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ON DELAY DIFFERENTIAL EQUATIONS WITH ALMOST PERIODIC
BOUNDARY CONDITIONS STARTED FROM DIFFERENT POINTS

TADEUSZ JANKOWSKI

(communicated by V. Lakshmikantham)

Abstract. In this paper, we discuss the problems of existence of extremal solutions of delay
differential equations which satisfy almost periodic boundary conditions. Some comparison
results are given. Corresponding existence results are also formulated for differential equations
having more delayed arguments.

1. Introduction

The investigation of the initial value problems of differential equations relative to
the changes in the initial time was first discussed in papers [6,7], see also [1]. Such
problems are important when we need to compare solutions of two problems started
from different initial points. Corresponding results are also formulated for integro—
differential problems, see [2,4]. This paper extends this topic on delay differential
problems with almost periodic boundary conditions started from different points.

Let us introduce the operator F' by

Fx(t;10) = f (¢, x(2), x(a(t — 19) + 19)).
Consider two problems
X(t) =Fx(t;t0), te€Ji=to,00+T), x(to)=x(to+T)+k, (1)
() =Fx(t;1), t€h=[1w,1%+T], x(t)=x(t0+T)+k (2)
for some fixed positive 7 > 0.

To obtain sufficient conditions under which differential problems have solutions
someone can apply the monotone iterative method, for details, see [5]. Note that the
application of this method to delay differential problems can be found, for example in
[3,8,9]. In this paper, we discuss the problem of existence of extremal solutions to (1)
and (2) using the monotone iterative technique. We assume that f satisfies a one sided
Lipschitz condition with respect to the last two variables with corresponding Lipschitz
functions. Itis important to indicate that in such situation assumptions are less restricted

in comparing with corresponding ones when in the place of functions we have Lipschitz
constants. The problem when we have more delayed arguments is also discussed.
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2. Comparison results

Theorem 1 gives a comparison result between any two functions satisfying delay
differential inequalities starting at different initial points.

THEOREM 1. Assume that
1° feClJoxRALR), o€ C(J,J), 0< alt) <t for Jo=J,UJr, J=][0,T],
2° ve Cl(J,R), we C(J,R), v(to+T) <w(to+T) and
V() < Fv(tsty), te€Ji, v(to) <v(to+T) +k,
W/(t) = Fw(t; ’L'()), t e Jy, (To) (T() + T) + k
3° n=1—1 >0,
4° f(t,uy,u2) is nondecreasing in t for each (uy,us),

5° f(t,u1,u2) is nondecreasing in uy for each (t,u;),
6° there exists a nonnegative constant L such that

ftu,vi) —f(t,uz,v2) < Lluy — up + vy — vy}

for t € Jo, ur,uz,vi,v2 € R, up <uy, v <oy
Then (a) v(t) < w(t+n), t € Ji, (b) v(it—n) <w(t), t € J,.

Proof. According to the assumptions on o, we see that 7o < a(t — o) + 19 < ¢t
for t+ € Ji. Let wo(t) = w(t + n) + eexp(3Lt), t € J; with ¢ > 0. It yields
wo(t) >w(t+mn), t € J, and

wo(to) > w(w) 2w+ T) + k> v(to+T) 4+ k = v(to).
Consequently, according to Assumptions 2°—4°,6°, we get

wy(t) = w'(t + 1) + 3Lee®™
>f(t+nw+n),w(a(l+mn—1)+ 1)) + 3Leexp(3Lt)
=f+nw(t+n),wlalt —10) + 7)) —f(t+n,wo(t), wo(a(t — t0) + 10))
+f(t 4+ n,wo(t), wo(oe(t — to) + 19)) + 3Le exp(3Lt)
> f(t,wo(t), wo(a(t — to) + to)) + 3Le exp(3Lt)
— Llwo(t) — w(t +n) +wola(t — to) + o) — w(a(t — to) + 7))
= f(t,wo(t), wo(ot(t — to) + t0)) + 3Leexp(3Lt)
— Le [exp(3Lt) + exp(BL(ax(t — 1) + 19))]
> f (£, wo(t), wo
> f(t, wo(t), w
Now, we shall show that v(¢) < wy(¢), ¢ € Ji. Assume that v(f) < wo(z), ¢t € J; is

false. Then there exists #; € (9,7 + T] such that v(t;) = wo(t;) and v(r) < wo(2),
t € [to,t1). Hence, V'(t;) = wj(#1). In view of assumption 5°, we have

W6(l‘1) < V/(l‘l) < Fv(l‘l;lo) < FWO(tl;tO) < W6(l‘1)

ot —t9) +19)) + Leexp(3Lr)

(a(
o(a(t — 1) +10)).
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which is a contradiction. Hence, it follows that v(r) < wy(z), ¢ € J;. Letting € — 0,
we have v(r) < w(t+ 1), t € Jy, so conclusion (a) is true. Relation (b) results from
(a) . The proof is therefore complete. [

Similarly, we can prove the following

THEOREM 2. Let conditions 1°,2°,5° and 6° of Theorem 1 hold and N =
Ty — to < 0. Moreover assume that f (t,u1,uz) is nonincreasing in t for each (uy,uz).
Then conclusions (a) and (b) of Theorem 1 hold.

Indeed, instead of differential inequalities we can also consider integral inequalities
to obtain similar results to that given in Theorems 1 or 2. In such case we extra need to
assume that f is nondecreasing with respect to the second variable, for details see the
next two theorems.

THEOREM 3. Let Assumptions 1°,3° — 6° of Theorem 1 be satisfied. Assume
that f(t,ui,us) is nondecreasing in u, for each (t,uz). In addition assume that

(ONS C(Jl,R), Y e C(Jz,R) and

t
D(1) < v(tp) +/ F®(s;t0)ds, teJi, vt) <v(to+T)+k
fo

‘ 3)
W) > w(m) + / F¥(s;70)ds, 1€, w(m) > wlto+T) +F,

To

and
V(lo + T) < W(To + T) (4)
Then

(c)®(r) <Y(t+n), ted, (d) Pt—n) <Y(@), tel.
Proof. Define the functions v and w by
t t
w(t) = v(to) + / Fd(s;t0)ds, 1€dy,  w(t) = w(t) + / F(s;70)ds, 1 € Jo.
to 0
Obviously, ®(r) < v(¢), t € Ji, P(t) = w(r), t € J,. Itis easy to see that
V(1) = FO(t;10) < Fv(t;10), 1 € Jy,
w () = F¥Y (1) = Fw(t ), t €,

since f (#,u;,uz) is nondecreasing in (u;,u;). Hence, the conclusions (a) and (b)
of Theorem 1 are satisfied. It shows that (¢) and (d) hold too. This completes the
proof. [

THEOREM 4. Let all assumptions of Theorem 2 hold with conditions (3) — (4) in
the place of Assumption 2°. Moreover assume that f (t,u1,u;) is nondecreasing in u
Soreach (t,uy).

Then conclusions (c) and (d) of Theorem 3 hold.
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3. Delay differential inequalities

This section deals with some useful delay differential inequalities. As we see later,
such inequalities play an important role in the investigations of existence of solutions
of problems (1) and (2).

LEMMA 1. Let a € C(J,J), 0 < a(t) < t, on J = [0,T]. Assume that
L, € C(Jl,R), p € Cl(]l,R) and

P(1) < —Li(p(t) — La(p(alt — 1) + o), t € Jy = [to,t0 +T], )
p(tO) < 07
where nonnegative function L, is integrable on J,. In addition assume that
W(n) <1, (6)
where o ,
W(c) = / L (s)eats—ac MO 4. (7)
Then p(t) <0 on J;.
Proof. Note that the assertion holds if L,(f) = 0 on J;. Let ft;HT Ly(s)ds > 0.
Setting,
t
at) = eh "0, 1 e,
we obtain
"L (s)ds
40 = h " (L0 + /)]
ft Ly (s)ds
< —edo Ty (Opla(t — 1) + 1)
t
= —Ly(t)elu v g e — 1) + 1)
Hence (5) takes the form
, ft _ Ly(s)ds
q'(t) < —Ly(t)e’ xt=r)+io qlot —to) +19), tE€Ji,
(8)
q(to) < 0.

We need to show that ¢(z) < 0 on J;. Suppose that it is not true, then we can find
f1 € (to,to + T) such that ¢(#;) > 0. Put

q(t2) = ming(¢) < 0.
[to,11]

Integrating the differential inequality in (8) from #, to #; we have

151 s
q(n) — q(r2) < _/ Lz(S)ef““‘*fo)“0 Ll(r)dré](a(s — o) + to)ds

5]

to+T s
d
<- / Lo(s)edas—wo "7 g5 4(62) < —q(n2),

to
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by condition (6). It contradicts assumption that g(#;) > 0. This proves that ¢(¢) < 0
on J; and hence p(¢) < 0 on J; too. The proof is complete. [J

REMARK 1. If #0 =0, L;(r) = L; > 0, L,(¢) = L, > 0 on Jj, then (6) takes the
form

T
L / ehl=elgr < 1.
0
Such condition appeared in paper [9].
REMARK 2. Let L;(7) > 0 on J; and
to+T s
/ Lz(s)effo B0 g < L.
4]
Then condition (6) holds. Note that in this case « is absent. If L, () = 0, t € J;, then
(6) holds if [*" Ly(s)ds < 1
REMARK 3. Assume that L;(t) =Ly >0, Ly(t) =L, > 0, t € Jy and
Ly [T —1] < L.
Then
max(W(t), W(%)) < 1,

where W is defined as in (7), see also [3].

4. Application of the monotone iterative technique

In this section, we discuss the monotone iterative method to delay differential
equations subject to almost periodic boundary conditions started from different points.

THEOREM 5. Assume that
1° f €CloxRA4R) for Jo=J1 U, and a € C(J,J), 0< a(t) <t for t €J,
2° n=1—1 >0,
3° yo € C'(J1,R), 20 € C'(J2,R) and

yolto + T) +k,
20(t0 + T) + k,

yo(1) < Fyo(tito), t€Ji, yolto)
2(t) = Fzo(t;10), t€J2,  20(T0)
and yo(t) < zo(t +m), t € J1,

4° there exist functions Ly,L, such that Ly € C(Jo,R), L, € C(Jo,Ry), Ry =
[0,00) and

<
=

fur,vi) —f(tan,v1) = —Li(t)[ur — in] — Lo(2)[vi — 1] )
Jor yo(r) < ity <uyp < z2o(t+ 1), yolo(t —10) +10) < vy < v < zo(a(t —19) +
Ty), t € J1; note that if t € Jy, then relation (9) holds for yo(t — 1) < ity < uy <

20(1), yo(out — 1) +10) < vi < vy < 20(0(t — T) + 7o),
5° max(W(t), W(1)) < 1, where W is defined by (7),
6° f is nondecreasing with respect to the first variable.
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Then there exist monotone sequences {y,z,} such that y,(t) — y(t), t € Ji,
zn(t) — z(t), t € Jo uniformly and

N

teldy,
teJp.

zZ(t+m) <z(t+m)
(t—m) < z(r) < 20()

) <l
-n)

yo(
vo(
The function y is the minimal solution of problem (1) in the sector [yo, z0]o, while

2 is the maximal solution of (2) in the sector [yo, z0]1, where

t
t

b
)

N
<

[0, 20)i = {u € C'(Jix1, R) : yo(t) < u(t +in) < zo(t+m), t €J1}, i=0,1.
Proof. Let
Ynr1(t) = Fya(tito) — Li () [yns1 () — ya(1)]
— Ly()[ynr1 (0t —t0) +10) — yu(0t(t —20) + 10)], t € J1,
Ynt1(t0) = yalto + T) + &,
Zn1 (1) = Fzu(t:70) — Li () 241 (1) — 2a(1)]
— Ly(O)[znt1(a(t — 1) + 1) — z(0(t — ©0) + )], € Ja,

Znr1(T0) = z(0 +T) + k
for n =0,1,...,. Note that the sequences {y,, z,} are well defined.
We first show that

yo(t) < yi(t) Szo(t+m), 1€ (10)
Put p(7) = yo(t) — y1(¢), t € Ji. Then p(fp) < 0, and

p'(t) < Fyo(t;t0) — Fyo(tsto) + Ly () [y1 (1) — yo(1)]
+ La(t) i (a(t — t0) + 10) — yo(a(t — 10) + 19)]
= —Li(t)p(?) — La(t)p(o(t — 1) + 10)
for t € J;. By Lemma 1, p(¢) < 0, t € Ji, so yo(r) < »(¢t), t € J1. Let p(t) =

yi(t) —z20(t + 1), t € Ji1, so p(ty) < 0. In view of Assumptions 3°,4° and 6°, we
have

P'(t) < Fyo(t; 1) — Fzo(r + 13 70) — Li (1)1 (1) — yo(1)]
— La(t)[y1 (a(t — t0) + t0) — yo(a(t — t9) + 1o)]
< Li(#)[z0(z + 1) = yo ()] + La(t) [z0(0t(t + 1 — T0) + T0) — Yo(ex(t — 19) + 1o)]
= Li@)[y1(t) = yo(1)] — La(t) 1 (ee(t — t0) + t0) — yo(a(t — t0) + t0)]
= —Li()p(t) — Lo(t)p(a(t — 1) + t0).

It yields, y1(¢) < zo(t+ 1), ¢ € J1, by Lemma 1, so (10) holds.
In the next step we show that

yo(t —1n) < z1(2) < 20(2), 1 € Ja. (11)
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Put p(r) = z1(t) — 20(¢), 1 € J2, s0 p(1) < 0. In view of 3°, we have
p'(t) < zi(t) — Fzo(t; o)
= —Li()p(t) — Lo(t)p(a(t — 70) + T0).
Because W(1) < 1, it yields zi(7) < zo(¢), t € Jo, by Lemma 1. Now let p(r) =
yo(t — M) — z1(¢), t € J2, so p(w) <0, and
P'(t) < Fyol(t — m5t0) — Fzo(t; %) + L1 (1) [z1 () — 20(1)]
+ Ly (8)[z1 (et — T0) + T0) — 20(t(t — ) + To)]
< Li(#)[zo(r) = yo(t = m)] + La(t) [0 (x(t — T0) + T0) — yo(a(t — N —10) + 10)]
+L1(t)[Z1 (t) — Z()( )} + Lz( )[ 1(06(t — To) + ’L'()) — Z()(Ol(t — To) + ’L'())]
= —Li()p(t) — L(D)p(a(t — 1) + 7)),
by Assumptions 3°,4° and 6°. In view of Lemma 1, yo(r — 1) < z1(¢), t € J2, so

relation (11) holds.
Note that

yo(?)
yo(?)

{ yo(t—m) <yi(t—m) < z20(1), 1€ Ja,

yo(t —=m) < zi(r) < z0(1), 1€ /2
result from (10) and (11), by changing of variables.
In the next step we need to prove that

() <Fyi(tn), 1€, o) <n(o+T)+k (14)
In view of (12) and Assumption 4°, we have
Y1(t) = Fyo(t:t0) — Fyi(t:10) + Fy1(t:10) — Li(0)[y1(r) — yo(1)]
— Lo(t) [y1 (a(t — t0) + 10) — yo(ee(t — t0) + to)]
S Li(@) (1) = yo(0)] + La(t)[y1 (a(t — t0) + t0) — yo(ax(t — t0) + t0)]
— Li(0)[y1 (1) — yo ()] — La(#) [y1 (ex(t — 10) + 10) — yo(at(t — t0) + 10)]
+ Fyi(t;10) = Fyi(t:10),

and y1(to) = yo(to + T) + k < y1(to + T) + k. It proves that (14) holds. Similarly, we
can show that

< 20(t+m), t ey,

(t) < zo(t+ M), 12)
<zalt+n) <z(E+mn), t €,

and

(13)

() 2 Fu(tn), t€h, z(n)>z(n+T)+k (15)
Let g(t) = yi(t) —z1(r+ 1), 1 € Jy, so q(tp) < 0. Hence
q'(t) < Fyo(t;t0) — Fzi(t + 103 %) — Li()) 1 (1) — yo(1)]
— La(t) [y (a(t — t0) +10) — yo(a(t — t0) + t0)]
S Li(@)[zi(t+n) = yo(t)] + Lo(t) [z1 (et + 1 — T0) + T0) — yo(e(t — 19) + 1o)]
= Li()y1(#) = yo(#)] — Lo () 1 (et — 20) + 20) — yo(ct(t — 1) + 10)]
= —Li(1)q(t) — La(t)g(a(t — 1) + to),
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by (15) and Assumptions 4°,6°. Obviously, y;(f) < z1(t + 1), t € J;, by Lemma 1.
Combining this with (12) and (13), we have

Now, it is easy to show, by mathematical induction, that

yo(t) <yi(t) <+ <) Szt +m) < - <za(t+n) <zo(t+m), €1,

Yolt=m) <y(t=m) <+ <ylt=m) <zt <+ < at) <2), 1€
By standard arguments, y, () — y(¢), t € J1, z,(¢t) — z(t), t € J, uniformly. In-
deed, y € C'(J1,R),z € C!(J2,R) are solutions of problems (1) and (2), respectively.
It remains to show that y is the minimal solution of problem (1) in the sector
[v0,20]o- Assume that there exists another solution u of (1) such that yo(¢) < u(z) <

20(t+m), t € J1. Put p(r) = y1(t) —u(t), t € J1, so p(to) < 0. In view of Assumption
4°  we see that

P'(t) = Fyo(t:10) — Fu(t;10) — Li(t) [y1 (1) — yo(1)]
— Ly(t) 1 (a(t — to) + to) — yola(t — to) + 10)]
<—Lip(t) — Lop(a(t — 1) + t0).

This and Lemma 1 prove that y,(¢) < u(f) < zo(t + 1), t € J1. By induction, we can
show that y,(r) < u(¢) < zo(t+ n) for ¢ € J; and all natural n. Now, if n — oo, then

yo(t) <y(1) Su(t) <zo(t+m), 1€/

It proves that y is the minimal solution of (1) in the sector [yo, z0]o. By a similar way,
we can show that z is the maximal solution of (2) in the sector [yo, zo]1-
This completes the proof. [

THEOREM 6. Let Assumptions 1°,3° — 5° of Theorem 5 be satisfied. Moreover,
assume that N = 1 —to < 0, and f is nonincreasing with respect to the first variable.
Then the assertion of Theorem 5 holds.

5. Generalizations
In this section we consider two boundary—value problems of the form
X (1) = Fx(t;10), t€Jy = [to, 10+ T), x(to) =x(to+T) +k, (16)

X)) = Fxt;n), teh=[w1%+T], x(n)=x(0o+T)+k  (17)

where

Fx(tito) = f (t,x(t),x(ou (t — to) +t0), -, x(04-(t — 10) + 10)).
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In this general case we can formulate similar results to the corresponding ones of this
paper but we only formulate corresponding results to Theorems 5 and 6 without any
proof.

THEOREM 7. Assume that
1° f € CJoxRTLR) for Jo =J1UJa, and o € C(J,J), 0 < 04(t) <t forteJ
and i=1,2,...,r,
2° T]:T()—l0>0,
3° Yo € Cl(Jl,R , 20

), 20 € C
Yo(t) < Fyo(t:t0), 1€ i, yolto)
6 > ﬁzO(t; T()), IEJQ, Zo(To)

yo(to + T) + k,
20(t0 + T) + k,

NVAR/A

and yo(t) < z20(t+ 1), t € Jy,
4° there exist functions Ly € C(Jo,R) and L; € C(Jo,Ry), i = 1,2,--- ,r such
that

f([,VO,Vl,"',Vr)—f(l,ﬂ),ﬁl,"', ZL '_Vl (18)

Jor yo(t) <vo < vo < zo(t+ M), yolau(t —10) +10) < v < v < zoaft —19) +
), t €Jy, i=1,2,---,1; if t € Jo, then relation (18) holds for yo(t — n) < Vo <
vo < 20(1), yo(o (t )—|—t0<vl<vl<zO(al(t—To)+To) i=1,2,--

5° max(W(t), W(1)) < 1, where

c+T T t Vs
W= [ S wieluo a1

i=1
6° f is nondecreasing with respect to the first variable.
Then there exist monotone sequences {y,z,} such that y,(t) — y(1), t €
Ji, za(t) — z(2), t € J> uniformly and
Yo(t) <y(1) <z(t+m) Szo(t+m), 1€/,
Yot =m) <y(r=m) <z2(t) S2(1), 1€/

The function y is the minimal solution of problem (16) in the sector [yo,20lo, while z
is the maximal solution of (17) in the sector [yo, 20]1-

THEOREM 8. Let Assumptions 1°,3° — 5° of Theorem T be satisfied. Moreover,
assume that N = 1 —to < 0, and f is nonincreasing with respect to the first variable.
Then the assertion of Theorem T holds.

EXAMPLE 1. Consider two problems

X'(t1) = Fx(;1), t€J,=11,2],
L
)
)

{ X(t) = Fx(,0), t€J, =0,1], (20)
x(0) = x(1),
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with

Fx(t;¢) = —ax(t) — bt x(0.5(t — ¢) + ¢) —a, a,b>0.
Here to = 1, 70 = 0, so 1 < 0. Assume that

2, 44
a a?’a

-0+ G-y < 1)

a

~I

2 4
bmax[—e2 (1 —
a

Put yo(¢t) = —1, t € Ji, z0(¢t) =0, t € J. Then assumption 3° of Theorem 5 holds.
Assumption 4° of Theorem 5 is also satisfied with L;(f) = a, Ly(¢) = bt, t € [0, 2].
Note that, in view of (21), all assumptions of Theorem 6 holds, so problem (19) has the
minimal solution in the sector [yo, z0Jo and problem (20) has the maximal solution in
the sector [yo, z0]1 -

For example if a = 5, then condition (21) holds if

1
2?
1 1
16 — 12¢% 12 — 8ei

b < min| ] =~ 0.58.
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