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SCHUR-CONVEXITY FOR A CLASS OF
SYMMETRIC FUNCTION AND ITS APPLICATIONS

KAIZHONG GUAN AND JIANHUA SHEN

(communicated by 1. Olkin)

Abstract. In this paper, we investigate the symmetric function
L

r r r ’})
1) =110 ) = ( 11 f(%ng)) .
=

1< < <...<ip<n

where f(x) is a positive function on an interval /. Some analytic inequalities, including "Ky
Fan" type inequalities, are established by use of the theory of majorization. An open problem is
also solved partly.

1. Introduction

Throughout the paper we assume that R = {x = (x1,x2,...,x,) | x; > 0,i =
1,2,...,n}. The unweighted arithmetic and geometric means of x, denoted by A, (x),
G, (x), respectively, are defined as follows

1
An(x) = % ;xia Gn(x) = HXi .

Assume that 0 < x; < 1, 1 <i<nanddefine 1 —x= (1 —x;,1 —x,..., 1 —x,).
The symbols A,(1 —x), G,(1 —x) also stand for the unweighted arithmetic, geometric
means of 1 — x , respectively.

All kinds of means about numbers and their inequalities have stimulated the inter-
ests of many researchers all the time ( See, for example, [2, 6, 9, 10] and the references
cited therein.). For instances, the r-th order symmetric function (mean)( [2, p. 65], [6,
p. 78], [10]) is defined as

E,(x,1) = Ey(x1,X0, ooy X3 7) = Z Hxij (1.1)

1<ii <ir<...<ip<n j=1

which is investigated by many authors and some good results are obtained. The Schur-
convexity is proved which is very useful in establishing analytic inequalities.
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The complete symmetric function, which is a generalization of (1.1), is

e =c¢(x) = Z XX (1.2)
i\ +ir+...+ip=r

where ij,1,...,i, are non-negative integers, r € N = {1,2,...}, co(x) = 1. When
1 < r < n, the fact that ¢,(x) is Schur-convex in R, has generalized by Baston (see
[6, p. 82]). Kaizhong Guan [3] proved that the function ¢,(x) and c¢,(x)/c,—i(x) is
Schur-convex in R’} for all r € N. Some analytic inequalities, including "Ky Fan"
type inequality, are established by use of the theory of majorization. In [4], the author
defined the following symmetric function (mean)

1

")

r (
[ = 1T %Zx,-j , (1.3)

n 1<ii<ip<..<ip<n  j=1

and established the following basic inequality chain:

1 2 n—1 n
Gu(x) = ] < [T < - < [T < J[ () = Aul). (1.4)

On the other hand, various definitions of convex function have been given and
investigated extensively (see [1, 2, 6, 9, 10]). In particular, the weakly logarithmic
convex function was pointed out by G. Klambauer [1] and was investigated in [5].

DEFINITION 1. Let f(x) be a positive function defined on an interval /. The
function f (x) is a weakly logarithmic convex function if Vx;,x, € I implies

£ (P52 < V. (15)

The function f(x) is said to be a weakly logarithmic concave function if (1.5) is
reversed.

For fixed n > 2, let

x:(-xl7-x2>"'7xn)7 y= (y17y2>"'7yn)
be two n-tuples of real numbers. And let
X[1) Z X[ 2 - Z Xy V1] Z V2] 2 - 2 Yu)»
be their ordered components.

DEFINITION 2. ([6, p. 55; 14, p. 1]) The n— tuple x is said to be majorized by y
(in symbols x < y), if

ZX[,-] < Zym, m=1,2,...n—1; (1.6)
i=1 i=1

and

i=1 i=1
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The Schur-convex function was introduced by I. Schur in 1923 [6]. It has many
important applications in analytic inequalities. Hardy, Littlewood, and Pdlya were
also interested in some inequalities that are related to Schur-convex functions [8]. Its
definition is following

DEFINITION 3. ([6, p. 54]) A real-valued function ¢ defined on a set Q C R" is
said to be Schur-convex function on Q if

x<yomQ = ¢(x) < o®).

If, in addition, ¢(x) < ¢(y) whenever x < y but x is not a permutation of y, then
¢ is said to be strictly Schur-convex on Q. ¢ is Schur-concave function on Q if and
only if —¢ is Schur-convex function; ¢ is a strictly Schur-concave function on € if
and only if —¢ is strictly Schur-convex function on Q.

Recently, K. Z. Guan [7] defined the following symmetric function which general-
ized (1.3)
L
1 )
[Toe) = II f(= o) r=12n (18
n 1<ii<i<...<ir<n J:l
where f (x) is a non-negative function on an interval I, xj,x2,....,x, € I,and () =
r!(nnir)! . We also established the basic inequality which is very interesting, that is,

THEOREM A. If f (x) is a weakly logarithmic convex function, then

r+1

1) <II¢). r=1.2,n—1. (1.9)

The inequality (1.9) is reversed if f (x) is a weakly logarithmic concave function.

The main purpose of this paper is to consider the symmetric function [ (f (x)),
simply denote it as [[ (f). In section 3, the Schur-convexity is discussed when
f(x) is a weakly logarithmic convex (concave) function, some analytic inequalities are
established by use of theory of majorization which is a useful method of establishing
inequalities, and an open problem is solved partly. Some well-known inequalities are
refined and generalized by use of Theorem A in the section 4.

2. Lemmas

In order to verify our main results, the following lemmas are necessary.

LEMMA 2.1. ([9,p. 259;6,p. 57]) Assume that f(x) = f(x1,%x2, ..., X,) IS sym-
metric, and has continuous partial derivatives on I", where I is an open interval. Then
f :I" — R is Schur-convex if and only if

of  of

(xi—xj)(a—xi—a—x/_) =0 (2.1)

on I". Itis strictly Schur-convex if (2.1) is a strict inequality for x; # x;, 1 <i,j < n.
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Since f (x) is symmetric, Schur’s condition, i.e. (2.1), can be reduced as [6, p. 57]

0 0
(o fxzxa—fl - a—i) >0, (2.2)

and f is strictly Schur-convex if (2.2) is a strict inequality for x; # x,. The Schur’s
condition that guarantees a symmetric function being Schur-concave is the same as (2.1)
or (2.2) except for the direction of the inequality. In Schur’s condition, the domain of
f (x) does not have to be a Cartesian product I". Lemma 2.1 remains true if we replace
I" by aset A C R" with the following properties ([6, p. 57]):

(i) A is convex and has a nonempty interior;

(ii) A is symmetric in the sense that x € A implies Px € A for any n X n
permutation matrix P.

For convenience, we quote the following lemma which can be found in the convex
literatures (See, for example [2], [9]and [10].).

LEMMA 2.2. If f (x) is a positive and twice continuously differentiable function
on interval 1, then

(i) f(x) is a weakly logarithmic convex function on I if and only if (f'(x))? <
F)f" (%) or % is increasing on I ;

(ii) f(x) is a weakly logarithmic concave function on I if and only if (f'(x))* >

F)f"(x) or J%&x)) is decreasing on I .

LEMMA 2.3. ([14,p. 5]) Assume that x = (X1,X2,...,x,) € R". Then
(X,%, .0y X) < (X1,X2, oy Xn), (2.3)

| n )
where X = 5> 1| X;.

3. Schur-convexty of [] (f (x))

In the section, we investigate the Schur-convexity of [ (f(x)). Some analytic
inequalities are established by use of the theory of majorization. An open problem is
also solved partly.

THEOREM 3.1. If f (x) is a weakly logarithmic convex, and has twice continuous
derivatives function on an interval 1, then T[] (f) is Schur-convex function on I";
the fact that f (x) is a weakly logarithmic concave function with two order continuous
derivatives on I implies that [ (f) is a Schur-concave function on I".

Proof. We only consider the case that f (x) is a weakly logarithmic convex function
on I. The case where f (x) is a weakly logarithmic concave function on [ is similar
and is omitted.

Obviously, [/ (f) is symmetric and continuously differential on I”. By Lemma
2.1, we only need to prove

oIl,(f) _ oIL, ()
— - — 1 > 0. 3.1
(x1 = x2) ( o, o (3.1)
To this end, we consider the following three possible cases for .
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Case 1. When r = 1. By taking logarithm on H}l(f) , we have

1 n
1
m]J¢) = ZZlnf(x,-). (3.2)
n i=1
Differentiating the both sides of Eq. (3.2) with respect to x; , we obtain

LD el -,

Ox; n ’
n

And so
(1 =) (agﬁﬁff) - 813;2“)) =TT - (20 - L),

fn)  fx)

Since f (x) is a weakly logarithmic convex function, from Lemma 2.2, it follows that
inequality (3.1).

Case 2.

When r =2. If n = 2, we have

X1+ x2

[10) =r*52).

And so (3.1) is obvious. If n > 3, we can easily derive

2 1 x,-+xj
m]J¢) = m > lnf(T)

27 1Li<j<n

1 - X1+ x; X+ x;
= o Zlnf(T") + Z lnf(TJ)
2 =2 2<i<j<n

Differentiating the above equation with respect to x; , we have

aHi(f) 1 2 n f/(X1+x]~)
8x1 2('21) H(f)z :

=)

1 2 f/ f/ X14Xj
= ('21) H(f) (X1+ZXz ) + Z (xlixj )

[\

Similarly, we can also obtain

OILG) _ 1 fy [0 | e
8X2 N 2(’21) I:I(f) f(XI;XZ) + ; f(xz;mj)
Set
€ :x1+xj :x2+xj and (p( ):f/(x)
5 , er
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And so

o - (21RO 21 ))= =) P o) o0)

n

n

H(f Z v))(u—v).

Jj=
Since f (x) is a weakly logarithmic convex function, from Lemma 2.2 and u,v € I, we
get inequality (3.1).

Case 3.
When 3 < r < n. Taking logarithm on [/ (f) and calculating simply yields

DIGEI IEEE S

r
1< <ip<...<ir<n

/\
\_/

1 Xi +X,'2 4+ ... +X,'r
=@ | 2 W , )

2<i<...<ir<n

XL+ X, +xp, X,

+ > Inf( ; )

2<i1 <. <ip— <n

Differentiating the above equation with respect to x; , we obtain

! (’61+x,1+x,2+ X, 1)
oIL () 1 Z
axl . ‘ f x1+xll+x12+ XXy i+ AN
2<11<...<tr,1<n
- f (r1+x,l+x,2+ X, 1)
Z vc1+nl+vclz+ +mr 1
3<ih <<l <n f

Iz (x1+x2+xil iy . +x1,,2)
r

>

3<ii<oaip_s<n f

(xl X240y Xy X, )
r

Similarly, we can also get

, , f/ -‘62+-‘Cil+xl'zr+<“+.xir7 1
%;z(f) = r(lira) H(f) ’ Z ((Az+x11+x12+m+u,1))

n 3<ii<..<ip—1<n f r

f , (xl X2+ Xy X, )
r

>

3t <o <ip_y <N

f (xl XXy Xy X, )
r

Let

X —|—.X,' —|—...—|—.X,'7 X +xi —|—...+xi‘7 /
U, = 1 1 r 17‘}* — 2 1 T 17 and (p(x) :f (x)
r r f()
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Thus, we obtain

o) (TP 0) - S o, B et

3<ii<ip<..<ip— <n

21 ) (GED SN TOA SR CRRS)

n 3Lii<ip<..<ip— <n
From Lemma 2.2 and u,, v, € I, it follows that
(@(us) — @(vs)) (usx —vi) 2 0.
And so

oIL¢)  OILV)
— ny L o > 0.
(XI XZ) ( 8)61 8)62 ~ 0
Combing the cases 1-3, we have completed the proof of Theorem 3.1.

REMARK 1. Let f(x) be a weakly logarithmic convex, and has twice continuous
derivatives function on an interval /. A. W. Marshall and I. Olkin [6, p. 73] proved that
the function

o(x) = [[f ). xer
i=1

is Schur-convex on I". By Theorem 3.1 (let » = 1), we prove that the following
so-called geometric mean of f (x;):

1 n
It - (Hﬂm)
n i=1
is also Schur-convex on I".

By Theorem 3.1, we can get the following

1
n

COROLLARY 3.2. Assume that f (x) is a weakly logarithmic convex function with
twice continuous derivatives in R, x = (x1,X2, ..., Xn), ¥ = (¥1,Y2, -, Yn), and x < y.
Then

[Tee) <IJeo), r=12,..n (3.3)
The inequality (3.3) is reversed if f (x) is a weakly logarithmic concave function with
twice continuous derivatives in R.

The fact that the function y(x) = J[; ;. ijz | Xi; is Schur-concave in R’}

was given by Marshall and Olkin in [6, p. 86]. Now we establish the following conclu-
sions.

THEOREM 3.3. Assume that x; € (0,1),i=1,2,...,n, and that

k
El(x) = E; (x1,%2, ... Xy) = H Zx,-j, k=1,2,...,n.

1<i1<l‘2<m<l‘k<n j=1
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Then
(i) xi € (0, 3] implies that E,;;k;(;)x) is Schur-convex function in (0, 31" ;
k
(i) x; € [%,1) implies that E’%(*l(;)x) is Schur-concave function in [%,1)".
e

Proof. Let f (1) = 1=£,1 € (0, 1), a simple calculation reveals that

02 @y = 2

(i) When 7 € (0, 1]. By Lemma 2.2, we see that f(7) is a weak logarithmical

convex function in ¢ € (0, 3

;5] For a fixed number k, calculating directly and using

1
Theorem 3.1, we see that Hi(f )= (E';;i‘(;;' >) () is Schur-convex function in (0, 5]".
k

Thus, for x;,y; € (0, 3] and x <y, we have

Cﬁﬂ—@><<@0—w>

Ei(x) )\ Eb) )
By Definition 3, the function %
(i) When ¢ € [1,1). By Lemma 2.2, f(¢) is a weak logarithmical concave

function in ¢ € [%, 1). Similar to the proof of (i), we may prove that the function
E (1—x)
Ef(x)

or

l}n

is Schur-convex function in (0, 5

n

is Schur-concave function in [%, 1)". Thus, the proof is complete.

REMARK 2. Theorem 3.3 partly answer the problem pointed out by Prof. Shi and
published in the following website: "http://zgbdsyjxz.nease.net".

COROLLARY 3.4. Supposethat 0 < x; < %, i=1,2,...,n, and Z?zlxi < 1. Then

G2 (5 1>k' (34)

Proof. Using Theorem 3.3 and Lemma 2.3, we have
Ef (1 —x) S E{ (1 —X)
Ef(x) T E®

T2 S )-cx)k' (36)

Since f(x) = (:=*)* is decreasing in (0, 1], it follows from (3.6) that
Ei(l—x) n—1f
E;(x) n

REMARK 3. Inequality (3.4) give the blower bound of

. (3.5)

Or,

E; (1—x)
Ep(x)
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4. Some applications

In this section, we establish several analytic inequalities by use of Theorem A. Our
proofs are briefer than those of the literatures. Which illustrates the advantage of our
results.

THEOREM 4.1. ([4]) Assume that x; > 0,i =1,2,...,n. Then
1 2 n
Go(x) =[] <[ < . < J]®) = Au). (4.1)
Proof. Let f(x) = x,x € (0,400), we can easily verify that f (x) = x is a weak
logarithmical concave function in (0, 4+00). By Theorem A, we have (4.1).

REMARK 4. The inequality (4.1) refines A-G inequality, and my proof is simpler
than that of [4].

For 0 < x; < %, i=1,2,...,n, the following inequality
G,(x) o A, (x)
G,(1—x) A, (1—x)’
commonly referred to as the Ky Fan inequality ([12, p.5]) has stimulated an interest
of many researchers. New proofs, improvements and generalizations of the inequality

(4.2). See, for example, [2, 3, 11, 15] and the references cited therein. Now we shall
investigate it further.

(4.2)

THEOREM 4.2. Assume that 0 < x; < %, i=1,2,...,n, and let

n @)
.1 X
Sy (x) = S (x1, X2, oy Xp) = H # , r=12..n
1<i) <iz <...<ir<n > (L= xy)
Then Gl ()
n X n X
—— =S <S <. < Sx) = 4.3
s = 510 < i) 0= s (43)
Proof. Let f (x) = 1=, x € (0, 1]. A simple calculation reveals that
1 —2x 1
2 —
(f'(x0)" =ff"(x) = 1= > 0,x € (0, 5}-

It is clear that [] (f) = S,(x). Using Lemma 2.2 and Theorem A, we immediately
obtain (4.3).

REMARK 5. The inequality (4.3) refines Ky Fan inequality.
THEOREM 4.3. ([11]) Assume that 0 < x; < 1,i =1,2,...,n, then

where S, =Y x; and i = 3
- U
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Proof. Let f (x) = (1%5)*, x € (0, 1), by taking logarithm on the function f (x)
and differentiating it with respect to x, we have

710 =10 (5 ) (45)

and

f”@%;ﬂm[(Ti;+Jn1xx>z+l+_ 1 +( 1 )1_ (4.6)

By Lemma 2.2, and from (4.5) and (4.6), we can see that f (x) is a weakly logarithmic

convex function. From Theorem A, we obtain
1
n—1 n

An(x) An(x) n 2 | . y N
(m) =110 <110 <. <11 <110 = (H(1 _x,.>'”’> .

n n i=1

In particular, we have

1

() < (1)) “

Simplifying (4.7), we can get the inequality (4.4).

REMARK 6. Our proof is briefer than that of [11] and our result also refines
inequality (4.4).

THEOREM 4.4. Assume that f (x) is an increasing and weakly logarithmic convex
function with two order derivatives in (0,+00), and that g(x) = f(1=),x € (0, 1).
Then

r+1 r
H(g) < H(g),r =1,2,..,n—1. (4.8)

(4.8) reverses if f (x) is a decreasing and weakly logarithmic concave function with
twice derivatives.

Proof. We consider the case where f (x) is an increasing and weakly logarithmic
convex function. Calculating and using the assumption of the theorem yields

(8'(x)? — gx)g"(x) =

1 / 1
T ) = W) = r=paf ()f () <0,

(1— X)
where u = * . By Lemma 2.2, g(x) is a weakly logarithmic convex function. From
Theorem A, we obtain (4.8).

The case that f (x) is a decreasing and weakly logarithmic concave function with
two order derivatives is similar to the above, and so be omitted.
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REMARK 7. Inequality (4.8) can be rewritten as the following inequality chain:

1

n ) 1 2 n n X n
f(i%ﬁég)—gngngmgg@—<H ;Q>.mm

Thus we establish a class of more general "Ky Fan" type inequalities.
The well-known Jensen’s inequality for positive convex function is

Z Xk) Zf X)-

In [13], J. Pe€ari¢ and D. Svrtan give new refinement of it, that is,

THEOREM 4.5. Assume that f : I — R is convex function, x, € I,k =1,2,....n
k
Let fin = % Zl§i1<m<ik§nf(% Zj:lxij)' Then

1 n 1 n
PG 3) =fan < oo Sfrsin fin < oo <fra =~ ;ﬂxk). (4.10)

k=1

Proof. Let ¢(x) = exp(f (x)). By Definition 1, it is easy to verify that ¢(x) is a
weak logarithmical convex function in /. Using Theorem A, we have

n n—1 2 1
[Te) <[ <. <IJe) <](9) (4.11)

By taking logarithm on (4.11), we establish (4.10).
REMARK 8. The proof of the theorem is briefer than that of the paper [13].

THEOREM 4.6. Assume that 0 < x; < 1,i=1,2,...,n, and let

L

0 S (L) |7

Wr(x) = llfr(xlyxb ~-~7xn) =
1<ii<ir<...<ir<n ZJ 1(1 X )

Then
Vet (9) S W) r = 1,2, o — 1. (4.12)
Proof. Let f (x) = {££,x € (0,1). Calculating simply and using Lemma 2.2, we

see that f (x) is a weakly logarithmic convex function in (0,1). By Theorem A, we
prove the inequality (4.12).

REMARK 9. The inequality (4.12) can be written as the following inequality chain:

1

n 1+Xi n n—+ :'1_ Xi
(H : ) =yi(x) = pax) > > ) = A (4.13)
IlT—x n—=3 i Xi
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Thus, when Y, x; = 1, (4.13) refined Klamkin inequality [6, p. 78]:

Hl+xi> n+1 '
1 —x; n—1

i=1
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