 4 (n = k) () (Tk)k} ; (by the inequalities (25))

= %(Z) (70)" {kynt (ux—1)" " + (n—k) (”k)k} (by the definition of 7).

(27)

If k =1, for every Ty # 0, the equality in (27) holds, so we have (27) for

1 < k < n—2. Similarly, from the inductive assumption, i.e., (25), for every
k:1<k<n—2,wehave Ty > Ty, and

Ei1 ()

= % (kil) [(k + 1) () (T + (n =k — 1) ()™ (T,(H)kﬂ}

< (kj’_l) (k1) 00 ) (T + (k1) () (7] (by inequalities (25)
- %(kj_l) (T [+ Dt () + (n—k=1) (u11)* ™| (by the definition of 1)

(28)
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Using an argument similar to (27) and replacing x by y, we can obtain that

— % (Z) [ (11" 0= ) ()] (29)
Ek+1 (k 1) ) + (Vl —k — 1) (uk+1)k+1:| . (30)
Combining (27), (28) and (29) with (30) we have

Ex(y) kyn (=)~ (n — k) (wg)*

Ky (ukil)kfl o 1)] 1/k

ERI R [kynr () + (1= ) <uk>"] v

kyn (ukfl)ki1 + (l’l - k) (uk)k

|:Ek+1 (x) :| 1/(k+1)

1/(k+1)
(k+ 1)ynl(uk)k +(n—k-1) (Wm)kﬂ [
< Ty
Eii1(y)

(k+ l)yn (uk)k + (Vl — k- 1) (uk+1)k+l
. (- 1)] 1/(1.{H>

=T |1+ 3 |
(k+ 1) yn ()" + (n = k= 1) (ues1)
(32)
For the argument of (21), from (31) and (32) it is enough to prove that
_ (k+1)/k
kv ()"
1+ n (1) (= 1)
kyn (ue—1)""" + (n — k) (ux) (33)
k+ 1)y, ()"
- (1) ) N
(k+ 1)y ()" + (n — k= 1) (1)
From Bernoulli’s inequality (6) and (24) we get that
K+ 1)y, ()
the left-hand side of (33) > 1 (k4 1) i (i) C(—1).  (34)
kyn (wie—1)™" + (n — k) ()
It follows from (33) and (34) that we need to prove that
(k + Dyn (1) S (k + Dyn (ue)*
kv () (0= K) () (e Dy () 4 (0= k= 1) (1)
(uk)k (uk+1)k+l
= ky+@m—k) TSkt Dy +(n—k—1)—"F—
1) )
k k1

D S () Sy 1)% < Y- (35)
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Since forevery k: 1 <k <n—2 we have
W) (o) EON ko EGh)
) () Bl =k B ()
() () B 03) _ k1 B ()
() (G2l EcOn) n—k—1 E/(y,)’
herefore (35) is equivalent to that
Ex (v E !
. k (yn2 _ (k+ 1) Dkl (;/yn) < yn. (36)
Ee—1(y;) Er (1)

As pointed out that y, € R*' 0 <y, <y, (i=1,....n—1),n—1>2,1<
k < n— 2, thus (36) holds from Lemma 6. In other words, the desired inequality (21)
holds.

From the above process of argument, we know that the equality in (21) holds if
and only if

X1 o X2 o Xn—1

=—==-=—=T =Ty,
Y1 Y2 Yn—1
(foreveryk: 1 <k<n—1),r=1, ie., Tx = x,/yn
X1 X2 _ Xn
V1 Y2 Yn

The proof of Theorem 1 is complete.

REMARK 3. Thorem 1 remains valid if x,y € # is replaced by x € |,y €
R

REMARK 4. The fundamental idea of proving Theorem 1 is as follows: The
problem for proving analytic inequalities of higher dimension reduces to the problem
of lower dimension (even one dimension) first and then the problem can be treated by
means of routine calculus. This method is called the computional method of descending
dimension. This method can treat not only the different analytic inequalities of higher
dimension, but also the optimizing problems of inequalities. The present authors have
used it many a time. (See [8-11][13-14][19].)

4. Some applications

First we establish a chain of inequalities similar to (2).

THEOREM 2. Let x € R, . Then

A Pl P
Av(l+x) Pl ey~ P14y 7
J Pw oL P GW
TP+ T TP a4y G4

Equalities occur ifand only if xy =x, = --- = X,.
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Proof. Forany i,j:1 < i,j<n,wehave

Xi Xj )_ (X,‘*Xj)z
L+x  14x (1+x)(1+x) ~

(14 x) — (1)) (

Since Theorem 1 holds, therefore (34) also holds. And equality condition is that
xi/(1+x) = =x,/(14+x,), ie, xy =x = --- = x,. This completes our
proof.

THEOREM 3. (The generalization of inequality (5)) Let x, y € R, and let x, y
be similarly ordered. Then function in r(r € R)

Ek (x’)
Ex(y")

is increasing with r, where f; (0) := lim, o fi (r) = [G.(x)/G,(y)]*, where G,(---)
is the geometric mean (see Definition 2 ). In other words, if r| < r, then

Jr(r) < fi(ra). (38)
Equality occurs if and only if x1/y1 = x2/y2 = -+ = X /yn or k = n.

i) =il = | }mm <k<n)

Proof. By using induction we first prove thatif » > 1 then

E(x") _ [Ex(x)
Ex(y) g {Ek(y)

Without loss of generality, assume that

T,(lgkgn). (39)

0<y<y< <y 0< <2 g g
yrooo»n Yn
(A) When n = 1,2 or k = 1, using inequality (5) we deduce (39). And (39)
reduces to an equality when k = n, thus (39) is still valid.
(B) Now suppose (38) has been proved for integers less than 7, then (39) is valid
forn—1 (n>3),2<k<nand 1<k<n—1. Weshall prove that (38) holds for
2 <k <n(n>3). By using the following relations

’ /

o (X0 \ Exo1(x,) 1o Er(x,)
B) =B 07) () B2 4 B B,
E(y) = viE1 () + Ec(v,),
Eia(x,) lEk-l(x;,)]r Ex(x,) . Ek(x;.)]r
Ea()) " Bl | TEGD T | EOL |

(by the inductive assumption and the power mean inequality)

.
piay + paas > (Plal +Pzaz> (r>1),
p1+p2 p1+p2
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taking
p1=yE—1(v)), p2=E,),
’ L/r
g X Er—1(x,) (> Xn Ekl(x;))
1= — |07~ z— =
Y | Ex—1(v)) o Er-1(y))
/ L/r
| Ex)) < Ek(xi,))
ay; = T 2 7 )
Ek(yn ) Ek(yn)
we have
rE (V) - (‘C_n)r . Ekfl(-’c,lf) E.(v7) - Ek(x,lf)
E (x") _ {yn =1 0n) ) B On) B Ex(y))
Er(y) ViE—1 () + E(v))]
r ry L xm . Eie X ry . Bl
[ VEc () - 2 B B - Eigy:,ﬂ

=

VrE—()) + E(y)]

- {x_ Bn) | Ee(0)/Ex() = G/ yn) [Eim1 () /Ex-1(3)] }

v Ecoa(v)) ViE 1))/ Ex(y,)) + 1

By using Theorem 1 and Lemma 4, for the difference in (40), we have

<0.

Ev)  x Eialx) {Ek_mx;)r/““” o Bial)
Ex(yh) v Exa(yp)  [Eea(v)) Yo Er-1(y))

Based on (40) and (41), for (39) it suffices to prove that

WEe—1(3,)) (> YuEr—1(y,)

/ = + 17
Ex(y,)) Ew(y,)

or,
Y B 0) o )

> .
Er—1(v;) Ex(y)

Because y;, and y:[ /¥’ are similarly ordered, from Theorem 1 we get

/ ' (k—=1)/k
E1(y,)) Ex(y,)
Ec1(y) ~ | E()

To prove (42), from (43) it is enough to prove that
(k_ 1)/k /

/7

Ex(y,))
Ex(yy,)

r—1
n

or,

, 11k
i [BOD] T <ot B

(42)

(43)

(44)
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In fact, by (yi/yn)" <yi/yn(i=1,...,n—1) we have
1/k
—r /i" l/k u r
wr[EOD] T = > TTow/m)
1< < <ip<n—1 j=1
1/k

k
< o =w' B

1<ij < <ip<n—1 j=1

This is just our desired (44). From induction principle, the inequality (39) holds.
We prove that (38) holds as follows: When 0 < r; < r, then r,/r; > 1, From
(39) and y"* and x"' /y" are similarly ordered we obtain that

E I r Iy r
), [me]’ s,
E(Om)) — LEO™) ri
or,
Vlra/r)y M
E; ((xrl)rz/rl) 2/11 E, (xrl) 1/n
fe(n) =9 | =——7% Z [ } =fi(n
(r2) E ((m)/m) E(y") )
When r; < r, < 0,then 0 < —r, < —ry. From y~! and x~!/y~! are similarly

ordered, we have

E -1\~ "2 E -1\~ "
() NN
B (o) B (o)
When r; < 0 < ry, from the continuity of fi (r) on R we get
Ji(r) < fi(0) < fi(r2)-

From the above argument, we deduce that (38) is valid, and the equality condition is
X1/y1 =x2/y2 = -+ = xu/yn or k = n. The proof of (38) has been proved.

1/(=r2) 1/(=r1)

fi(r2) = = fi(r1).

REMARK 5. It is easy to see that when k = 1, (38) is equivalent to inequality (5).
It follows from this that (38) is a true generalization of inequality (5).

Recall that Pecarié et al established the following interesting result in [17]:

If x € R, then

_E(x) B B EG
ST e T T W

THEOREM 4. Let x,y € R, andlet y and x/y be similarly ordered. Then

A (%) =Gy (x). (45)

A, (x)  Ei(x) _ Ex(x'?) o Ei(x!/%) o E,(x")  G,(x)
A0) B0 B0 T TEGR T RO GO) “e)

Equalities occur if and only if x1/y1 = x2/y2 =+ = X4 /Yn-
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Proof. From Theorem 1, forevery k: 1 < k< n— 1, we have
Ec(x) [Em(x)]k“k*”
Ex(y) ~ B (v)

Andfork: 1 <k<n—1, yl/k and xl/k/yl/k are similar ordered, combining this with
(47) we get

(47)

k/(k+1
Ey (xl/k) N |:Ek+l(x1/k):| /(k+1) 8)

E((yV%) 7 LB (V5
Recall the definition of the function fi(r,x,y) in Theorem 3, we can rewrite (48)

in the form "
Ex(x'") k+1 g e
Py — ; . 49
BT Sfrv1 <  F y (49)

Because y'/*+1) and x!/(*+1) /yl/+1) are similar ordered, from (k + 1)/k > 1 and
Theorem 3, we obtain that

K1 gen /e Vi) /een) _ B (/D)
Jrr1 (TJ » Y 2 [+t (LX » Y ) T B (/DY (50)

Combining (50) with (49), so (46) is proved, and the equality condition is also true.
The proof of Theorem 4 is complete.

THEOREM 5. Let A = (ajj) and B = (b;j) be two n X n positive definite Hermitian
matrices, and let A = (Ay,...,A,) and p = (U1, ..., W,), where the components A;
and W; are eignevalues of A and B, respectively. If A and W are similarly ordered,

then 1/2 1/k 1/
tr(A) > E[A] S E[A] S detA . (51)
w(B) ~ |E[B] Ei[B] detB

Equalities hold iff A/ = Ao/t = -+ = Ay/Un, where tr(o) and det(o) are the

trace and determinant of matrix o, and Ei[o] denotes the sum of all principal k -rowed
MInors.

In fact, since for matrix A, we have EifA] = E(A)(1 < k < n), tr(A) =
E|(A),detA = E,(A); for B, we also have the same result, it follows from Theorem 1
that the chain (48) of inequalities holds. And equality condition is also valid.

Let oy(P) := {P1,...,Py} (N > n) be a set in the k-dimensional Euclidean
space E". Forany k + 1 points in oy(P), we can construct a k -dimensional simplex
with these points as vertices. Denote by Ny(P)(k = 1,...,n) the sum of the squares
of all k-dimensional contents of these k-dimensional simplexes. In [5][13][23] the
following interesting results have been obtained:

[(n e (l!)ﬂk
N (P))* [(n — k) (ky)3y

The following result is an extension of (52):

(n!N)F (1 <k<I<n). (52)
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THEOREM 6. Let oy(P) := {Py,...,Py} and on(Q) := {Qi,...,0n} be two
setsin E"(N >n >2), andlet a; > 0 and b; > 0 be the semi-axises of the so-called
" dense ellipsoid " . If a* = (a3, ...,a%) and b* = (b2,...,b2), and a* and a*/b*
are similarly ordered, then

Nk(P)]l [NI(P)T

> (1<k<I<n). 53
~o) > [v@] ) >
Equality holds iff a}/b] = - -- = a2 /b2, i.e., two dense ellipsoids are similar.

Proof. By inequality (3.1) of [5] we observe that

n@) = ), mor =&

“Ne(Q).
Thus
E@®) _ N(P) (54)
E(b*)  N(Q)
From (4*) we have
21 B
B 2lee) o vereien e

Combining (55) with (54), (53) can be deduced, and equality condition is also obtained
from Theorem 1.

REMARK 6 If a; > 0,b; > 0 are replaced by a; > 0,b; > 0, then we have

Ne(P)) [INi(Q)]F = Ne(Q)]' [Ni(P)*

But “a* and a*/b* are similarly ordered " reads (b} — b})(ajb; —a;b?) > 0, (i,j =
1,2,....n).”
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