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SOME CLASSES OF P-ANALYTIC FUNCTIONS
DEFINED BY CERTAIN INTEGRAL OPERATOR

KHALIDA INAYAT NOOR

(communicated by Th. M. Rassias)

Abstract. Let / (p),p € N, be the class of functions f (z) = 2/ +ap412P 1 +. .., analytic in the
open unitdisc E. For n =0,1,2,..., n> —p, acertain integral operator I, p—1 : o (p) —

o (p) is defined as I, p_1f = ;Ezplll % f such that (f,g:plll *frip—1)(2) = (li—pz)p, where

fn +p_1(z) = ﬁ and * denotes convolution or Hadamard product. Using this integral

operator, a new subclass Ry (n,p,a) of «7(p), 0 < a < p is introduced in E and some
interesting properties of this class are investigated.

1. Introduction

Let <7 (p) denote the class of functions

f@=2+> aud™, (peN={1,2..1} (1.1)
k=2
which are analytic and p-valent in the unit disk £ = {z : |z < 1}. A function

f € o/ (p) is said to belong to the class S(p, o) of p-valently starlike functions of
order (0 < o < p) if it satisfies, for z € E, the conditions

#'(2) 7o @) .
Ref(z) >a and /0 Re{f(z) +d6 = 2pm. (1.2)

The class S(p, o) was introduced by Goodman [1] and studied in [5] and others.
The class 7 (p) is closed under the Hadamard product or convolution

(fixf)2) =2+ Z ap iy,

k=1
where

R =2+ apu™, (=12

k=1
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Denote by D"*P~1: o7 (p) — o/ (p), the operator defined by

D () = e ), (1> )

The symbol D"™*7~! is called the Ruscheweyh derivative of (n + p — 1)th order.

Let fryp—1(z) = # (n > —p) and let f,,(_plll be defined such that

ZP
(I—zpp

(Fasp—1 *F ) (@) = (1.3)

Analogous to symbol D"*?~! we here define an integral operator Liyp1: 9 (p) —
4/ (p) as follows:

In+p—lf(z) = (f;;plll *f)(Z)

- [ﬁ} O, 0 -p)

We note that Iof = zf’ and I,f = f, see Noor [3].
From (1.3) and (1.4), we obtain the following identity for the operator I, :

(1.4)

(n+ Dhp—rf — (n+p = Dlppf = 2(Ippf ). (1.5)
It is clear, from (1.5), that
/
Z(j—jf) — 5L p),
and
Rertf ) o ana pelme=tf  mEP I
Lyspf Lyipf n+1

are equivalent.
Let Pi(or) be the class of functions i(z) analytic in the unit disc satisfying the

properties /(0) = 1 and
2
J

where z = re® k > 2 and 0 < « < p. This class has been introduced in [4] for p = 1.
We note that Pr(0) = Py, see [6] and P,(o) = P(a), the class of analytic functions
with positive real part greater than o and P,(0) = P, is the class of functions with
positive real part.

We can also represent i € Pi(a) as

Reh(z) — o

46 <k, (1.6)
p— o

M) = (5 + 5@ — (5 — 3, (17)

where h; € P(a), i=1,2, and z € E.
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REMARK 1.1. We can use the hypergeometric functions to define I,4,_1f as
follows: since (1 —z)™* = ,F(a, 1;1,z), where ,F; is the hypergeometric function,
we have, for a > 1

R
[ } = Fi(1,1;a,2)

(I—2)
=(a— 1)/1(1 — )2 di
0

1—1z

Therefore
Lisp—f = [2F1(L,psn+p—1,2)]xf (n>—p)

We now define the following.

DEFINITION 1.1. Let f € &/ (p). Then f € Ri(n,p, &) if and only if ’}c—/ € Pi(a)
forzeE, 0<a<p, peN.
For k = 2 we obtain the class R,(p, o) = S(p, &) defined by (1.2).

DEFINITION 1.2. Let f € </(p). Then f € Ri(n,p, o) if and only if I,4,—1f €
Ri(p, ) for z€ E, 0<p, pe N,n> —p.

It is clear that R(0,1, ) = Vi(@), the class of functions of bounded boundary
rotation of order «.

2. Preliminary results

LEMMA2.1. [2] Let u = uy+iuy and v = vy +iv, andlet ® be a complex-valued
function satisfying the conditions:

(i) ®(u,v) is continuous in a domain D C C,

(ii) (1,0) € D and ®(1,0) > 0.

(iii) Re®(iua,v1) < 0, whenever (iuz,vi) € D and vi < —%(1 + u3).

If h(z) = 1+ Y7, cw2™ is a function analytic in E such that (h(z),zh'(z)) € D
and Re(h(z),zh'(z)) > 0 for z € E, then Reh(z) > 0 in E.

LEMMA 2.2. Let p be an analytic function in E with p(0) = 1 and Rep(z) > 0,
z € E. Then, for s > 0 and p # —1(complex),

Re{p(z) + I)S(ZZI;%Z)“} >0, for lz| <ro,

where 1y is given by
A+ 1

ro = -
Va+ @ - - 1p)?
A=2(s+1)*+|u? -1 and this radius is best possible.

)

Lemma 2.2 is due to Ruscheweyh and Singh [7].
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3. Main results

THEOREM 3.1. Let for z € E, f € Ri(n,p,0). Then f € Ry(n+ 1,p, ) in E,
where

_ 2p
T D VAR T @ 1R 3.
Proof. Set
2nipf (2)) -
T 0 H(z) = (p — a)h(z) + «,

where h(z) =1+ ciz+ 2 + ...
Using identity (1.5) for z € E we obtain

2nip-1f(2)" H'(2) .
ey if(@) {H(Z) + W} € P(0) in E.
Let
Nt Lt
Y(z) = ; P
4 b n Fed
_P+n1—z+p+n(1_z)27
and
k1 1
H(z) = (7 + i —o)h(@) + o} = (7 = 5 {(p — o)ha(z) + ot}

We want to show that H € Py(a), where « is given by (3.1) or equivalently
heP, i=1,2.

Now
b4 H'
H * (Z):H+ £
z H+n+p-1

= (3 {0t T2+ o G- { oot T4}

Therefore it follows that, i = 1, 2,

(p — @)zhi(2)
(p—hi(z)+(n+p+oa—1)

Re [(p — o)hi(z) + o + } >0, z€E. (32)

We form the functional ®(u,v) by choosing u = h;(z) and v = zh/(z) in (3.2). Thus

(p— v

cb(u,v)z(p—a)+0‘+(pfa)u+(a+n+17*1).

The first two conditions of Lemma 2.1 are clearly satisfied as ®(u, v) is continuous
inD=C-— (f%’(’;l)) x C, (1,0) € D and Re{®(1,0)} > 0. We verify the
third condition as follows.
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p—an
(p—)ius+ (ot +n+p—1)
(p—a)(at+n+p—1n
(c+n+p—124p—a)uy

Re®(iup,vi) = o + Re

2
By putting v; < — (Hz"Z), we obtain

Re®(iu, vy)
Clp—ao)(at+ntp—1(1+u)
2 (0+n+p—172+(p—o)u3
_ (atntp—1) Ro(otntp—1)—(p—o)] +(p—a) 2a(p—a)—(atntp—1)]u3
2 [(o+n+p—1)2+(p—ar)®u3]

<o

7A+Bu%
- 2Cc

where
A= (a+n+p—1D{202 +(2n+2p— 1o —p}
B=p-a){2ap—a)—(a+n+p—1)}
C=(ax+n+p—17+{p—a)u >0.

We note that Re¢(iuz,v1) < 0 if and only if, A < 0 and B < 0. From A < 0, we

obtain o as given by (3.1) and B < 0 givesus 0 < a < 1.

Now using Lemma 2.1 we see that Reh(z) > 0 for z € E and hence Re%
o, for z € E with a givenby (3.1). O

>

Special cases

(i) When p =1 and k = 2, we obtain a result proved in [3].

(ii) With p = 1,n = 0, and k = 2, we have a well-known result that every
convex univalent function is starlike univalent of order %

(iii) Rk(n,p,0) C Ry(n+ 1,p,0), n=0,1,2,....

THEOREM 3.2. Let f € Ry(n+ 1,p, ). Then, g, defined by
n+1

4
- n—p
§Q) = Jor | T 0 (33)
belongs to Ry(n,p, o) and conversely.
Proof. From (3.3), we have

(n+1)f(2) = (n—p+ 1)g(z) +28'(2). (34)
Using (1.5) and (3.4), we can write

(n+ Dhpf (2) = (n—p + 1) pg(2) + 2(Inipg(2)
= (n+ Dlypg(2).
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Therefore
In+pf (Z) = n+pg(z)7

and this proves our result. [

THEOREM 3.3. Let for z € E, f € Re(n+ 1,p, ). Then f € Ri(n,p, ) for
lz| < R, where R is given by (3.5) and the value of R is exact.

Proof. Let
% =(p-a)H(Z) +a, ReH(z)>0, z€E.
Using (1.5) and proceeding as in Theorem 3.1, we have
=G+ h1<z>+$
-G-3) h<z>+%

Using Lemma 2.2, with u = %‘2_1(7& —1) and s = 25 > 0, we see that

f € Ri(n,p, ) for |z| < R, with
A+ 1]

CVamwem
A=20+1)7+|uf ~1

o=

—~
W
9}

~—

and this radius is exact. [

As a special case, we note that, for p = 1,n =0, a = 0, and k = 2, we obtain a
well-known result that radius of convexity R of a starlike (univalent) function is

1
R=—— ~0268~2—/3.

7+ /48
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