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(communicated by Th. M. Rassias)

Abstract. In this paper, we introduce and study some new integral inequalities in one variable
and two independent variables which provide explicit bounds on unknown functions, and apply
these integral inequalities to study the qualitative behavior of the solution for a partial differential
equation and an integral equation, respectively.

1. Introduction
It is well known that integral inequalities which provide explicit bounds on un-
known functions play an important role in the development of differential and integral

equations. For details, we refer to [1]-[9] and references therein.
Recently, Lipovan [3] studied the following integral inequalities

a(r)
(1) <&+ 2/0 [ (s)u(s)w(u(s)) + g(s)u(s)lds, 1€ [0,+00)

and
() ()
WP (t) <+ 2/ F(s)u(s)w(u(s))ds + 2/ g(s)u(s)wlu(s))ds, te€[0,+00).
0 0
Very recently, Sun [9] studied the following integral inequalities

m

m o(t)
(1) < em=m 4 /0 [f ()" (s)w(u(s)) + g(s)u"(s)]ds, 1 € [0,+00)

m-—n
and

Mm(t) < cmnln + m

o)
/0 £ ()" (s)wlu(s))ds

m-—n

# I [ mlatsds, 1€ 0o0)

m-—n
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On the other hand, Meng and Li [5] studied the following integral inequality involving
two independent variables

w’(x,y) < alx,y)+ b(x,y) /Ox /Oy[c(s,t)u(s, 1) + g(s,1)|dtds, x,y € [0,+00).

Inspired and motivated by previous papers, in this paper, we introduce and study
some new integral inequalities in one variable and two independent variables which
provide explicit bounds on unknown functions. By using these integral inequalities, we
study the qualitative behavior of the solution for a partial differential equation and an
integral equation, respectively.

2. Integral inequalities

For T > 0,let Rt = (0,00) and I = [0, T). We first recall the following Lemma.

LEMMA 1. [7]Let a(t),u(t),b(t) be nonnegative and continuous functions defined
forte R If '
u(r) < a(r) —|—/ b(s)u(s)ds
0

for t € R, then 1

u(r) < a(t)exp(/ b(s)ds)
0

fort € R,

THEOREM 2.1. Let k(t),u(t),a;(t) € C(I,RT), a;(t) € C'(I,1) be nondecreasing
with a;(t) <tonl, i=1,2--- m.If

m Ot,'(t) )
u™ (1) < k(1) + ;/0 a;(s)u'(s)ds (2.1)
for t €1, then
1 1 " a(?) i
u(t) < km(r) + %kﬁ 1(t)e(t)exp(z: - /0 a;(s)km 1 (s)ds) (2.2)
i=1
for t € I, where
mo poir) ;
e(t) = ; /0 a;(s)k7 (s)ds (2.3)
fortel.
Proof. Let
m 0i(t) )
=3 | aonisas
Then
(1) < k(r) +z(t) = k(r)(1 + @) (2.4)
k(1)
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From (2.1) and the generalization of Bernoulli’s inequality [4], i.e., (1 +x)* < 1+ ax,
where 0 < a <1 and —1 < x, we have

Z/ ) +(s))Fds
m m @ % ’
_Z/ 5)kin 1+k(s)) d

< Z / ! a,-(s)k%(s)(l + ;f{g)ds (2.5)

_Z/ $)ki (s ds+z / (s)k7 1 (5)2(s)ds

i [0 i
=e(t) + Z - /0 ai(s)kn 1 (s)z(s)ds,

where e(t) is defined by (2.3). Clearly, e(¢) is nondecreasing in ¢ € 1. We assume
e(t) > 0 for t € I. From (2.5), we get

m . (xi()‘ .
0} <14 Z L/o )ai(s)k#_l(s)isgds. (2.6)

Let % = p(t) for ¢t € I, and define ¢(¢) by the right hand of (2.6). Then ¢(¢) > 0,

q(0) =1, p(t) < q(#) and

T < 3 L (ot~ (o) ), (2.7)

Integrating above inequality from O to ¢, ¢t € I, we can get

expz / $)kin = (s)ds). (2.8)

In light of z(—t> = p(1) < q(¢) and (2.8), we have

0
expz / $)kin—1(s)ds). (2.9)
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From (2.9) and (2.4), we have
1
u(t) < kn(f) + %kn%_l(t)z(t). (2.10)

Now, (2.9) and (2.10) imply (2.2). This completes the proof.

In order to prove following Theorem, we need to denote the class S of nonde-
creasing function g € C(R™,R") with g(x) > 0 for x > 0, g(#x) > 1g(x) for 1 > 0,
g(x) +g(y) > g(x+y) and [ (F5) = oo.

THEOREM 2.2. Let k(t),u(t),a;(t) € C(I,RT), ai(t) € C'(1,1) be nondecreasing
with o;(t) <tonl,and g;i €S, i=1,2--- m.If

m a;(7) )
<KD+ Y [ als(s)ds @.11)
i=1 70
then for 0 <t <1,
N 1 . m_ o) .
u(t) <kn(t)+ —kn='()e()G~ [ G(1)+ » — ai(s)kn~"(s)ds | ,(2.12)
- m Jo
i=1
where
m o pai(n)
=Y [ alakt ) (2.13)
i=1 /0
G~ is the inverse function of
" ds
Gr:/—,r>07 2.14
) o &(s) ( )

g(-) = maxi<i<m gi(+), and 1, € I is chosen so that
“ a(1) I i
G(1) + Z/ —a;(s)kn " (s)ds € Dom(G™")
i=1 /0 m

forall t €10,1].

Proof. Let
m a;(7)
=3 | awste)as
Then
u"(t) < k(r) +z(t) = k(r)(1 + %) (2.15)
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From (2.15) and the generalization of Bernoulli’s inequality, we have

) < Z/ K(s) +2(5)) " )ds

_ RO
= Z/ O kF )1+ 55 )

<3 / (k¥ (5) + %k%*%s)z(s))ds

< Z / $)gi(ki (s derZ / (15 (5)e(s))ds

_ CHNN (L9200

= €(l) +;/0 aj(s)ak’ ( )—lkanS
m o (1) i

< e(r) +Z/ a,-(s);kﬁfl(s)gi(z(s))ds (2.16)
i=1 /0

where e(7) is defined by (2.13) which is nondecreasing in ¢ € 1. We assume e(#) > 0.
And the last inequality comes from the property of S that g(zx) > tg(x). From (2.16),
we get

"o ai(t i i(z(s
ORI 1+Z—/0 )a,-(s)kml(s)gliii)))ds
z(s)

“(s)g e(s))ds (2.17)

N
+
3~
S—

8
Sv
=
>
3

o Nay

< Y SaleR wOala@)a 0. @18)
i=1
Since g(-) = max{g;(-) :i=1,2--- ,m}, from (2.18), we know that
¢'0) < 8(a(0) 3 Lalou()kF " (es(0)e 1), (219)

and
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where G is defined by (2.14). Integrating above inequality from O to ¢, ¢ € I, we have
m i 0i(t) iy

G(q(t) < G(1) + —/ a;(s)km ™" (s)ds. 2.20

(q(r)) <G(1) ;mo (s)km =" (s) (2.20)

By virtue of the definition of G~! and the fact that G~! is increasing, it follows from
(2.20) that

o (1) ;
q(t) < GH(G(1) + Z —/ ai(s)km = (s)ds). (2.21)
0
In light of % = p(1) < q(¢) and from (2.21), we have

U ) i
(1) <e()GTH(G(1) + Z - /0 a;(s)km~1(s))ds). (2.22)
From (2.22) and (2.15), we get =

-

1
u(t) < ki (1) + —kin = (1)z(r). (2.23)
m
Now, (2.22) and (2.23) imply (2.12). This completes the proof.

THEOREM 2.3. Let k(t),u(t),a;(t) be the same as in Theorem 2.1., and F :
R*™ x RT™ — R" be a continuous function satisfying the condition

0 < F([, Mi) — F([7 V,') < H,-(t)(u,- — V,'), (224)
Jor u; >v; >0,i=1,2,--- ,m, where H;(t) is a nonnegative continuous function on
I,i=12,--- . m. If
t m t
u™ (1) < k(1) +/ b(t)(u™(s))ds + Z/ F(s,u'(s))ds (2.25)
0 =1 /o

for t €1, then

u(r) < B%(t) k%(t)—l-%k%*l(t)G(t)exp (Z é /0' H,-(s)B#(s)k%I(s)dtds>]
i=1

(226)

for t € I, where

G(r) = Z/o F (s,B#(s)k% (s)) ds and B(t) = exp(/o b(r)ds)  (2.27)
fortel. =

Proof. Let mo
2(t) = k(1) + g /0 F(s,u'(s))ds. (2.28)

Then (2.25) can be restated as

u™ (1) < z(2) Jr/o b(s)u™(s)ds. (2.29)
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It is obvious that z() is a nonnegative continuous and nondecreasing function in ¢ for
t € RT. Using Lemma 1, we get

u™(t) < B(t)z(1), (2.30)

where B(t) is defined by (2.27). From (2.28) and (2.30), we have

u™ (1) < B(t)[k(r) + v(2)], (2.31)
where v(r) = Y7, fo ))ds . Using the generalization of Bernoulli’s inequality
to (2.31) we get

W) < BROKO + (0]
< BR ([ (1) + W“( (). (2.32)

From (2.32) and the hypotheses on F, it follows that

m

Z/ (s, B’” (S) + %k#‘l(s)v(s)]ds
— Z/O (F(s, B (s) (k7 (s) + n%k%—l(s)v(s))) — F(s, B (s)k# (s)))ds
+;/0 F(s, B7 (s)km (s))ds
m t-s %Siéflsvss
t>+§/oﬂ,<)3 (5) k%1 (5)v(s)ds,

where G(¢) is defined by (2.27) which is nondecreasing in ¢ € 1. We assume G(¢) > 0
for ¢ € I. Then from (2.33), we have

—tt) 1+Z/ Hi(s k (s ):;((i))ds. (2.34)

(2.33)

Let % = p(z) for t € I, and define g(z) by the right hand of (2.34). Then ¢(r) > 0,

q(0) =1, p(t) < ¢(¢) and

<Y Hi(1)BH( %-lmq(r)
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From above inequality, we have

Integrating above inequality from O to ¢, ¢ € I, we can get
m . t
l i i
1) < — [ Hi(s)Bn (s)kn ' (s)ds). 2.35
ot < ey, [ H6BE 0 a5 (239)

In light of % = p(t) < ¢q(r) and (2.35), we have

o) < Glojexp(Y - /0 Hi(s)B ()i~ (5)ds). (2.36)
i=1

From (2.35) and (2.36), we have

u(f) (1) [k(r) + v(z)] 7
. 1. (2.37)

<B
< B (k7 (1) + —kn ! ()v(0)-

R

Now, (2.36) and (2.37) imply (2.26). This completes the proof.

3. The integral inequalities of two variables

In this section, we consider the two-independent-variable version of Section 3. Set
I, =10,X), L, =[0,Y), where X,Y € R",and denote Q =1, x I,.

THEOREM3.1. Let k(xay)’u(xay)aai(x7y) € C(Q’R+)’ ai(x) € Cl(llall)aﬁi(y) €
C (I, 1) be nondecreasing with 0;(x) < x on I, Bi(y) <y on L, i=1,2--- m.

If
m ai(x)  rBi(y) )
" (x,y) < k(x,y) + Z/ / a;(s, 1)u' (s, t)drds (3.1)
i=1 /0 0

for (x,y) € Q, then

u(x,y) < ki (x,y)

1. mo e pBi0) ; (3.2)
+ —kmn L (x, y)e(x, y)exp( —/ / ai(s,0)km " (s, 1)duds)
Sfor (x,y) € Q, where
m_ el eBily) ;
e(x,y) = Z/ / a;(s, )k (s, t)dtds (3.3)
i=1 70 0

for (x,y) € Q.
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Proof. Let . ) B0)

Z(x,y) = Z/o /0 ai(s,t)u' (s, t)dtds. (3.4)
i=1

Then

m(x y) k(_x7y) + Z()C,y) = k(X,y)(l +

From (3.4) and (3.5), we have

ai(x Bi(y
/ / (s, )k (s t)(l—l——ki g)dtds

N

z(x,y)

m

= Z/ / (s, )k (s, £)dtds

/0‘1 /BI s,1) .km )k((’;dtd
il Bily i i
e(x,y) + Zl/o /0 a;(s, I)Zkﬁ_l(s, Nz(s,t)dids,  (3.6)

where e(x,y) is defined by (3.3) which is nondecreasing in each of variables (x, y) € Q.
We assume that e(x y) > 0 for (x,y) € Q. From (3.6), we get

S ol B —1 Z(S7 t)
Z / / (5, k7" (s,2) ) ds. (3.7)

Let 2% — p(x,y) for (x,y) € Q, and define g(x,y) by the right hand of (3.7). Then
q(0,y) = q(x,0) = 1, p(x,y) <4q(x,y) and

0,
dq(x,y) < i/ﬁl()ai(a(x),t)k%—l(a(x),t)p(oc(x),t)oc’(t)dt
0

i=1

N

m o eBiy) .
Z/ ai(a(x),t)k%fl(a(x),t)q(a(x),t)a'(t)dt

m

q(x,y Z/ Ok (au(x), )0 (t)dt.
From above inequality, we have

X o pBi0) ;
pey) <> / ai(eu(x), Dk (a(x), 1) (1)dr.

q(x,y)

/A

Integrating above inequality from O to x, x € I, we can get

mogo el Bi) ;
q(x,y) < exp(z E/o /0 ai(s,O)kn =1 (s, 1)dtds). (3.8)
i=1
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In light of jg‘; = p(x,y) < g(x,y) and (3.8), we have

m

2(r,y) < e(x, y)exp Z / / 51 (s, )dids). (3.9)

From (3.9) and (3.5), we have

S|

1
u(r,y) <K () + K y)e(x, ). (3.10)
Now, (3.9) and (3.10) imply (3.2). This completes the proof.

THEOREM 3.2. Let k(x,y),u(x,y),ai(x,y) be the same as in Theorem 3.1, and
gesS, i=12--- mlIf

u"(x,y) < k(x,y) +Z/ (s, 1)gi(u' (s, 1))duds, (3.11)
then for 0 < x < x; and 0<y<y,
() < K (3 ki (el )G G+ D / ay{s. )k (5, ))ded),
(3.12)
where
m ai(t)  pBi(y) ;
0= [ [ atnal s (3.13)
i=1 70 0
G~ is the inverse function of
" ds
G(r :/ —r>0, 3.14
(r) 20 (3.14)

g(+) = maxigi<m 8i(+), and x1 € I1,y1 € I are chosen so that

m o) rBily) ;
1)+ Z/o /0 %ai(& t)kﬁ_l(s7 t)dids € Dom(G_l)
i=1

forall x € [0,x1],y € [0,y1].

Proof. With the same way in Theorems 2.2 and 3.1, we can prove that (3.12)
holds.

THEOREM 3.3. Let k(x,y),u(x,y),ai(x,y) be the same as in Theorem 3.1 and
F:R" x R" x R" — R" be a continuous function satisfying the condition

0 < F(x,y,ui) = Fx,y,vi) < Hi(x,y)(ui —vi), (3.15)
Sfor u; >v; >0,i=1,2---  m, where H;(x,y) is a nonnegative continuous function
defined for x,y e R", i=1,2,--- .m. If

X ry X ry
u" (x,y) < k(x,y) //st stdtds+2// (s,t,u'(s,1))dtds (3.16)

for x,y € RT, then
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x  G(x,y)exp Z / / Hi(s,t)B ﬁ (s, t)km (s, 0)dtds)] (3.17)

for x,y € RT, where

G(x,y) = i /OX /OyF (s, t,B#(s7 t)k%(s,t)) dtds,
i=1

(3.18)
Blry) = expl | blsy)ds)
for x,y € R".
Proof. Let
m Xy .
2(x,y) = k(x,y) + Z/ / F(s,t,u'(s,1))deds. (3.19)
i=1 70 /O
Then (3.16) can be restated as
Xy
u"(x,y) < z(x,y) +/ / b(s,t)u™ (s, t)dds. (3.20)
0 Jo

It is obvious that z(x,y) is a nonnegative continuous and nondecreasing function in
X € R". Treating y, y € R" fixed in (3.20), and using Lemma 1, we get

u"(x,y) < B(x,y)z(x,y), (3.21)
where B(x,y) is defined by (3.18). From (3.19) and (3.21), we have
" (x,y) < B(x, y)[k(x,y) + v(x, y)], (3.22)

where v(x,y) = Y1, [o Jo F(s,t,u(s,t))dtds . Using the generalization of Bernoulli’s
inequality to (3.22), we get

w'(xy) < B%(X )Ik(x,y) + ( y)W
< B (x,y) [k (x, )+ S (e, vl )] (3.23)

From (3.23) and the hypotheses on F, it follows that

S~

v(x, y) Z// sthst)[k#(stH L1 (s, 1) (st)})dtds

m

- Z/ / 5,1, B (s, 1) (k7 (s, 1) + km (s, (s, t)))

— F(s,t,Bi(s, t)kn%(s,t)))dtderZ//' F(s,t, B (s, 1)k (s, 1))dtds
i—1 Y0J0
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m X y . ; .
< Gy + ) /0 /O H,-(s,t)B%(s,t)ék%-l(s,t)v(s,t)dtds. (3.24)
i=1

where G(x,y) is defined by (3.18) which is nondecreasing in each of variables x,y €
R* . We assume that G(x,y) > 0 for x,y € R*. Then from (3.24), we have

v(x,y) mooax ey s (s i i1 v(s, 1) !
G(x,y) <1+;/0 /0 Hi(s, 1)Bm (s, 1)k (,t)G(mdtd. (3.25)

Let 222 — p(x,y) for x,y € R", and define g(x,y) by the right hand of (3.25). Then
q(x,y) >0, ¢(0,y) = q(x,0) = 1, p(x,y) < g(x,y) and

m y X . .
2 Z/ Hi(x, 0B (x,0)— ki~ (x, )p(x, 1)dr

m y .
i i ioi_
< g /OHi(x,t)Bm(x,t)ka Yx, 0)g(x, 1)dt
i=1

"oy ; P
<q(x,y)Z/o H,-()c,t)Bﬁ()c,t)ékﬁfl(x7 1)ds.
i=1

From above inequality, we have

dq(x,y) 1 S /" TN

< Hi(x,t)Bm (x,1)—km " (x,t)dt.
dx  q(x,y) ZI: 0 m

Integrating above inequality from 0 to x, x € Rt , we can get

m

X ex L e i(s %s %*ls s). .
o) o3 [ [ 08 0.0k i) (326)

In light of 232 = p(x,y) < g(x,y) and (3.26), we have

v(x < Gx,y)ex mi r i(s, %s, %_ls, s). .
(o) < Gxenp(d o [ [ s8R (086 .. 620

From (3.22) and (3.23), we have
7 (x, ) [k(x,¥) + v(x, )]
() (3,) 4 (vl )] (3.28)

u(x,y) < B
< B

Now (3.27) and (3.28) imply (3.17). This complete the proof.
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4. Some applications

In this section, we utilize the integral inequalities presented in Sections 2 and 3 to
analyze the bound of solutions for an integral equation and a partial differential equation,
respectively.

EXAMPLE 1. Consider a partial differential equation

2M X u(x, M P
) T aplp e 2GRS S et ) (41)
and
u(x, 0) = n(x)7u(0’y) = G(y)’ M(0,0) =d, (42)

where h : R" xR — R, 1,0 : R" — R are continuous functions and d is a real
constant, p > 1 is a constant. Suppose that

i, y, )| < ai(x, y) [l (4.3)

n(x) + 6(y) — d| < k(x,y), (4.4)

where a;(x,y) and k(x,y) are nonnegative continuous functions for x,y € R". Let
u(x,y) be a solution of (4.1) and (4.2) for x,y € R*. Then for x,y € R,

m . GBI)
1 1 . i i
< km —km ! — (s, 0)km (s, )drds). (4.5
) <R ) et [ fats it~ snaias). (43
= 0 0

Proof. In fact, if u(x,y) is a solution of (4.1) and (4.2), then it can be written as
(see [9])

w(x,y) =n(x)+0(y) —d+ ;/0 /o hi(s, t, u)dtds (4.6)

for x,y € R™. From (4.3), (4.4) and (4.6), we have

w (x,y) < k(x,y) + Z/Ox /Oy a;(s, t)ui(s, t)dtds. (4.7

Now, using Theorem 3.1, we can get (4.5).

EXAMPLE 2. Consider the following integral equation

P
=k(t)+ ) / hi(u(s))ds, (4.8)
i=1 70
where h; : R" — R,i=1,2--- m. Suppose that
[hi(u(0))| < ai()]u' (1)), (4.9)
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where «;(7) is a nonnegative continuous function for + € R™ and i = 1,2,--- ,m. Let

u(t)

be a solution of (4.8). Then

m. . 0 (1) .
u(t) < k%(t)+%k%*1(t)e(t) exp(Y © /0 ai(s)kH =1 (s)ds) for 1 € R*. (4.10)
i=1

Proof. From (4.9), it is obvious that if u(z) is a solution of (4.8), then

u (1) < k(1) + ;/0 a;(s)u'(s)ds.

From Theorem 2.1, we know that (4.10) holds. This completes the proof.
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