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CONTINUITY PROPERTIES OF RIESZ POTENTIALS
FOR FUNCTIONS IN () OF VARIABLE EXPONENT

TOSHIHIDE FUTAMURA AND YOSHIHIRO MIZUTA

(communicated by B. Opic)

Abstract. Our aim in this paper is to deal with 0-Holder continuity for Riesz potentials of
functions belonging to Lebesgue’s [P space of variable exponent, in the borderline case of
Sobolev’s theorem. We are also concerned with exponential integrability for Riesz potentials.

1. Introduction

Let R” denote the n -dimensional Euclidean space. We consider the Riesz potential
of order o for a locally integrable function f on R", which is defined by

MJ@%:/MnyTNWW-

Here 0 < a < n. Following Kovacik and Rdkosnik [9], we consider a positive
continuous function p(-) : R" — [1,A), 1 < A < oo, and a measurable function f
satisfying

/wmmw<m.

Recently Diening [3] has established embedding results for Riesz potentials of such func-
tions. Forrelated results, see also Edmunds-Rakosnik [4], Futamura-Mizuta-Shimomura
[6] and Ruzicka [13]. In these discussions, the continuity of Hardy-Littlewood maximal
functions is a crucial tool (see Diening [2]).

In case p(-) is a constant py and py > n/or, well known Sobolev’s theorem says
that Uyf is continuousin R” (see e.g. [1], [10], [12]). Our first aim in this paper is to
discuss the continuity for o -potentials of functions in L”(") spaces when p(x) > n/a
for x € R" and p(-) satisfies a so called 0-Holder condition, as an extension of
Harjulehto-Hésto [7].

We also study exponential integrabilities of o -potentials when they are not con-
tinuous, as an extension of Trudinger’s exponential integrability (see Hedberg [8] and
Adams-Hedberg [1]).

Mathematics subject classification (2000): 31B15, 46E35.

Key words and phrases: Riesz potentials, Sobolev’s embedding theorem, Trudinger’s exponential
integrability.
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2. Continuity of potentials

Throughout this paper, let C denote various constants independent of the variables
in question.

Let G be a bounded open set in R” and B(xo, ) C G, where B(xg, ry) denotes
the open ball centered at xy of radius ry > 0. Consider a positive continuous function
p(-) on G. In this and the next sections let us assume that :

(p1) inf\p(xyry) P(X) > p— =n/a and py = sup; p(x) < oo;
(»2) p(y) = p-

log(log(1 -
alog(log(1/]xo —y))) a for » € Blso. 1),
where a > 0 and a is a real number. In our discussions we may assume that

log(1/Txo —3]) " log(1/Tx0 — )

alog(log(1/|xo — y|)) ¢
s(p f PP S g o) og(1/ka —yp Y € o)
_ dlogllog(l/r) | o
Ot (1) = log(1/r) log(1/r)

and @, (0) =0. If ¢ >0 or @ =0 and ¢’ > 0, then we can find * > 0 so
small that @, .~ is nondecreasing on the interval [0, 2r*] and

Wyt g1 (S + l) < Wyt g1 (S) + Wyt g1 ([) (1)
for 0 <s<r<r.

Let 1/p'(x)=1—1/p(x) and 1/p" =1—1/p_.
We begin with the following result.

LEMMA 1. If a > (n — o)/, then
/ e =y Oy < C(log(1/8))! e/ e
GNB(x,5)

forall x € G and § € (0,271).
Proof. First note that

. p(y) —p- ~ py)—p- (p(y) —p-)?

e O R Rl oy} Al o B Ty 2

Since p_ — 1 = (n — a)/ o, by conditions on p, we can find C > 0 so that

PO)<pl—ou_cllxo—y) (@ =ac?/(n—a)?) 2)
forall y € B(xo, o) . For simplicity, set

) __ao? logllog(l/r)) €
o(r) =0y —c(r) = (n—a)? log(1/r)  log(1/r)’
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Noting that @ is nondecreasing and doubling on [0, 9] by (1), we have for 0 < § <
|xo — x|/2 and x € B(x,ro/2)

/( =y “”dy<2/ =y O gy

B(x,8 B(x,2=/*18)\B(x,27/§)

< Z 2 15 (a—n)(p'_—w(2778)) ’1(27j+15)n

< CZ(zfj(s)*(a*n)w(fj(?)
CZlogl/ 27i§)) e’ /(n—ar)

5
<C / (log(1/¢)) e/ n=)p=1 gy
0

= C(log(1/8))! /=),

since @ > (n — a)/o?, where o, denotes the volume of the unit ball. If y €
G\ B(x, |xo — x|/2), then |xo — y| < 3]x — y|, so that

/ =y O)e—ngy < ¢ / o — P D@y
B(x,8)\B(x,|x0—x|/2) GNB(x0,30)

C(log(1/8))!—e /=)

when |xo — x|/2 < & < ro/4. Therefore it follows that
/ =y dy < Cllog(1/8))' /)
B(x,5)

for 0 < 6 < 1/2 and x € B(xy,r0/2).
Noting from condition (p1) that po = infycq\p(xy.r/4) P(¥) > 1/, we see that

/ b — yp 0@y < csler /=
GNB(x,5)

for x € G\ B(xp,79/2) and § > 0.
Now the proof is completed. [

Define the I(*)(G) norm by

Wl = F o = inti >0 [

G

and denote by LP(")(G) the space of all measurable functions f on G with ||f [|,(, < co.

THEOREM 1. Let f be a nonnegative measurable function on a bounded open set
G with |[f|lpy < 1. If a> (n— a)/0o?, then Uyf is continuous in G. Further,

|Uaf (x) = Uaf (2)] < Cllog(1/|x —2]))™*

whenever x,z € G and |x — z| < 1/2, where A = (a0®/(n — a) — 1) /p"_.
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REMARK 1. In view of Sobolev’s theorem, we see that U,f is continuous in
G\ {x0} . Harjulehto-Histo [7] have also discussed the continuity of Sobolev functions.

Proof of Theorem 1. First note that

/G FOPVdy < 1 (3)

since [|f||,) < 1 by the assumption. Then, for 0 < u < 1, we have by Young’s
inequality and Lemma 1

/ e =" (V)dy < { e — %" /)’ +f(y)p<y>} dy
GNB(x,5) B(x.5)

<u ‘up / )p’(y')dy+1
GNB(x.
(cu " (log( 1/5))1*“ fn—o) 4 1)

whenever x € G and 0 < § < 1/2. Now, considering p such that u”lf =
(log(1/8))' =4’ /(n=) e find

[ eyl ia < Cliog(1/) @
GMB(x,5)
Hence, if x,z € G and |x — z| < 1/4, then we have

/ = 317 (4)dy < Cllog(1 /b))
GNB(x2]x—z]|

On the other hand we find

J RN B e A
G\B(x,2|x—z])

< Clx — ¢ = y|“7" 7 (y)dy.
G\B(x,2|x—z|)

This can be estimated along the same lines as above. For simplicity set § = 2|x — z| <
1/2. Then, for u > 1, letting

E={yeG\Bx2—z): x—y*"" > u},
we have by Young’s inequality and (2)

/ e )y
G\{B(x0,8)UB(x,8) }

<uf (b=l @ s 5 0y
G\{B(x0,8)UB(x,8)}
<CM</ (e — |t dy+>
E\B(x0,8)
<Cu (/ (e =yt =@y 4 1 )
E\B(x0,8)
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<cu | pr-+e® / v — y|@ =Dl -0@)gy 4 1
G\B(x,5)

< Cu (prl—+w(5>5(05*ﬂ*1)(p',7w(5))+n n 1)

< C‘bL (M*P’,er(S)S*PL (IOg(1/5))(057'171)“&2/("7&)2 + 1) )
Now, considering u such that u = 8_1(10g(1/8))_“°‘2/{plf (=)} we find

/ v — Y| (n)dy < €8 (log(1/8)) e/ W=},
G\{B(x0,8)UB(x,8)}

Further, we obtain by (4)

/ = e )y < 57 ko — 31 (3)dy
GNB(x0,8)\B(x.,5) GNB(x0,5)
< C5 (log(1/8))~4.

Therefore it follows that
/ e = y[*7" = |z = y|*7"|f (y)dy < C(log(1/[x — z[)) .
G\B(x,2|x—z|)
Now we establish

\Uaf (x) — Uaf (2)]
< /GHBMH) x =yl ’f(y)dy+/ Iz — y[%f (y)dy

GNB(x,2|x—2z])
+ ¥ = ¥1%" — 2 = y"If (3)dy
G\B(x,2|x—2z])
< C(log(1/]x —z])) ™,

as required. [

COROLLARY 1. Suppose

alog(e + log(1/|x,]))
log(e/|x,|)

for a > (n—a)/o*. Let f be a nonnegative measurable function on B = B(0,1)
with |f ||p.),8 < 1. Then Uqf is continuous in B and it satisfies

p(x) =px1, ..., xy) = n/o+

[Uof (x) = Uaf (2)] < C(log(1/|x —2[)) ™"

whenever x,z € B(0,1/2) and |x — z| < 1/2, where A = (ac*/(n — o) — 1)/p’_.
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Proof. According to the proof of Theorem 1, it suffices to show that
/ = | Oy < Cllog(1/r)! /=) (5)
B(x,r)

for 0 < r < 1/2 and |x| < 1/2. To show this, we may assume that
P'(y) <pl —o(yl)  foryeB,

(a0 /(n— )?) log(log(1/r))/log(1/r) — C/log(1/r) for 0 < r < rg

where o(r) =
= w(rg) for r > ry. Then, by use of Lemma 1, we have

and o(r)

/ y 1 — y|@ O0gy < ¢ / by — 3|0 gy,
B(x,r

{yntlxn—ynl<r}
< Cllog(1/r)! e/,
Thus (5) holds, and the proof is completed. [J
REMARK 2. Let b > (a+1)/n>1,0<ry < 1/e and

PO) =1 =gt /b0

for y € B(0, ry) . Consider the function

F) =y~ (og(1/y1)~"
for y € B(0,rp) and f =0 on R"\ B(0,ry). Then we easily see that

/ =y )y > Cllog(1/Ix])'™  for x € B(O, r)
B(0,ro)

and
/ £ 0)Vdy < / (1™ log(1/11)) "} log(1/]y]))*dy < oo
B(OJ()) B(O,ro)

since —bn+ a+ 1 < 0 by our assumption.
This means that the exponent A in Theorem 1 is best possible.
REMARK 3. Let a =n — 1 and

(n — 1) log(log(1/]y]))
log(1/]y])

for y € B(0, o). Then there exists a measurable function f on R” such that U;f (0) =
oo and ||f||,) < cc.
In fact, for 1/n < b < 1, consider the function

f() = Iy~ (log(1/Iy1)) ™" (log(log(1/y]))) =
for y € B(0,r9) and f =0 on R"\ B(0, ry). Then we have

py)=n+

/ ' (y)dy = oc.
B(OJ())
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Since bn > 1 by our assumption, we obtain

[ rorvay< [ (" og(1/1v) " ogllog(1/ o)) ") log(1/ b))y
B(0,ro) B(0,ro)
= [ i aog(1/1y1) " (ogog(1 /b)) " < o0
B(0,r0)

In this case we can show exponential integrability (see e.g. [1]), as will be discussed
soon.

3. Exponential integrability

This section concerns with p(-) such that

n — o log(log(1/}xo — )
o2 log(1/]xo —yl)

p(y) <p-+

for y € B(xp,r0). In this case, since o -potentials of f € I’()(G) may not be
continuous, we discuss the exponential integrability of Trudinger type. Our discussions
here can be carried out along the same lines as in Hedberg [8].

Before doing so we prepare the following lemma under conditions (p1) and (p2).

LEMMA2. If0<b < a< (n—a)/a?, then
/ |x — y|(a—n)p'(,v)dy < C(log(l/S))I*baz/(”*“)
(

forxeGand 0 <6 <1/2.
Proof. For 0 < b <a< (n—o)/o?, set

bo?  log(log(1/r))
(n—a)* log(l/r)

Asin (2), we can find r; > 0 such that

o(r) =

p'(y) <pl — o(xo —yl)

for all y € B(xo, r1); in this proof we assume that r; = 4rg.
If x € B(xy,2ry), then we have

/ ot <3 [ e Oy
B(x,|xo—x|/2)\B(x,8) B(x,2/8)\B(x,2/—18)

<Z 2J 15 a—n)(p_—o(@7'8)) n(2j5)n

< CZ 2]—16 —(a—n)w(2¥715)
J
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CZ]Ogl/ 2= 16)) ba? /(n—ar)

ro
< C/ (log(1 /1)) 0o/ n=)y=1 gy
5

= C(log(1/8))! e /=),
If 0 > |xo —x|/2 and x € B(xo,2rp), then

/ Oy < ¢ fr0 — 3l Oy
B(x0,4r0)\B(x,0) B(x0,4r0)\B(x,0)

Cllog(1/8))! /0=,
Finally, since infa\ p(x, ) P(X) > p— = n/a, we note that

/ e — POy < € < oo
G

for x € G\ B(xo,2r9).
Thus the required conclusion follows from these facts. [

If f is a locally integrable function on G, then we consider Hardy-Littlewood
maximal function defined by

1
Mf (x) = sup ,,/ If (v)ldy.
>0 On’™ JGNB(x,r)

We next prove the estimate of Riesz potentials by use of maximal functions, as in
Hedberg [8].

LEMMA 3. Let f be a nonnegative measurable function on G with ||f ||,y < 1.
Ifo<a<(n—a)/o? and A> (1 —ac?/(n—))/p"_, then

Uof (x) < C(log(Mf (x) +2))".

Proof. 1f (1 —ao?/(n— a))/p"_ < A, then there exist 0 < b < a and 0 < py <
p’_ such that

(1 —ba?*/(n—a))/po < A.
We can find r; > 0 such that p’(y) > po for y € B(xp, 1) and

/ (e — 3| /) Oy < Cu (log(1/8))' /=
(x0,71)\B(x,8)

for 4 > 1 and x € G; in this proof, we may assume that r; = 4ry. Since (3) holds
by the assumption ||f ||,.) < I, we have for u > 1

/ = y[*7"f (v)dy
B(x0,4r0)\B(x,0)

/ (sl Wy [ popiay
B(x0,4r0)\B(x,5) G\B(x,8)
<u (Cu”’°(log(1/5))1’baz/("7°{> + 1) '

<

=
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Now, considering i such that u=7°(log(1/8))'~0¢/("=®) = 1 we have
/ v )y < Cllog(1/3))”
B(x0,4r0)\B(x,08)
with B = {1 —ba?/(n — a)}/po. Since infg\p(y,) P(X) > p— = n/c, we note that

/G Ik~ Y%F ()dy < C

for x € G\ B(xo, 2ry) . Consequently it follows from [1, (3.1.1)] that

Udf (x) = / T / % — 3% (5)dy

B(x,5)

< C8*MF (x) + C(log(1/8))P.
Here, as in the proof of Proposition 3.1.2 in [1], let
§ = (Mf (x))~"/*(log(Mf (x) + 2))P/*
when Mf (x) is large enough. Then we have
Uaf (x) < C(log(Mf (x) +2))P < C(log(Mf (x) +2))*,

as required. [

By Lemma 3 and the fact that Mf € [P—(G), we establish the following expo-
nential inequality for f € L/*)(G) .

/

THEOREM 2. For A > (1 —ac®/(n— o)) /p
c1 and ¢y such that

> 0, there exist positive constants

/G exp(c1 (Uaf ()")dx < o3

for all nonnegative measurable functions f on G with ||f ||,y < 1.

THEOREM 3. Let f be anonnegative measurable functionon G with ||f ||,y < oo.
IfA>(1—ac?/(n—a))/p"_ =0, then

/ exp(c(Ugf (x))/)dx < 0o forall ¢ > 0.
G

REMARK 4. When a = 0, Theorems 2 and 3 hold for A = 1/p" = (n— a)/n.



628

TOSHIHIDE FUTAMURA AND YOSHIHIRO MIZUTA

4. Sobolev’s inequality

In this section we are concerned with p(-) satisfying :
(p4) 1 <p— =infgp(x) < p(x) < ps =supgp(x) =n/a ;

a
p3) |p(x)—p(y)] < —————~  whenever [x—y| < 1/2, forsome @ > 0
(45) () —P)| < oo =yl <1/
As an example, we may consider the function of the form

pOY) = po — (%0 — ), 0 = gl

for y € B(xo,r9) with ry chosen sufficiently small; set p(y) = p+ — () outside
B(xo,70) . Note here that

o(s+1) < o(s) + o)
forO<s<rpand 0<t<ry.
Let 1/pf(x) = 1/p(x) — o/n.

LEMMA 4. If u > 1 and 0 < & < 1/2, then

—q(x x)—1
/ (I =y /)’ Oay < € (‘u—p’(X)w + 1)
G\B(x,5)
for x € G, where q(x) =n— ap(x) > 0.
Proof. First find C > 0 such that
C
/ /
- <
p'(y) = p'(%)] Tog(

1/]x =)

whenever |x —y| < 1/2. Then we have for u > 1
/ (b = 1"
Blxut/ @ )\B(x,5)

< CH*P’(-’C) / |)C _ y‘(len)pl(x)dy
Bt/ =)\ B(x,3)
< C‘u_p/(x) §P W) (a—n/p(x)) ’
—p'(x)(a —n/p(x))

which yields the required inequality. [

LEMMA 5. Let f be a nonnegative measurable function on G with ||f ||,) < 1
Then

l/h=wWﬂ7@My<CﬂmﬂW“*W%ﬁwvmﬂ“%
G

for x € G, where q(x) =n — ap(x) > 0 and §(x) = min{g(x), 1}.
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Proof. First consider the case
M (x)g"/?' @) > pota)/pl), (6)

Since [|f [|p.) < 1, we have for u > 1

/ x—y“‘"f(y)dy<u< / (s ) Oy + / f(y)p(y)dy>
G\B(x,5) G\B(x,8) G\B(x,5)

;o &4/ (p(x)—1)
N SR
q(x)
because of Lemma 4. Now if we set
—q(x x)—1
M_pl(x>6 q(N)/(P() ) _1
g(x)
then
§—a(x)/p(x)

e = y[*f ()dy < C——77= -
/G\B<x,5) G(x)/r' )

It follows from [1, (3.1.1)] that

/ x = y[*7"f (y)dy = / lx = y[*7"f (y)dy + / lx — y|*7"f (y)dy
G B(x,8) G\B(x.5)

» §—a)/p(x)

Letting Mf (x)cj(x)l/l’/(") = §~%~4/P¥) by (6) as in the proof of Proposition 3.1.2 in
[1], we find

lan st L
/G|x YT (v)dy < CMf (x) Gx)er@—n"

Next consider the case ,
Mf (x)g"/P ) L 20Fa¥)/p)

Then we have
[ =51 Gy < cmf (o)

—C (Mf (x)§'/? <x>) G-

1\ P/ () ,
<cC (Mf (x)g' <x>) G-

1

_ p(x)/p* (x) _
= CMf (x) G(x)e P —1/n’

as required. [

In view of Lemma 5 we see that

jx X
(q(x)oz(I’(x)*l)/nUaf(x))p ()/p(x) < CMf(x)
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for all nonnegative measurable functions f on G with [|f ||,.) < 1. Since M is bounded
from I7() to itself according to the result by Diening [2], we have the following result.

THEOREM 4. There exist positive constants ¢, and ¢, such that

i
P
/ (clq(x)“(p(x)*l)/"Uaf (x)) dx < ¢
G
for all nonnegative measurable functions f on G with ||f|,.) < 1.

When o = 1, we refer the reader to the paper by Edmunds-Rdkosnik [4]; compare
also with the paper by Diening [3] concerning Sobolev’s embeddings.

REMARK 5. For 0 < € < 1,set p(x) =n—¢€ and 1/g = 1/p(x) — 1/n. Then
we see from Lemma 5 that

1/ VU Ny < CIF fla—e

(see also [11]). Hence we have the following fact by Fusco-Lions-Sbordone [5]:
If £ is a nonnegative measurable function on G such that

e—0+

lim &° /Gf ()" fdy=0

for some 0 < § < 1, then
/ exp(c(Uf (x))/M)dx < oo forall ¢ >0,
G

where A= (n—1+96)/n.
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