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NOTE ON SOME INEQUALITIES FOR
GENERALIZED CONVEX FUNCTIONS

M. KLARICIC BAKULA AND J. PECARIC

(communicated by Z. Pdles)

Abstract. We give several Jensen’s type inequalities for functions convex with respect to a
Tchebycheff system {w;, w,} . Results of Bessenyei and Péles from [1] are generalized.

1. Introduction

Let real function f be defined on some nonempty interval / of the real line R.
We say that function f is convex on I if inequality

fRx+ =2y <Af () + (1 =2A)f ()

holds for all x,y € I and A € (0,1). Geometrically, this means that if P,Q and R
are three distinct points on the graph of f with Q between P and R, then Q is on or
below chord PR. In paper [2] Beckenbach generalized this geometric idea by replacing
straight lines, i.e. elements of the family

Fi={F:R->R|F(x)=ax+p, a,f € R},

by elements of a two parameter family .% of continuous functions defined on I such
that for any pairs (x1,y1), (x2,y2) € I x R with x; # x, there exists a unique element
F(-;x1,x) € % suchthat F (x; ;x1,x%) =y, i =1,2.

We say that a function f : I — R is convex with respect to ¥ if

f (x) < F(X;X1,X2) for all (X17x2)

whenever x; < xp, and x,x; € I.
Special attention has been given to the case in which % is a linear family. By
definition, this is a family .% such that any F € .# may be expressed in the form

F = ow; + Bws,

where o, B are real numbers and m;, @, are two fixed continuous functions on /. The
condition on the family .# that for any pairs (x1,y1), (x2,y2) € I X R with x; # x;
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there exists a unique element F (- ;xy,x;) € % such that F (x; ;x1,x) =y;, i = 1,2,
turns out to be equivalent to the requirement

(0] (Xl) w (X)
s () ahl(xz) £0 (1.1)

whenever x; # x,. Since this determinant is continuous function it must have the same
sign for all (x;,x,) € 12, X1 # x, and we shall assume the basis functions ®; and
@, chosen so that the determinant (1.1) is positive whenever x; < x,. Such a set of
functions {w;, @,} is called a Tchebycheff system. Also, if {®;, w,} is a Tchebycheff
system on a interval I such that @; is a positive function, then a simple calculation
shows us that the function %1 is continuous and strictly increasing on 1.

We say that a function f : I — R is convex with respect to a Tchebycheff system

{(1)1, wz} if

) ) f®

(0] (xl) (0] (Xz) (0] (X)

(0)) ()Cl) (0)) (XQ) (0)) (x)
whenever x; < xp < x, and xj,x2,x € I. It can be easily seen that if for all x € I
; (x) = 1 and m, (x) = x, the notion of the convexity with respect to a Tchebycheff
system {w;, @w,} reduces to the notion of standard convexity.

These notions can be further generalized using n points instead of just two to
determine the functions of the family .%, in which case we obtain an n-parameter
family .%,. More abut generalized convex functions can be found for example in [4].

In paper [1] Bessenyei and Pales considered the notion of (w;, w,)-convexity,
which is a particular case of generalized convexity in the sense of Beckenbach [2], and
hence a generalization of standard convexity. It can be easily seen that their definition
of (wy, ;) -convexity, where (w;, @,) is a positive regular pair, is equivalent to the
definition of the convexity with respect to a Tchebycheff system {w;, w,} , so generally
wherever is stated "... (@1, @) is a positive regular pair.." can stay "...{o;,»} isa
Tchebycheff system...". Inthat paper Bessenyei and Pales gave characterization theorems
and Hadamard-type inequalities for (®;, m,)-convex functions. The main results from
[1] are stated here as follows.

THEOREM A: Let (;,®;) be a positive regular pair on a nonempty interval 1
such that w, is positive. The following statements are equivalent:
(i) f:1—Ris (w1, m)-convex;
(ii) forall x,y,z € I such that x <y < z we have that

f(y) f () [ (x) f(y)’

o (y) () o (x) o (y) ]|
‘ o (y) o (2) o (x) o ()]
@ (y) (2) wz() w: (y)

(iii) forall xo € Int (I) there exist o, B € R such that

o (x0) + par (xo) = f (x0),
ow; (x) + P (x) < f(x), Vxel
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(iv) forall n € N,xp,x1,....;x, € I and Ay, ..., Ay > 0 satisfying the conditions

ikal (xk) = (X())

k=1
Z Aon (xx) = o2 (xo)
k=1

we have that n
£ (0) D M () (1.2)
k=1
(v) forall xo,x1,x% €I and A1, A, > O satisfying the conditions
Al(l.)j ()Cl) —‘rlzwj ()Cz) = W (X()), j=12

we have that

[ (x0) SAf (x1) + Aof (32) -

THEOREM B: Let (w1, @,) be a positive regular pair on a nonempty open interval
I such that w, is positive. The function f : I — R is (o, ®;) -convex if and only if
the function g : @ (I) — R defined by

g=2L o (%>_1 (13)

is convex in the standard sense.

THEOREM C: Let (w;, @) be a positive regular pair on the interval [a,b] such
that ; is positive on [a,b]. If f : [a,b] — R is an (o, m2) -convex function, then
the inequalities

b
of (6)< | f(x)dx<af (a)+af (b) (1.4)
hold, where
5<gy‘ﬁmww o
(0] fab o (x)dx )’ w; (§)
and
1o (x)dx o (b) o (@) [ o (x)dx
. fab w (x)dx (b o m, (a) f: o (x) dx
e ’wl(a) wl(b)’ T e wl(b)’
W, (a) @ (b) W, (a) @ (b)

It can be easily seen that if function f : [¢,b] — R is an (1,x)-convex func-
tion (i.e. convex in the standard sense), then (1.4) becomes well-known Hadamard’s
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inequality for convex functions (see 3, p. 137] or [5, p. 10])

f(a+b) ()+f()

We may note here that the main results of paper [1] are Theorem A and Theorem
C, but the use of Theorem B will enable us to generalize some standard inequalities
for convex functions. In Section 2 we give several inequalities of Jensen’s type for
functions convex with respect to a Tchebycheff system {w;, w,} (i.e. for (wy,w,)-
convex functions), and two of them are generalizations of (1.2) and (1.4). In Section
3 we give one inequality of Giaccardi’s type for functions convex with respect to a
Tchebycheff system {w;, w,}.

2. Two inequalities of Jensen’s type

Let (Q, .7, V) be ameasure space with 0 < v(Q) < oo, andlet h: Q — I, [ C
R, be a function from L! (v). Then for any convex function ¢ : I — R inequality

w(@/ﬁmw) < @/ﬁ(woh)dv (2.1)

holds. This inequality is well known as the integral Jensen’s inequality (see [3, p.45]
or [5, p.10]). If I = [c,d], function & is measurable and function ¢ is convex and
continuous on 7, then the converse Jensen’s inequality (see [3, p. 98]) states

i | wenav< S0 + =20 @), 22

where h = @ Jo hdv. We will use (2.1), (2.2) and Theorem B to obtain two
Jensen’s type inequalities for functions convex with respect to a Tchebycheff system
{o1, 02}
Throughout the rest of the paper, we assume that:
(i) (Q,<,u) is a measure space with 0 < u (Q) < oo;
(ii) f :[mM] — R, m < M, is a continuous and convex function with respect to a
Tchebycheff system {w;, @w,} on [m, M], where @, is positive on [m, M];
(iii) u:Q — [m,M] is a measurable function.

THEOREM 1. Let functions f and u be as the above. Then the inequalities

)< [ ¢ owdu < ey )+ e 0n) (2.3)
Q
hold, where
Pw1 :/ wiou dﬂ,
Q
sz :/ mmou dﬂ,
Q

= (o ) (72): ¥~
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and
Pw1 CO] M (0] (m) Pw1
o = ‘sz a)z M o) — ’a)z(m) sz
T orm) o] T ‘w (m) o <M>‘
o (m) (M) @ (m) @ (M)

Proof. From Theorem B we know that function g defined by (1.3) is continuous
and convex in the standard sense. We define functions v on & and & on Q as

dv = (wyou)du, (2.4)
(%1 o u) (x). (2.5)

Since functions w; and a% are continuous on [m, M| and function u is measurable, we
know that function v defined with (2.4) is ameasure on ./ and that 0 < v (Q) < oo,
and we also know that function 4 defined with (2.5) is measurable. Now we can apply
integral Jensen’s inequality (2.1) on function ¢ = g to obtain

() Lo ()
e o)) < oS
/(fou dqul/(fou du.

On the other hand, from the definition of function g we know that
()15 () | ()
Pw1 wl U)l Pwl

r¢ 1

from which we can easily get the left side of (2.3).
To obtain the right side of (2.3) we use (2.2) for the same functions @, 4 and v
as before. We obtain

()
ou o—ouldv
Pwl/(f Pwl/ﬁ(g w )

h (x)

so we obtain

(2.6)

since in this case h = %. Multiplying (2.6) by P, and using the monotonicity
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property of the function %1 we obtain

del sz sz - CP(L)]

T 80+ ———¢ld)

(M) (m)
_amPo —Po f(m)  Po—GaPo f (M)
o) o) (m) @) o) g (M)

o (M)~ o (m) (M) o(m)

This completes the proof.

REMARK 1. If in Theorem 1 u is Lebesgue measure on set Q = [a,b] C R, and
if function u is defined as

u(x) =x, x€la,bl,

then inequalities (2.3) become inequalities (1.4) from Theorem C.

COROLLARY 1.  Let functions f and u be as in Theorem 1. If xo € [m,M]
satisfies the conditions

Py,

M(Q) = ()C()) (27)
s = o). (8)

then the inequalities

1
f (x0) < m/g(fou)du
o1 (x0) w2 (M) — @y (M) w; (xo)
< W (m) w; (M)_w1 (M)wz(m)f (m) (29)
w; (m) @ (x0) — @y (x0) @ (m
oy () @2 (M) — oy (M) 0 (m f (M)

hold.

Proof. If conditions (2.7) and (2.8) are satisfied, then inequality (2.3) reduces
to (2.9) because of

§:X07 k:,u(Q),

and
‘H (Q) i (x0) o1 (M) ‘ ‘ wy (m)  p(Q)w (xo)
- p(Q)wr (xo) (M) L (m)  u(Q)® (x)
: ‘ @ (m) @ (M) ‘ o w (m) @ (M)
w (m) @ (M) w (m) @ (M)
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REMARK 2. If @; (x) =1 and @, (x) = x for all x € Q, conditions (2.7) and
(2.8) become

1 1
; (x0) m/ﬁ(wlou)dﬂzm/gdﬂzL
1 1

m/ﬁ(a&ou)du—m/gudu—ﬁ—XOG[m,M],

so if function f : [m,M] — R is convex on [m,M] in the standard sense, then
inequalities (2.9) give us

f(ﬁ/gud,u) < #Q/Q(fou)_du

©(Q)
M-
7

) (xo) =

m

<
M —
i.e. inequalities (2.9) reduce to the integral Jensen’s inequality (2.1) and its converse
(2.2).

THEOREM 2. Let {®;,w,} be a Tchebycheff system on an interval [m, M| such
that @, is positive on [m,M]. If f : [m,M] — R is an (@, ;) -convex function,
xp € [my,M] (k=1,2,...,n) and p = (p1,--- ,pn) a nonnegative n-tuple such that
P, =>",_, Pk # 0, then the inequalities

k(&) <Y pif () S erf (m) +cof (M) (2.10)
k=1
hold, where
Po, =Y pror (%) 4
k=1
Po, = prn (1),
k=1
(> - Py, Py,
(o) () *=ag
and ‘Pwl o (M)‘ ‘wl (m) Py,
o = sz wz(M) o) — wz(m) sz (211)
T orm) o) 7 ‘wl(m) a)l(M)‘ '
wy (m) @ (M) w (m) (M)

Proof. Directly from Theorem 1. We simply choose
Q = {1,2,...,n},

“’({l}) = Di, i= 1a27"'7na

u (i) '

|
&

|
—_
N
=
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COROLLARY 2. Let {w;, w,} be a Tchebycheff system on an interval [m, M| such
that @; is positive on [m,M]. If f : [m,M] — R is an (0, w,) -convex function,
p=(p1,- -+ ,pn) a nonnegative n-tuple such that P, = % \_, px # 0 and x; € [m, M|
(k=0,1,2,...,n) satisfying the conditions

1;“: — o (x0) (2.12)
I; o~ (), (2.13)
then the inequalities
f@@s%%?ﬁ@)
oy (x0) @y (M) — @y (M) ; (xo) " 2.14
S o1 (m) @ (1) — o (M) @2 (m)? ™) .
(O] (m) wy (X()) — (X()) (0)) (m
o m) o ) —on M) wn () M)

hold.

Proof. Directly from Corollary 1 for Q, u and u as in Theorem 2.

REMARK 3. We may note here that the left hand side inequality in (2.14) is
inequality (1.2) from Theorem A.

REMARK 4. If function f : [m,M] — R is convex in the standard sense then,
similarly as in Remark 2, from inequality (2.14) we obtain

1 & 1 &
f (17 ZPU%) S B > i ()
" k=1 " k=1

M—X X—m
S ) +

R B
X = = Zpkxk7
Pﬂ k:l

i.e. we obtain discrete Jensen’s inequality and its converse (see for example [3, p. 69]).

<

where

3. One inequality of Giaccardi’s type

THEOREM 3. Assume that {®;,w,} is a Tchebycheff system on interval [m,M)]
such that ; is positive on [m,M], and that f : [m,M] — R is an (o, @,) -convex
function. Let p=(p1,--- ,pa) be a nonnegative n-tuple such that P, = ;_,px # 0
and xy  (k=0,1,...,n) be real numbers such that xo,X = > ,_, prxx € [m,M]. If

(xi—x)(x—x)=20 (i=12,...,n), X% x, (3.1)
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then the inequality

St () < AF () + B (o) (32)
k=1
holds, where
Av _ [ (xO)sz_%(xo)Pwl
w1 (x0) @2 (X) — @y (X) w2 (x0)’
B — @ (X) Py, — 01 (X) Py,
(

X) 03 (x0)

Proof. We can easily see that conditions (3.1) imply either

o1 (xo) 2 (35) — W

o< <X, i=12,..n,
or
X<xi<x, i=12,..n

Since xo,X% € [m,M], this means that we can apply Theorem 2 on (w;, @;)-convex
function f either on the subinterval [xy,%] C [m,M] or on the subinterval [%,xo] C
[m, M] . Therefore, in case when x( < %, the right hand side inequality in (2.10) with
m and M replaced by xy and ¥ respectively, gives

Y opd (%) <eif (o) +eof (%),
k=1

where by (2.11):

‘Pwl 1 Eg Q)] Ex(); Pwl

B Py, (X B e wy (x9) P, i

T o ®] @ ‘wl G0 o @]
 (xo) @ (%)  (x0) @2 (%)

which means that inequality (3.2) is valid in this case. Similarly, in case when ¥ < xg,
we apply the right hand side inequality in (2.10) with m and M replaced by % and x
respectively, to obtain

Spf (%) < eof (B +eof (x0).-
k=1

We can easily check, using (2.11) again, that in this case ¢; = A and ¢, = B, which
means that (3.2) remains valid.

REMARK 5. Assumethat f : [m, M] — R is aconvex function. Let p=(py,- -+ ,pn)
be a nonnegative n-tuple such that P, = >} px # 0 andlet x;, (k=0,1,...,n) be
real numbers such that xo, > ;_, pxXx € [m, M]. If conditions (3.1) are satisfied, we
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can apply Theorem 3 on such f, x and p, where w;(x) = 1 and w,(x) = x for all
X € [m,M] . It can be easily checked that in this case we obtain

> o () SAF | D pesk | + B (Pa— 1)f (x0)
P

k=1
where ; ;
_ 2 i1 P (X — Xo) B— D i1 PiXk

D ko1 DIk — Xo > k1 PXk = Xo
i.e., we obtain well known Giaccardi’s inequality (see [5, p. 11]).

A

From these results we see that if we combine Theorem B and some standard
inequalities for convex functions we can obtain in rather easy way variants of those
inequalities for (@, @) -convex functions.
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