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MONOTONICITY OF SEQUENCES INVOLVING
CONVEX FUNCTION AND SEQUENCE

F. Q1 AND B.-N. Guo

(communicated by N. Elezovic)

Abstract. Let f be an increasing convex (concave, respectively) function defined on [0, 1] and

{ai};cn be anincreasing positive sequence such that {z( ai 1) } N decreases ( {z(“’—“ —
S

Aj+1 ai

: : 1 n ai . :
1) }ieN increases, respectively ) , then the sequence {ﬁ i1 f (ﬁ) }neN is decreasing.

Let f be an increasing convex (concave, respectively) positive function defined on [0, 1]
and ¢ be an increasing convex positive function defined on [0, c0) such that ¢(0) = 0 and the

sequence {(p(i) Lp—(fl% - 1] }ieN decreases, then the sequence {ﬁ S <%)}
is decreasing.

As applications, taking special sequence {a;};cn and special functions f and ¢, many
new inequalities between ratios of means are obtained, and the Alzer’s inequality, the Minc-
Sathre’s inequality, and the like, are recovered.

neN

1. Introduction

Let 7 be an interval in R. Then f : I — R is said to be convex if for all x,y € 1
and A € [0,1],
FAx+(1=A)y) <Af (x) + (1= A)f (). (1)
If (1) is strict forall x #y and A € (0,1), then f is said to be strictly convex.
If the inequality in (1) is reversed, then f is said to be concave. If inequality (1)

is reversed and strict for all x # y and A € (0, 1), then f is said to be strictly concave.
The finite difference of a sequence {a;}icy can be defined by

Aaq; = a;, Aa; =ai —a;, A"a;= A(Am_lai). (2)

We shall say that a sequence {a;}icn is convex of order m (m-convex) if A”a; > 0
form >0, i € N. If {a;};en is 2-convex, we have a;1 + a;—1 > 2a; for i > 2, the
sequence {a;}ien is called convex; if a;i1 + @iy < 2a; for i > 2,, we call {a;}ien
being concave.
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Let {a;}ien be a positive sequence. If a;;1a;—1 > Z a? for i > 2, wecall {a;}ien
a logarithmically convex sequence; if a;11a;—1 < al for i > 2, wecal {a}iey a
logarithmically concave sequence.

Let f be astrictly increasing convex (or concave) functionin (0, 1], J.-Ch. Kuang
in [8] verified that

n+1

1,k
Zkz_;f(ﬁ) n+lzf n+1 /f (3)

n [15], the first author generalized the results in [8] and obtained the following
main result and some corollaries: Let f be a strictly increasing convex (or concave)

function in (0, 1], then the sequence 1 3", £ (+L;) is decreasing in n and k and

i=k+1
has a lower bound fo t)dt, that is,

n+k n+k+1

n Zf(n+k) n+1 Z:f(n+1<+1 /f “)

where k is a nonnegative integer, n a natural number.

With the help of these conclusions, we can deduce the Alzer’s inequality, the Minc-
Sathre’s inequality, and more other inequalities involving the sum of powers of positive
numbers or the ratios of the arithmetic means of #» numbers. These inequalities have
been investigated by many mathematicians. For more information, please refer to the
references in this paper.

In this article, by similar procedure as in [8, 15], considering the convexity of a
given function or sequence, using the Hermite-Hadamard inequality in [7, 11], we obtain

THEOREM 1. Let f be an increasing convex (concave) function defined on [0, 1]
and {a;}icn be anincreasing positive sequence such that the sequence { ( ai 1) }iEN

decreases ( {1(’%‘ — 1)}i€N increases) then the sequence { S 1f( )}neN is
decreasing. That is
/ £ 5)

1 z a;
Z;f(a) = n+1

THEOREM 2. Let f be an increasing convex (concave) positive function defined
n [0,1] and @ be an increasing convex positive function defined on [0,00) such

that @(0) = 0 and the sequence {(p [ l(+>1) — 1] }l. en decreases, then the sequence

{—n Z, i ( )}neN is decreasing. That is

(1) S oty). o

As applications, taking special sequence {a;};en and special functions f and @
satisfying Theorem 1 and Theorem 2, many new inequalities between ratios of mean
values are obtained, and the Alzer’s inequality, the Minc-Sathre’s inequality, and the
like, are recovered.
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2. Proofs of Theorems

Proof. [Proof of Theorem 1] The left inequality in (5) is equivalent to

n+1

¥ (anﬁ)“"“%if(%)v

)+ (1) < Zf(“’)
) ™)
) < Z[(l—l)f(ai_l)+(n—i+1)f(3—m,

a
i=1 n

an(

api1

an(
i

where we let ap = 0.
Since the sequence {i (i — 1)} decreases and {i (“’—“ — 1)} increases,
i+l ieN a i€N

then we have
an . ai—1
— 1) <(i—1 ( — 1), 8
n(anﬂ =1 a; (®)

n(agl 71) 21‘(62—:1—1). 9)

Inequality (8) can be rewritten as

n

) <[ () < (- 5 ()]

i=1

(i—Dai1+n—i+ g S G

2 ) 10
nay An+1 ( )
and inequality (9) yields
(n+ 1)(an+l _ 1) > l.(ai+1 _ 1)7
An ai
iai+1+(n—i+1)ai < a; (11)

(n+ Dap S a,

Since f is increasing, from (10) and (11), we have

f((i—l)ai_1+(n—i+1)ai> > (), (12)

nay, Ap+1

; (iam(:inl)ai: 1)a,-) <f(Z_) (13)

If f is convex, then

S CE) (R p (i) o
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Combination of (14) with (12) leads to

Fam) <[5 (5 + (-7 () (13)
inequality (7) follows.
If f is concave, then

7 )+ (- (G5

api1
i Qi1 n—i+1 a; )
< . )
f(n+ 1 Ap+1 n+1 Apt1 (16)
*f (i(l,:H + (n — i+ l)a,-)
B (n+ a1 .

From (13) and (16), we obtain

Sl (52 + (- ()] < Sr(2)

- An+1

that is

n

i Cli+1) ( n _i—l) (ai)
i_anrlf(anH +Z n+1 n+1f

a
i—1 n+1

:nilf(1)+n7rlzn:f(ai) (17)

a
i—1 n+1

n

n+1 ) n )
S ()

a
i—1 n+1

The final line in (17) implies the left inequality in (5).
Finally, by definition of definite integral, the right inequality in (5) follows.

Proof. [Proof of Theorem 2] Since

o0 (Giren ) <o (T 1), 1
therefore we obtain

that is
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From monotonicity of f and letting ¢(0) = 0, we have

f< (i) ><f (coz(i—1)+[¢(22—<p(i—1)]¢(i))’

(P("+) ®*(n)
Zf< > Zf< (i-1) [(Pq()lezn)@(il)}fp(i))'

Since ¢ is convex and f is positive, if f is convex, then

(i— 1)+ [pn) — @i — 1)]p()
Zf( ®*(n) )

gi{(p(é(n)l)f o)+ ()} @
o () 2 3
From (22) and (23), we get

if (5t < é{(p(;(;)l)f (o) + a2 (o)

1

(22)

that is
Pl Zf (5
<Z{ -0 (2D g -0t (22)) oo

o(n+1 Zf( >)) () (1).

Inequality (24) is equivalent to

o0 s (3) > oo 5‘( )

il 25)
s (o) > w2 ()
Now assume [ is concave. Then
sy (o) * (- sn) (Gasn) -

el +1) +e@)en+1) — @*(i)
</ ( P+ 1) ) |
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Since ¢ is increasing and convex, then easy computation gives us
e+ 1)+ o(@en+1) - ¢() _ ¢3)
@*(n+1) '
Therefore, from convexity of ¢, we have

> (i) > 2 e () (i) ()

"“¢n+ D+ o@i—1)— () (i)
o0+ 1) f(@( )

(26)

o w(iin Zf (w(i(fn)'

The proof is complete.

3. Corollaries

In this section, as applications, taking special sequence {a;};cn and special func-
tions f and ¢ satisfying Theorem 1 and Theorem 2, many new inequalities between
ratios of means will be obtained , and the Alzer’s inequality, the Minc-Sathre’s inequal-
ity, and the like, are recovered.

COROLLARY 1. Let f be an increasing convex (or concave, respectively) function
defined on [0,1], {a;}ien a logarithmically convex (or a logarithmically concave,
respectively) increasing positive sequence, then the sequence {; S f ( )}n e 18
decreasing.

COROLLARY 2. Let f be anincreasing convex (or concave, respectively) positive
function defined on [0, 1], and let @ be an increasing, convex, logarithmically convex,

positive function defined on (0,00), then the sequence {ﬁ Zl 1f( )}nEN is

decreasing.

It is clear that the function f(x) = x" is strictly increasing in [0, 1] for r > 0,
convex for r > 1, and concave for 0 < r < 1. Taking a; = i in Theorem 1, we
recover the Alzer’s inequality as follows:

COROLLARY 3. ([1])Let n € N, then for any r > 0, we have

n+1 1/r
n+1 ( Z /n+1 > ' 27)

The lower bound is best possible.

The first easy proof of Alzer’s inequality is due to J. Sdndor who used Cauchy
mean value theorem and mathematical induction in his proof, see [22]. Recently, some
new proofs were given in [3].

Iflet f(x) =x", r >0, x € [0,1], and a; = i + k, where k is a given natural
number, in Theorem 1, then we obtain
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COROLLARY 4. ([14]) Let n and m be natural numbers, k a nonnegative integer.

Then
ndmak N\ T

n+k 1 1
- - " " 28
G ) 28)

where r is any given positive real number. The lower bound is best possible.

Let f(x) =x", r >0, x € [0,1], ¢ = x+ k, where k is a given nonnegative
integer, in Theorem 2, then we have

COROLLARY 5. Let n and m be natural numbers, k a nonnegative integer; then

1/r

n+k n+k+m.r l’l+k
i > (29)
n—l—k n+k+m n+k+m
—k+1 i=k+1

where r is any given positive real number:

Since In(1 4+ x) and In —r are strictly increasing concave function in (0, 1], let

f(x) =In(l +x) or f(x) = In 35 in (5) respectively, by direct calculation, we have
COROLLARY 6. If {a;}ien is an increasing positive sequence such that {l(“;—t‘ —

1) }l. cn Increases, then we have

a, _ n H?:l (ai +an n Hn

i=1 4
S
an+1 n+1 n+1 n+1 n+l
Hz 1 (az + an+1

Let f (x) = In(1 4 x) in (6), by direct computation, we obtain

(30)

COROLLARY 7. Ifthe function @ is an increasing convex positive function defined

n (0,00) such that {@(i [ IQI) —1] }ieN decreases, then

oo VHH ool
[pln+ DI 0 [T T 0(0) + gl + 1)

REMARK 1. The inequalities (30) and (31) generalize those obtained in [8], [15],
and [21]. If taking more special functions f, ¢, and {a;};en in Theorem 1 and 2, we
can obtain more new concrete inequalities between the ratios of mean values involving
sums or products of positive sequences.
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