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A STUDY ON READE-WESOLOWSKI CLASS OF FUNCTIONS
R. PARVATHAM

(communicated by S. Owa)

Abstract. A new class Reade-Wesolowski class- of functions is defined and the Fekete-Szego
problem for this class is studied. Also the action of Ruscheweyh integral operator on this class
has been investigated and this gives an improvement of a result due to K. S. Padmanabhan and
R. Bharati.

Let A be the class of functions f holomorphic in the open unitdisc U = {z € C :
| z |< 1} with the normalizations f (0) = 0 = f/(0) — 1. Let f and g be holomorphic
in U and further let g be univalent in U; then we say that f is subordinate to g in
U, written f < g if f(0) = g(0) and f(U) C g(U). Let P(H) denote the class of
functions p(z) = 1 + piz+ p2z> + -+ such that p(z) < H(z) in U.

Here let us recall the definition of the Wesolowski’s Class P(H) [12] with

Bl
HGE) = hyolz) = (%ﬁf‘m) ,z€U 0<a<1and0 < B. This func-
tion hgs o(z) is univalentin U and maps U into a convex domain hg ,(U) bounded
by the Wesolowski’s curve E given by

B
w:(a) 0 0<a<l,
cos 0

T T

0 < B',—% < 6 < §. This curve has two asymptotes passing through the origin,
inclined to the positive real axis at an angle 8’5 and —f’7 and cut the real axis at the

point of. For the region hg ,(U) bounded by E to be a convex region, " must lie
in [0,1].

In this paper we introduce a new class CS(o, B) of functions f € A such that
1)
8(2)
functions in U. This class for o« = 0 and 8 = 1 reduces to the class CS* of close-to-

star functions of M.O.Reade [11].
At first we consider the Fekete - Szego problem for this class CS(a, ).

< hg(z)in U for some g € S*-the well-known class of starlike univalent
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THEOREM 1. Let f (z) = z+ ax2® + a3z + - -- € CS(at, B),0 < & < 1. Then for

B > 0 we have
L2 -2u) (1 - )+ By ). i 0S5y

1+zﬁ<1a)+%(1 ~aB(1 - 2u)),
) [§; 1
if m<M<§ "
2+p

o1
L+ (1 +a)2B, if §<H<2(1+B)

+2(1 = a)((1+B)* + ) (2u — 1),

| a3 — paj |<

f(lfza)fli—aﬁ

For each u there is a function in CS(a, B) such that equality holds in all cases.

To establish this result we need the following:

Let p(z) = 1+ piz + paz> + -+ be holomorphic in U with

LEMMA 1. [2].

Re p(z) > 0 in U. Then
| pn|<2foralln > 1

|P1 |2

and
P1

Proof of Theorem 1. Since f € CS(a, §), we can write

£(2) =2g(2)(qa(2)”

where g(z) = z+ byz? + -+ € §* and

C]a(z)*a:
11—«

with p(z) having positive real part in U. Now equating the coefficients in (2) we get

p(z) =1+piz+pz+---

a = by + B(1 — a)py,
ay = bs + B — @py ba-+ B~ ops + PEZD 1t

With x = (1 — 2u), we have

(a5 = ad) = by + 3 (= B3+ B(1 = pibox+ (1 — @)lpz + 3 (Br— D). (3)
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Since rotations of f (z) also belong to CS(cx, B) we can assume without loss of gener-
ality that a; — pa3 is positive. Thus we estimate Re (a3 — ua3) now. g € S* implies
that zg'(z) = g(z)h(z) where h(z) =1 + hjz+ --- with positive real partin U. Thus

(hz + h%)

by ="hy, by= >

Let us suppose that h; = 2pe® (0 < p < 1,0 < ¢ < 27) and p; = 2re'
(0 <r<1,0< 6 <2m). Then an application of Lemma 1 gives

Re(as — ua3) < (1—p*) + (1+2x)p*cos2¢
+2B(1 — a)[(1 — r*) + Bxr? cos 20 + 2xprcos(0 + @)]
= y() (say). 4)

When ﬁ <u < i then 0<x < %B and —7*> + Bxcos20 + 2xt has the

2 b
5 and hence

maximum when t = —*—=
1—PBxcos?2

u/(x)<(+2x)+2ﬁl—a< * )

— Bx
2(1 2,u)
= 14+28(1l —a)+ —————(1 —af(1 —2u)). 5
(I—a)+ I—B(I—ZM)( ( ) (5)
From (4) and (5) we get the second inequality in (1). Equality occurs only if b, =
2(1—2u) . .
p2 =2, b3 =3 and p; = —————-— and the corresponding f (z) is defined by
1—B(1-2pu) )

1 1— B
fx) = T _ZZ)Z {(106) {Alfiﬂl /1)1+§}+a]
L+ (1—2B)(1 — 2u)

2(1 - B(1 —2u))

Now let us consider u < g ﬁﬁ) and hence x >

where A =

1+B With xy = LB we get

W(x0) +2(x = x0)[(1 — a)(1 + B)* + cf
1+2(1—2w)[(1 —a)(1 4 B)? + a

v(x) <
<

which is the first inequality in (1). Equality occurs only if py = p, = b, =2 b3 =3
and the corresponding function f (z) is defined by

o= {n-a () e}

ﬁ; then for x < x;, that is for yu >

Let x; = —
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v(x) <yln) +2 ] x—x | [(1—0a)(1+B)*+ o Itis easy to see that y(x;) <
(I —oa)(1+2B)+ a and hence

W) < (L= a)(i+28)+ o [(1 - o)1+ BF + ] | o~ (2u—1)
< (2a—1)+2(2u—1)[(1—a)(1+ﬁ)2+a}—li—aﬁ,

which gives the last inequality in (1). Equality occurs only if p; = 2i,p, = =2, b, = 2i,
b3 = 3 and the corresponding function f (z) is defined by

10 == (0o (15) +a)ﬁ.

v(Ax1) = Ay (x1) + (1 = A)w(0)

for 0 < A < 1, we get w(x) < 1+28(1 —a) for x; <

;<< 2(2%&) Equality occurs only if p; = by = 0, p,

Finally since

x < 0, that is for
2, b3 = 1 and the
corresponding function f (z) is defined by

flx)= 1—Zz2 ((l—a)<i+§> +a)ﬁ.

Thus we have established the theorem completely.
The case a = 0 has been considered in [3].
From the proof of Theorem 1 in [9], we can state the following

x(x? + (1 — a)?)
X2 +a?

LEMMA 2. Let ¢(x) =
of @(x) occurs at

. For 0 < o < % and x > 0, minimum

\/(1 ~ 20— 202) + /(T —4a)(I —20)(1 + 2a)
X=x9 = 5 > 0;

thus
xo(x3 + (1 — a?))
xp+ o2 '

o(x) = @(xo) =

For 0 < o0 < i and x < 0, maximum of @(x) occurs at

\/(1 —2a—202)+ /(1 —4a)(1 —2a)(1 +2a)
X =Xp = —X9) = — ) .

Thus

@ +1-0))  x@g+(1-a)?)
<o) = __ .
(p(x) (p(xz) x(z) + az x(z) + a2
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For 3 < a <1 and x > 0 minimum of ¢(x) occurs at

> 0;

L \/(12a2a2)+\/(14a)(12a)(1+2a)
_-xl = 2
thus
x(x + (1 —a)?)
X3+ a? ’

o(x) = @(x) =

For § <o <1 and x < 0 maximum of @(x) occurs at

x_xs_xl_\/(l2a2a2)+\/(14a)(12a)(1+2a) <0

2

thus
03+ (1 - a)?) xa(d + (1 —05)2)_

< = —
(p(x) (p(X3) X% + 052 X% + a2

For 3 < a < %,¢(x) is an increasing function of x.

We also state without proofs the following well-known lemmas which we will be
using in the sequel.

LEMMA 3. [3]. Let g(z) € S*[A,B] = {g e A: & s e s c 0 1 < B <

8(2) 1+Bz°
A< 1}. Let q(z) = zi(g) and ¢ > 0; then q(z) < 1755 If q(z) + ¢ = pe'’T | then
1-A 1+A
L te<p=lg() te < it o
—p esPrli@tds mgtal gLy

- t(AaBa C) < () < t(AaBa C)

where

LEMMA 4. [6], [7]. Let h be a holomorphic function in U except for atmost
one pole on OU and univalent in U and let p be a holomorphic function in U with
p(0) = h(0) and p(z) # p(0),z € U. If p is not subordinate to h then there exist
points 7o € U, & € OU and an m > 1 for which

(1) plze C:|z|<| 20 |} C h(U)

(2) plao) = (&) and

(3) 200’ (20) = m&oh' (&)

Now we are in a position to prove our main result.
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THEOREM 2.

(i) Let B € (0,Poy) be the solution of the equation

(M+A)BE=2—-5)m—C%, where A >0, u>0, 0<a <y, c=0
and C' <2 — % where

o,
T

' =

)

(Bxo(xg+(1—a)?)) (sin F(1—1(A,
sZ(1—1(A,B,c))

o {2<1—a><x%+a2>(i12+c) Bt (- >>

with

N|:1 &

2

(ii) Let B € (0, ﬁo) be the solution of the equation (W+A)B% = (2—5)m1—C'%
where 2 > 0,u> 0,3 <a<1l,c>0and C'<2—5 where

\/(1 —2a—202)+ /(1 —4a)(1 —2a)(1 +2a)
X0 = .

C’zz—“x
T

o tan—" Bxi (x3+(1—0)?) [sin Z(1—1(A, B, c))]
2(1—at) (3 +0?) (g +c) +Bx1 (x3+(1—a)?) cos F(1—1(A, B, ¢))

with

(=20 —202) + /(4 — 1)2a — 1)(1 + 2a)
X1 = 2 .
(iii) Let B € (0,Po) be the solution of (u+ A)B5 = (2 — 5)m— C'5 where
A>0, u>01<a<t c>0and ' <2-4.
(iv) Let B € (0,Po) be the solution of the equation (u+A)B5 = 2—45)n—C'5
where A >0,u >0,a=0,c >0 and

_ u B(sin 3)(1 —1(A, B, c))
= (u+2A)B+ ——tan {(}f;+c)+2ﬁcosg(1—t(A,B,c))}'

(q(z ) <) p(z) 1=z
for some q(z) € A with q(0) =1 and q(z) < {2 for z € U,—1 <B <A <1 and
B
14+(1-2
¢ >0, then p(z) < (Jr(lfzooz) = hgo(2).
For B = —1, the above result is true with C' calculated using the corresponding
estimates from Lemma 3.

’ u c
Under the above cases, if (p(z))** (1 + = (Z>) =< (M) = her o(2)

Proof. Suppose on the contrary that p is not subordinate to hg,(z). Then by
Lemma 4, there exist zo € U, &, € OU and an m > 1 for which

p{zeC:lz|<| 20 |}) C hpalU), p(z0) = hpa(&o)



A STUDY ON READE-WESOLOWSKI CLASS OF FUNCTIONS 613

and
20p' (z0) = m&ohy o (&)

B
We can assume that p(zo) = hg (&) = (%ﬁﬁév) # 0 for & # —1. Thus

%2:050 = a +xi for x € R. Consequently, & = );;((::g; . By asimple calculation

with g(z) + ¢ = pe®? (z € U), we have

' K méoh’ °
ey (1) = (e ( % H)

c+4(2)p(20 pe® g o (&
= (o + ix)PEHH) (1 ~ mP® + (1 - a)*)(o — ix) (cos &F — isin ”2"’)>

2p(1 — o) (x? + a?)

It suffice to show that the number mentioned above does not lie in h¢r o (U), for
all real x and m > 1. Now,

ar +A z20p' (20) g
g{(”(z"”“ (” <c+q<z>>p<z<>>> }
= B(u+A)arg(o + ix)+

Bm (cos Fp—isin —ix) (2 +(1—a)?
u arg{l— ( U 2p(1 zzg(ig+a2))( 1=a)) } ; (6)

) 2P’ (20) g
arg § (p(z0))* <l+m) }

> B(u+A)tan~! (%)

+/.Ltan_l{ [Bmx cos B2 +ofmsin Z2] (x*+(1—0)?) }

2p(1—a)(x2+0a?)+Pmx(x*+(1—a)?) sin 72 @™

>B<u+z>tan—l(i)+man—l{ (Broos F+pasin ) (+(1-a)") }
o

2p(1—0) (x> 4-02)+Bx(x>+(1—0)?) cos 3 (1—9)

Now let us apply Lemma 2 and Lemma 3 in (7).
Case 1. Let 0 < o < § and B # —1. For x > 0, we have

N 2P’ (20) g
arg(p(zo))* g (1 T m)

Bsin(Z(1—(A, B, c)))xo(x3+(1—a)?)
> Outan {Zp(l )(x%+a22)+ﬁx0(x%+(lfoc)20) cos Z(1—1(A, B, <)
ﬁa cos Z(1—#(A, B, ¢))xo (x§+(1—ax)?) }
¥ Ip(i=a) R+ a) B (1 — a) cos E(1—1(A, B, )

o Bxo(xg+(1—a)?) sin F(1—1(A, B, ¢)) _
# 2(1—a) (Ha+¢) (3+02)+Bro(+(1—t)2) cos Z(1—1(A, B, c))

(SIS
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where

C’zz—ﬂx
T

o Bro(2+(1—a)?) sin Z(1—1(A, B, c))
2(1—a) ({5 +c¢) (f+0)+PBxo(xg+(1—a)?) cos 5 (1—1(A, B, ¢))

with xy as defined in Lemma 2.
On the other hand, from the connection between 8 and C’ we get

! " T on T
R R S e o] B T S
Thus we have for x > 0,
/T 0P’ (20) " C'n
< w1 ——————)}gz .
o <ufoor (14 e "3 ®

For x < 0, applying the same method we can show that
n z20p' (20) g /T
—Q2r—-C'= garg{pz0“+l(l+— <-C> 9
er - Cy) s ueqpla) (4G) + e 2 0
From (8) and (9) we get
z20p’ (20) g /T
arg pm“”(u—) >C'Z for x#0.
{ (@) (9(z) + c)p(20) 2
When x =0, & = —1; also we have from (6)

(2m — C’%) >

u
e 1 ) [y il
(4(z) + )p(20) pa (a(z) + )hp.a(&o)
_ 0w | immB— ) !
P2
< P
o < it ¢ <€ 4%“;
¢ hC’,a(U)'
/ u
Thus for all x € R, we have p(zo)*** {1 + M} does not belong to
(¢ +4(2)p(20)

the region bounded by the Wesolowski curve E, with §’ = C’, a contradiction to the

wp' (o) 1" 14+ (1-2a)z ¢
@+¢mma]<< -z )'

Hence p(z) must be subordinate to hg«(z) = (

hypothesis p(zo)* ™ |1 +

14 (1-20a)z

) under the
1-z

stated conditions of the theorem.
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Case 2. Let % < a <1 and B # —1. A similar argument as in Case 1 gives the
result in this case and hence the details are omitted.

Case 3. Let 1 < o0 < 1 and B # —1. Then ¢(x) in Lemma 2 is an increasing
function of x. Hence for x # 0,

T n 20p’ (20) K T
—B(U+A)Z—u= <ar uth (1+— < +A)=+u=.
Blutm) T -nF <are {pap ) (14 22N < ) F
The rest of the proof follows from the relation between C’ and f (as in case (i) ).
Case 4. Let oo = 0 and B # —1. Then from (6) for x > 0,
left hand side of (6) > C'%, where

C'm Br .
5 —(M—&-/l)z—&-/.ttan {(

Bsin Z(1-1(A, B, c))
% + c) + Bcos F(1-t(A,B,c))

On the other hand, from the connection between C’ and 3 we get

N 2P’ (20) g n n
arg {P(ZO))L H [1 + m} } < (4 +M)[3§ JFHE

T
—or—CZ.
)

Thus for x > 0

T i 2P’ (20) K /T
€7 swe {”(Z(’)“ ) (1 e +c>p<zO>) } sm-Cy

For x < 0, a similar argument gives

% +A 20p' (20) g %
—@2r-C E) < arg {P(ZO)H ) (1 + m) } <-C 5

Thus for all x # 0,

(Zn—C’g) >

When x = 0 left hand side of (6) =0 & h¢/ o(u).
Hence for all x € R, in case o = 0, we get a contradiction.
The case B = —1 can be treated similarly with corresponding estimates from Lemma 3.
Thus we have established the Theorem completely.
This theorem when g(z) = 1 has been treated in [9].
Now we have:

Nll Q

COROLLARY 1. Let f € A. If

((G) () ) = (=)




616 R. PARVATHAM

for some g € M(u, A, B) - the generalized Mocanu class of functions -

728'(z) < 728" (2) > 14+Az }
= €A (1- +u | 1+ < forzre U, —1<B<A<L1y,
{g (1-p) o) M 0 B, fore

B
1 1-2
then J% =< <M> , where B and C' are connected as in Theorem 2
g(z -z
with ¢ = 0.

For oo = 0 the above result has been obtained in [3].

Proof. Let p(z) = ‘% and ¢(z) = Zgl(g). Then by an application of differential
subordinations, we get immediately g € S*(A,B). Now applying Theorem 2 with

¢ = 0 we get this result immediately.

First we define the new class CS(c, 3,4, B).

DEFINITION 1. Let CS(e, B,A, B) denote the class of functions f € A such that
L@ 2y o(z) = (L:j“)f)ﬁ for 0< a <1, 0<B <1 and g€ S (A,B). Thisis

8(2) 1
a generalized class of the class CS™ of close-to-star functions of M. O. Reade [11].

We now define another new class CS,(ct, B,A, B) - Reade-Wesolowski class of
functions.

DEFINITION 2. Let CS, (o, B,A,B) be the class of functions f € A such that
MR R)

g" (2)g' ()
—1 < B <A K1 -the generalized Mocanu class of functions.

< hgo(z) where 0 < @ < 1,0 < B < 1,u >0 and g € M(u,A,B),

For ¢ = 0,8 = 1,A = 1,B = —1 this class reduces to the class of u -close-to-
convex functions of R. Bharati [1].

Further if u = O then this class reduces to the class of CS* of M. O. Reade.

It is immediate from the Corollary 1 with A = 1—pu thatif f € CS, (o, C’', A, B)

B
with ¢ € M(u,A,B) C S*(A, B), then % =< (#:f)z) with g € S*(A, B); thatis
f €CS(a,B,A,B) where 3 and C’ are connected as in Theorem 2 with ¢ = 0.
C L L .

Let Fi (z) = % Jo C (1)dt be the Ruscheweyh integral operator of f
where u > 0. Then we get l%zCF!Lfl(z)F(z) + ezl (z) = (c + l%) Zcflf’l‘(z) ; or
ﬁzF "(2)F ! (z) +cF 0 (x)=(c+ ﬁ)f 0 (z). This on differentiation again with respect
to z gives

ﬁ(F’(z) 2P (2))Fi !+ %ZF’(Z) (ﬁ - 1) FE2(2)F (2) + ﬁFﬁ-l(z)F’(Z)
~ et Dyl
= ( +“)“f (2)f "(2).
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Similarly we get

GG (2) {1 +z(G;///((zZ)) + (% - 1) Z(G?/(S) +C} — (c+1)g@eF D) (1)

where G is the Ruscheweyh integral operator of g.
Using the differential subordination technique it is easy to show that for ¢ > 0,

Loy
G(z) € M(u, A, B) whenever g(z) € M(1,A,B). Let p(z) = L —2,

Taking logarithmic derivatives on both sides we get GE (G'()

PE Q) (1 ) 1) F(D) (zG”(z) . (1 ) 1) zG’(z))

Z
p(z)  F(2) u F(z) G'(2) u G(z)
2F"(z) (1 > 72F'(z)
=l+c+ +(—-1
‘TFQE u F(z)
z2G"(z) (1 zG’(z)>
—(1+c+ +(=-1
( ¢ G'(2) u G(2)
Let ¢(z) = 1 +zzg,”($) + (ﬁ - 1) Zgzg)
then (2 FQ) (1) FE)
p \Z Z Z Vé Z
+qz)+c=1+c+ +(—1> ;
PR P\ ) Fo
from (10) and (11) we get
F(2) 1 F'(z)
' (2) _1+3@*«u_03ﬁ+c
70 g (1) e

Thus

©
LW VR (1020
ro(Goram ) = g < () =hed)

since f € CS,(a,C’,A, B) with respectto g € M(u,A, B). Then by Theorem 2 with

A =0, we get
B
I+(1-2a
p(2) < (%) = hpo(2)

where C’ and 3 are connected as in the Theorem 2 with A = 0.
Thus we get
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THEOREM 3. If f € CSy (o, C', A, B) then

z—1 / B
Fr (2)F'(z I+ (1-2a)z
PP, 0 (L0200
G~ (2)G'(z) -z
or F € CSy(a, Bu,A,B) where B € (0,By) be the solution of the equation Bus =
(2—5)m— 5C' forvarious cases of Theorem 2.

REMARK. Let f € (0, %) where

T _ 1% / a7
pouZ =-tym-cl=@-n-c)3

or By = 47’:;C’ and Pou < 2. Thenfor 2 —C' < u < mini{%,4 —(C'}, Fe
CS(o, Bu,A,B) whenever f € CS(a,C’',A,B). In particular, if ¢’ = 1 and f €
CSu(a, 1,A,B) then F € CSu(a, Bu, A, B) for B e (0,%2) fy=2F and 1 <p <
m1n(B0,3) Furtherif ¢ = 0,A=1,B= —1 and 1 < u < min(3, ﬁo)’ this result is an
improvement of a result by K.S.Padmanabhan and R.Bharati [8] regarding the closure

of the class of u -close-to-convex functions under the Ruscheweyh integral operator.
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