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FUNCTIONAL MEANS WITH A PARAMETER
ZHENG LIU

(communicated by C. H. Pearce)

Abstract. In this paper, a family of functional means with a parameter and their basic properties
are introduced, some characterizations of extended mean values are obtained.

In a recent paper[l], Soon-Yeong Chung had considered the functional mean
M; (x,y; u) and the harmonic functional mean Ny (x,y; i) of any two positive numbers
x and y with respect to a probability measure u on [0, 1] for a continuous function

f(#) on (0,00) by

1
My (x,y: 1) :f‘l[/o F (1= A)y) du(A)]

and
Ny (x, i) = [My (1/x, 1)y )] 7"
It had been shown that various means can be expressed as M (x, y; ) or Ny (x, y; i)
for appropriate functions f .

Stolarsky[4], Leach and Scholander|[2][3], Sun[5] had studied the so-called extended
mean value which is a two-parameter mean of two positive numbers x and y as follows:

Epq(x,y) = (g =) /p(xd — y )= pg(p — q)(x — y) # 0;

Epo(x,y) = (¥ — ") /p(logx —logy)'/?,  plx —y) # 0;
Epp(x,y) = e P /) px—y) £ 0;
Eoo(x,y) = (xp)'%, x#;

Epq(x,x) =x, x=y.

Clearly, E»,p(x,y) and E,;(x,y) are just the well known power mean and Sto-
larsky mean respectively.

The purpose of this paper is to consider a generalization of the functional mean
M; (x,y; u) and it is used to find some characterizations of the extended mean values.
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1. Functional Means With A Parameter

DEFINITION. Let f (¢) be a continuous function on (0, c0) which is strictly mono-
tone, let 4 be a probability measure on [0, 1], and let p be an arbitrarily fixed
nonzero number. For any two positive numbers x and y we define a functional
mean M (x,y; u;p) with a parameter p with respect to the probability measure @ by

My (x.yipiip) = F ] / £ + (1= A7) YP) du(A)].

If p=1, then My (x,y; usp) = My (x,y; 14) .

It is clear that the mean value My (x,y;u;p) is uniquely determined and lies
between x and y when x # y. Itis also true that My (x,x; u;p) = x for every x > 0
and My (x,y; u;p) # My (y, x; u; p) unless u is equally distributed on [0, 1]. When u
is the Lebesgue measure we simply write My (x,y;p) instead of My (x,y; u;p).

It is not difficult to find that the main results in [1] can be restated in like manner.
In what follows, we always assume p is a fixed nonzero number.

THEOREM 1.1. In order that

My (x,y; us p) = Mg(x, y; us p)

Sorall x,y > 0 and all probability measure W on [0, 1] it is necessary and sufficient
that

f(x)=aglx)+B, x€(0,00)
for some constants a(a # 0) and . Wewrite f ~ g instead of f (x) = og(x)+,x €
(0, 00) for some o0 #0 and B.

THEOREM 1.2. In order that

My (kx, ky; 3 p) = kMg (x, y; u; p)

for every x,y,k > 0 and every probability measure u on [0, 1], it is necessary and
sufficient that either f (t) ~ t" for some r £ 0 or f (1) ~ logt.

THEOREM 1.3. Let f and g be continuous and strictly on (0,00). Then a
necessary and sufficient condition in order that

My (x, 3 5 p) < Mg(x, y; 5 p)
forall x,y and W, is that g of ' is convex.

By Theorem 1.3 we can easily obtain a new proof of the Theorem in [2].

THEOREM 1.4. For any function f on (0,00) which is continuous and strictly
monotone the functional mean My (x,y; W;p) is continuous on (0,00) x (0,00) and
increasing in the sense that

ifxi <xp and y; <yy, then M (xi,yi;usp) < My(x2,y2515p)
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for any probability measure p on [0,1].

Now we define the functional harminic mean Ny (x,y; u;p) for positive numbers
x and y by

Ny (x,y:pip) = [My(1/x,1/y;ip)] ™"

In particular, if u is a Lebesgue measure we simply write Ny (x,y;p) instead of
Ny (x,y; 143p) -

EXAMPLE. (1) For f () = 1/#~9, where ¢ is a nonzero number, we have

My (x,y;p) = Epq(x,y)
and
Ny (x,y:p) = My (1/x,1/yip)] " = [Epg(x,9)] 7" - xy.
Hence, we obtain
Np (x,y3p) - My (x,y;p) = xy.
(2) Let u be a probability measure concentrated on {0, 1} with

i ={ 33 520

Then .
Myteipip) = [ (7 + (1= 20)' P du(i) = (25-+3)/3
so that
Ny (x,y;145p) = 3xy/(x + 2y).
Hence, we obtain

Np (o, y3 s p) - My (x, 3 s p) = xy-
In general, we have

THEOREM 1.5. If f (t) is a continuous function on (0,00) which is strictly mono-
tone and is equivalent to a homogeneous function in the sense that

fkt) = a(k)f (1) + B(k), t >0, k>0
Sor some real functions o(k) # 0 and B(k), then
Np (%, y3 s p) - My (0 s p) = xy
forall x,y > 0 and for every probability measure L.
If u is Lebesgue measure then My (x,y;p) = My (y,x;p), and it follows that
Np (%, y;p) - My (x,y;p) = xy.

All the proofs of the above five theorems are similar to those expressed in [1] and
hence are omitted.

REMARK. The equality (2.2) in Theorem 2.1 of [1] should be corrected as follows:

Nr (x, y: 1) - My (y, x; 1) = [G(x, y)]*.

Moreover, the same correction should be made in Example (i) before the Theorem 2.1
of [1].



602 ZHENG LU

2. Characterizations of extended mean values

In this section, p is always an arbitrarily fixed nonzero number, g, r, s are arbitrary
nonzero numbers and distinct from p . Moreover, we may assume that the function f (¢)
which is concerned with My (x,y;p), is always strictly monotone, and f”(r) is a
continuous function on (0, c0).

LEMMA 1. If

1
glxn) = [ £(0a + (1= 2))) a2
0
for all positive x and y, then
gulc,c) =f"(e)/3+ (p— 1)f'(c)/6c
where c is an arbitrarily fixed real number.

The proof follows immediately from differentiation under the integral sign.

LEMMA 2. If
Mf(x7y;p) = EV.,S(x>y)
holds for all positive x and y, then
'O+ @p—(r+s)+1)f'(1)/t=0
holds for t € (0,00).

Proof. By assumption we have
1
/ S((Ax" 4+ (1 — /l)y”)l/p) dA =f((s(x" = y")/r(x* — yS))l/(r—s))_

Set g(x,y) fO ((Ax” + (1 = A)y?)1/P) dA . Tt follows that
g(x,y) =f((s(x" =) /r(x — y$)V =)y,

Differentiating both sides on x twice and setting x = ¢,y = ¢ in the resulting equality
by applying L’Hopital’s rule yields
gule,c) =f"(c)/4+ (r+s—3)f(c)/12c.

By Lemma 1 we obtain

f(e)/3+ (p—1)f"(c)/6c =f"(c) 4+ (r+5=3)f(c)/ 12,
and therefore
fe)+@p—(r+s)+1)f'(c)/e=0
Since c is an arbitrarily fixed positive number, we can replace c¢ by a positive real
variable t in the above equality. Hence we have

10+ @p—(r+s)+Df' 1)/t =0
n (0,00). O
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THEOREM 2.1. Let A(# 0) and B be arbitrary real constants.

(1) Ms(x,y;p) = Epq(x,y) holds for all positive x and y if and only if f(t) =
A/P~9+ B.

(2) My(x,y;p) = E,p(x,y) holds for all positive x and y if and only if f (1) =
Alogt+ B.

(3) Ms(x,y;p) = Epo(x,y) holds for all positive x and y if and only if f(t) =
A/t +B.

(4) My (x,y;p) = Eoo(x,y) holds for all positive x and y if and only if f(t) =
A/t +B.

Proof.

(1) Suppose My (x,y;p) = E,4(x,y) holds for all positive x and y. Then by
Lemma 2 we have

'O+ @p-q+1f'(0)/t=0
n (0,00). This implies
f)y=A/F"1+B
n (0,00).
On the contrary, suppose f (t) = A/#"~9+ B and t = (Ax” + (1 — A)y")"/? . Then
f=Y1) = (A/(t — B))"/*=9)  and so

My (x,y;p) = [~ l[ F((Axr 4+ (1= A)y»)'r)dA]
A fo (AxP + (1 — A)y?)¥P=L d} + B
(

(q

fo (Ax” + (1 )L)yp)q/pfldx)l/(qu)
e s il s

for all positive x,y.
(2) Suppose My (x,y;p) = E,p,(x,y) holds for all positive x and y. Then by
Lemma 2 we have

1O +f'(0/t=0
n (0, 00). This implies
f(@) =Alogt+B
n (0,00).
On the contrary, suppose f (1) = Alogz+ B and t = (Ax” + (1 — A)y?)'/? . Then
f~Yt) = exp((t — B)/A), and so

My(x,y;p) = fU[A [y log(Ax” + (1 — A)y”)!/7 dA + B]
exp((1/p) [y log(Ax? + (1 — A)y?) dA.)

exp((x logx — ¥y’ logy) /(¥ —y*) — (1/p))
= (7 Y)YV
EPvP(x’y)

for all positive x,y.
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(3) Suppose My (x,y;p) = E,o(x,y) holds for all positive x and y. Then by
Lemma 2 we have

1O+ @+ 0)/t=0
on (0,00). This implies
f@)=A/+B
on (0,00).
On the contrary, suppose f (1) = A/# + B and t = (Ax” 4 (1 — A)y")!/?. Then
f~Yt) = (A/(t — B))"/P, and so

FYA Jy (A + (1= A)y) "' dA + B
= (A + (1= A)y?)Lan) Ve

(2 —y?)/p(logx — log y))'/?

= Eon(xvy)

My (x,y;p)

for all positive x,y.
(4) Suppose My (x,y;p) = Eopo(x,y) holds for all positive x and y. Then by
Lemma 2 we have

'O+ @+ Df'(1)/t=0
on (0,00). This implies
f(t)y=A/" +B
on (0,00).
On the contrary, suppose f (1) = A/t* + B and t = (Ax” + (1 — A)y?)"/? . Then
f=Yt) = (A/(t — B))Y/?* , and so

My (x.yip) = f A fy (A + (1= A)y") > dA + B]
= (fy (Aw" + (1 = A)y?)"2dA) =/
= (w)'?
- EO,O(x7y)

for all positive x,y. O
THEOREM 2.2. Let p # r and {r,s} # {0,0}. Then there exists no f(t) such
that My (x,y;p) = E,(x,y) holds for all positive numbers x and y.

Proof. Suppose there exists some f (r) such that My (x,y;p) = E,(x,y) holds for
all positive x and y. Then by Lemma 2 we have

10+ @ = (r+s) + Df (1)/t=0

on (0,00). This implies
fO)=A/P"" +B

on (0,00), where A and B are arbitrary real constants with A # 0.
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However, if f(t) = A/f?~"* + B and t = (Ax" + (1 — A)y*)"/? then f~1(r) =
(A/(t — B))'/(r=r=5) and it follows that

YA fol(/lxp 4 (1= A2 g3 4 B

(fol (Axp + (1 — ),)yp)(”fs)/ﬁfz d}/)l/(f“v’S*Z[))

= (r+s—-p)( — yp)/p(xﬂrsfp _ yr+s7p))1/(2p,,7‘€)
Eva’S*P(xmy)

My (x,y;p)

for all positive x,y.
This leads to a contradiction and hence the theorem is proved. [

REMARK. It is not difficult to prove that My (x, y;p) = E, ,s—p(x,y) holds for all
positive numbers x and y if and only if f() = A/f?~"=* + B, where A and B are
arbitrary real constants with A # 0.
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