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STABILITY OF A QUADRATIC FUNCTIONAL
EQUATION IN THE SPACE OF DISTRIBUTIONS

YUN-SUNG CHUNG, JONG-HO KiM AND SOON-YEONG CHUNG

(communicated by H. M. Srivastava)

Abstract. We reformulate a quadratic functional equation of the form

fa+y+)+fx—y+) +fx+y—2) +f(—x+y+2) =4 (x) +4f (v) +4f (2)

and an inequality

fx+y+)+f(x—y+)+f(x+y—2) +f(—x+y+2) =4 (x) =4 (V) -4 (2)| <&

in the space of distributions. In view of this fact, we use a mollifier and Gauss transform to
show that every distributional solution of the inequality is a tempered distribution and finally the
stability problem of the equation in the sense of distributions.

1. Introduction

The concept of the stability for a functional equation arises when the equation is
replaced by an inequality which acts as a perturbation of the equation. Here, the stability
question is how the solutions of the inequality differ from the solution of the original
equation.

This type of problem was first studied by D. H. Hyers [8] in 1941, who solved the
stability problem of Cauchy functional equation as follows.

THEOREM 1.1. [8] Let f : Ey — E, with Ey, E; Banach spaces be an e— additive,
that is, f satisfies

IFx+y) =f(x) =fWIl <e (1.1)

forall x, y € E,. Then there exists a unique additive mapping g : Ey — E» such that

IF () =gl <e

forall x € Ey. Here, an additive mapping g : Ey — E, means the inequality (1.1)
satisfies for € = 0.

Since the work of Hyers [8], the stability problems of various functional equations,
for example: Pexider equation, Jensen equation, D’ Alembert equation and so on, have
been proposed by many mathematicians.
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Consider the functional equation

f+y)+fx—y)=2f(x) =2/ () =0, (1.2)

forall x and y in the domain of f . This equation is said to be quadratic, for the simple
reason that the quadratic functions f : R — R defined by f(x) = cx?, ¢ € R, are
solutions of the equation (1.2). The stability of the quadratic equation (1.2) was first
studied by F. Skof [11], and has been developed by a number of authors, such as P. W.
Chilewa [2], S. Czerwik [6], and G. H. Kim [9].

In 2003, J. H. Bae, K. W. Jun and S. M. Jung [1] considered the functional equation

J (ety+2)+f (x=y+2)+f (x+y—2)+f (—x+y+z)—4f (x) —4f (y) —4f (z) = 0, (1.3)

forall x,y, z in the domain of ', which they also called quadratic. In the paper [1], they
proved an interesting fact that for given vector spaces X and Y, afunction f : X — Y
is a solution of the equation (1.3) if and only if f is a solution of the quadratic equation
(1.2), and investigated the stability problem of the equation (1.3). After this result, the
estimates of the stability problem of the equation has recently improved by P. Gavruta
and L. Cadariu [7].

This paper deals with the stability problems of the equation (1.3) in the space
of distributions. In the papers [3, 4, 5], J. Chung, D. Kim and the third author have
proposed methods of how to solve the stability problems in the various spaces of
generalized functions. Following the same approaches of them, the equation (1.3) and
the inequality

If (x+y+2)+f (x—y+2)+f (x+y—2) +f (—x+y+2) —4f (x) —4f () —4f (2)| < €
is reformulated in the space of distributions as
uoA; +uoAy +uoA3+uoAy+uoPy+uoPry+uoP;=0, (1.4)
and
luoAy +uoAy+uoA;+uocAs+uoPy+uoPy;+uoPs|| <e¢, (1.5)
where Ay, A;,As, A4, Py, P, and P3 are the functions such that
Ai(x,y,2) =x+y+z, Ax,y,2)=x—y+z,

As(x,y,2) =x+y—2z, Aalx,y2)=-x+y+z

Pl(x>y>Z):x7 Pz(x,y,z):yandP3(X,y,Z)ZZ,
for x,y,z € R". Here, o denotes the distributional pullback and ||v|| < € means that
[{v,0)| < g||@||. for all test functions ¢ .

Making use of the functions &;(x) := r7"6(7), x € R", 1 > 0, where J is an
infinitely differentiable function such that

020, suppd C{xeR"|x] <1}, /5:17
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we first show that every distribution satisfying the inequality (1.5) is a tempered distri-
n x|?
bution. This fact enables us to convolve the heat kernel E(x,7) := (47mt) 2 exp(— %),
x € R", t > 0 on the inequality (1.5) so that, as in [3, 4, 5], we may reduce the problem
on distributions to that of infinitely differentiable functions defined on R” x (0, c0).

As aresult, we prove that every distribution u with the inequality (1.5) satisfies

3
|l — Z aij xixj|| < g *= (%1, x,) € RY,

1<i<j<n

forsome a; € C, 1 <i<<j<n.

2. Preliminaries

We briefly introduce the space 2’(R") of distributions, and the space .#’(R") of
tempered distributions. Here we use the multi-index notations, |ot| = a; + -+ + @,
al=oy!--a!, x* =x{" - x and 9% = 9" -+ - 9%, for x = (x1,...,x,) € R,
o= (oy,...,a,) € N}, where Ny is the set of non-negative integers and 0, = a% .

We denote by °°(R") the set of all infinitely differentiable functions on R" and
by €;° the set of all functions in 4’°° which have a compact support.

DEFINITION 2.1. A distribution u is a linear form on C3°(R") such that for every
compact set K C R" there exist constants C > 0 and N € Ny such that

[(u,0)| < C > sup|d“ol
<N

for all ¢ € C3°(R") with supports contained in K. The set of all distributions is
denoted by 2'(R").

DEFINITION 2.2. We denote by .(R") the Schwartz space of all infinitely differ-
entiable functions ¢ in R" satisfying

sup [x*0P(x)| < o0

forall o, B € Njj. A linear form u on . (R") is said to be tempered distribution if
there is a constant C > 0 and a nonnegative integer N such that

(el <C S supldfe
lal,|BI<N

forall ¢ € (R"). The set of all tempered distributions is denoted by ./ (R").

The remaining of this section is devoted to introduce regularization and Gauss
transform, which play an important role in this paper. We denote by & the function on
R" satisfying

Aexp(—(1 — |x[))7 N, ]x| < 1
5<x>{ (—(1— W),

- 0,x > 1,



328 YUN-SUNG CHUNG, JONG-HO KIM AND SOON-YEONG CHUNG

= xp(—(1 — |x|>) " Ddx .
A‘(/MJP( (1= ) >d>

It is easy to see that § is an infinitely differentiable function supported in the set
{x:|x| <1} satisfying [ § = 1. Foreach r > 0,let &(x) = t~"8(x/r). Then & has
all the properties of 0 except that the support of §; is contained in the ball of radius #
with center at 0. Suppose u belongs to 2’(R"). It is well known that for each ¢ > 0,
(u*8;)(x) = (uy, &(x—y)) isasmooth functionin R" and (u* )(x) — uast — 0"
in the sense of distributions, that is, for every ¢ € C°(R"),

where

(ux*6&,Q) = /(u * &) (x)p(x)dx — (u, @) as t— 0",

For each ¢ > 0, the function u * &, is called a regularization of u and the transform
which maps u to u * &, is called a mollifier.

On the other hand, the n-dimensional heat kernel is the fundamental solution
E(x,t) of the heat operator J, — A, in R" x (0, 00) given by
(4mt) "2 exp(—|x|?/4t) , x€R", >0,
0 ,xeRY 1 <O0.

E(x,t) = {

For convenience, we sometimes use the notation E;(x) instead of E(x,7). The semi-

group property
(Es * E)(x) = Exu(x), x€eR", s,1>0 (2.1)

of the heat kernel is very useful later.
Since for each ¢ > 0, E(-,f) belongsto .%(R"), the following transform G of u

Gu(x,1) = (u* E)(x,1) = uy(E(x — y, 1)), xeR", >0

is well defined for each u € .%/(R"), which is called the Gauss transform of u. It is
easy to see that for any ¢ > 0, Gu(-,t) is contained in . (R").

It is shown in [10] that the Gauss transform Gu(x,?) of u isa C* solution of the
heat equation in R” x (0,00) and Gu(-,t) convergesto u as  — 07 in the following
sense that for each ¢ € ./ (R"),

(Gu(-,1),0) = /Gu(x7 1o(x)dx — (u, @) as t— 0%,

3. Main theorem

In this section, we solve the stability problem of the quadratic equation (1.3) in
the space of distributions. First, we show that every distribution satisfies the inequality
(1.5) is a tempered distribution. To see this, we first show the following lemma.

LEMMA 3.1. Let f : R" — C be a measurable function satisfying

J ety +2)+f (x=y+2)+f (e+y—2)+f (—x+y+z)—4f (x)=4f (vy)—4f (z) =0 (3.1
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Then
fx) = Z aixixj, X = (X1, Xp) (3.2)
1<i<ji<n
forsome a; € C, 1<i<j<n.

Proof. To prove the lemma, we use the induction. For n = 1, it is obvious. Now,
assume that the lemma holds for n = [, and let f : R" — C be a measurable function
satisfying (3.1). Then (3.1) can be rewritten as

fatyt+ze+n++fc—y+z8-—n+O+f(x+y—z¢+n-10)

Hf(x+y+2-8+n+8) -4 (8 -4 (,n) -4 ) 203,)
for x,y,z€ R" and £, 1, € R. Now, let h(x, &) =f(x, &) —f(0,&) —f(x,0). Th'en
it is easily seen that & satisfies

h(0,€) =0, & €eR, (3.4)
h(x,0) =0, xe€R" (3.5)
and
h(x+y+z, E4n+8)+h(x—y+z, E—Nn+8)+h(x+y—z, E+n—0) (3.6)
Fh(etybe, ~EAHO)—4h(x, E)—ah(y, ) ~4h(z () =0,
for x,y,z€ R" and &, 1, { € R.
Putting y =z=0 and n = { =0 in (3.6), we have
h(x,&) =h(—x,—-&), xeR", EeR. (3.7)

Now, let y =z =0 and { = 0 in (3.6). Then from (3.7) we have
h(x,E+n)+h(x,&E—n) —2h(x,&), xeR", & neR,
which is, from (3.5), equivalent to the equation
h(x, & +n) = h(x, &) + hlx,m), xeR" §nekR.

This implies that for each x € R", the function %(x, -) satisfies Cauchy equation, and
hence h(x, &) = h(x,1)E, for x € R" and £ € R.

But putting z =0, n = =0 and £ = 1 in (3.6), it is easily seen that there
exist by, -+ ,b; € C such that

h(x,1)=bix1+---+bx;, x=(x1,-+-,%) € R

Since f (x, &) = f(x,0) + h(x, &) + £ (0, &), it follows from the induction assumption
that we complete the proof. [

THEOREM 3.2. Let u € 2'(R") satisfy the inequality (1.5). Then u is an element
in ' (R").
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Proof. Convolving &(x)d,(y)0,(z) in the left-hand side of (1.5) we have

| (w* &8+ 6, )(x+y+2z)+ (ux8*8*6)x—y+2z)
+ (U8 x 0 %8 )(x+y—2)+ (ux 8% *6)(—x+y+72) (3.8)
—4u*x6)(x) —4ux*x6)(y) —4ux8)(2) | < e
forall x,y,z € R" and #,s,7 > 0. In view of (3.8) it is easy to see that
f(x) := limsup(u * &)(x)
t—0*

exists, for all x € R”.
Puttingx =y=z=0and r=s=r =15, — 07 sothat (ux3,,)(0) — f(0) in (3.8),
we have

€
FO)< g (3.9)
Now, let y =z =0 and, forany x € R", put t = £, — 0" so that (u* &, )(x) — f (x),
and s =5, — 07 sothat (u* J,)(0) — f(0) in (3.8). Then from (3.9), we have
|[—(u*&)(x) + (u*6)(—x)| <2¢, xeR" (3.10)

On the other hand, if weput y =z =0, t = £, — 0" so that (u* &,,)(x) — f (x) and
r=r, — 0% sothat (uxJ,)(0) — f(0) in (3.8) then we have

| = (% 85) (x) + (u % 8) (—x) 4 4(u* &) (x) — 4f (x) — 4(u * 8,)(0) — 41 (0)| < &,
and from (3.10), we get the inequality

(s 8)(0) £ () — (s B)O) < Je+ O] < fe, B

for x € R" and s > 0. We also have
(s S)(x +y+2) + (wxd)(x—y+2) + (xd)(x+y—2)
Hux 8)(—x+y+2) —4f (x) —4(ux8)(y) -4 (7)| <&,
for x,y,z € R" and s > 0, if we put t = 1, — 0" so that (u* &, )(x) — f(x) and

r=r, — 0% sothat (ux9,)(z) —f(z) in (3.8).
From the inequality (3.11), (3.12) and the triangle inequality we have

If x+y+2)+f (x—y+2)+f (x+y—2) +f (—x+y+z) —4f (x) —4f (v) —4f (z)| < 8¢

forall x,y,z € R".
In view of the Corollary 2.6 in [7], there exists a unique function g : R" — C
satisfying

(3.12)

q(x+y+2)+q(x—y+2)+q(x+y—2)+q(—x+y+z)—4q(x)—4q(y)—4q(z)=0, (3.13)

for all x,y,z € R" such that
f (x) —q(x)| < e (3.14)
forall x € R”.
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From (3.11) and (3.14) we have
(0 8)(0) — g(x) — (e x 8)(0)] < e, (3.15)

forall x € R" and s > 0. Putting s = 5, — 0" so that (u* J;,)(0) — f(0) in (3.15)
we have
[l — q(x)] < 2e. (3.16)

On the other hand, as we see the proof of Theorem 2.1 in [7], the function ¢ inherits its
measurability from f and it follows from Lemma 3.1 that every measurable solution of
the equation (3.13) has the form

q(x) = Z agxixj, x=(x1,---,%).
1<i<j<n

Thus it follows from (3.16) that h(x) := u — q(x) belongs to (L') = L* and
u=gqx)+hx)esS'(R). 0O

The following lemma is necessary to prove the main theorem.

LEMMA 3.3. Let f : R" x (0,00) — C be a continuous function satisfying

f (xety+z, ths+r)+f (x—=y+z, t+s+r)+f (x+y—2z, t+s+7)

+f (—x+y+z, t+s+r)—4f (x,1)—4f (v,5)—4f (z,r) = 0. (3.17)
forall x,y,z € R" and t,s,r > 0. Then there exist a; and b in C such that
fx, ) = Z agxixj + bt,
1<i<j<n
for x=(x1,--+ ,x,) €R", 1> 0.
Proof. Let h(x,1) :=f(x,t) —f(0,1). Then h satisfies
h(x+y+z, t+s+r)+h(x—y+z, t+s+r)+h(x+y —z,t + s+ 7) (3.18)
+h(—x+y+z,t+s+r)—4h(x, 1) — 4h(y,s) — 4h(z,r) =0
forall x,y,z € R" and ¢,s,r > 0, and
h(0,1) =0, ¢>0. (3.19)
Put y=z=0 and s =r — 07 in (3.18). Then from (3.19), we have
h(x,t) = h(—x,t), xeR", >0. (3.20)

If we take y = z = 0 in (3.18), then by virtue of (3.19) and (3.20), we have
h(x,t+s+r) = h(x,1),

which implies that A (x,?) is independent of 7 > 0. Thus by the Lemma 3.1, there exist
a; € C, 1 <i<j< n suchthat

h(x,1) = Z axixj, X = (X1, Xn).

1<i<j<n
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On the other hand, putting x =y =z =0 and r — 0" in (3.17), we have
0,145 =7(0,1) +1(0,5), 1,5>0,

for it is easy to see that lim,_,o+ f (0,7) = 0, by putting x =y =z=0 and s = r in
(3.17). Then, since f (x,7) = h(x,t) +f(0,¢), we have the result. [

Now we are ready to state and prove the main theorem of this paper.

THEOREM 3.4. Let u € 9'(R") satisfy the inequality (1.5). Then there exists a
unique quadratic function

gy = Y ayxg, x= (o, %)
1<igj<n
such that

llu =gl < %e. (3.21)

Proof. From Theorem 3.2, without loss of generality, we may assume that u
belongs to .’/(R"). Now we employ the n-dimensional heat kernel E,(x), ¢ > 0.
Convolving E,(x)Es(y)Es(z) in the left-hand side of (1.5) we get the stability of the
functional equation of type

|Gu(x+y+z, t+s+r)+Gu(x—y+z, t+s+r)+Gu(x+y—z, t+s+r)

3.22
+Gu(—x+y+z, t+s+r)—4Gu(x, 1) —4Gu(y, s)—4Gu(z,r)| < € (3.22)

for x,y,z € R" and t,s,r > 0, where Gu is the Gauss transform of u given by
Gu(x,t) = (ue, Ei(x = &)).

Putting x =y =z=0 and s = ¢ in (3.22), we have

1
’EGu(O,2t+ r) —Gu(0,1) — Gu(0,r)| < =, t#,r>0. (3.23)

ool ™

From (3.23), it is easy to see that limsup, . Gu(0,#) exists. Then, since Gu is
continuous on R” x (0, 00), for any r > 0 we have,

lim sup Gu(0, 7)

t—0+

(3.24)

oo m

1 1
lim sup <§Gu(0, 2H—r)—§Gu(O, r)—Gu(0, t)) ’ <
t—0+

On the other hand, putting x =y =z=0, r =s and t =1, — 0" so that Gu(0,1,)
converges to limsup,_,,+ Gu(0,7) as n — oo in (3.22) and dividing the result by 8, we
have

1 1
=Gu(0, 1, + 2s) — =Gu(0,1,) — Gu(0,s)| < ¢
2 2 8
forall n € N and s > 0.Then it follow from (3.24) that
1 £ € 3
— _ <Z L2 -2
‘2Gu(07 25) — Gu(0,s)| < g + 6= 165
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forall s > 0. By the induction argument we have

1 3
ﬁGu(O, 2"s) — Gu(0,s)| < 3¢ (3.25)
forall n € N, s > 0. Now let & : (0,00) — C be defined by
1
h(s) = lim z—mGu(0,2ms). (3.26)

Then from (3.25), it can be seen that the righthand side of (3.26) converges uniformly
and % is the unique function satisfying
Gu(0,1) — h(t)| < ; t>0. (3.27)
Moreover, if we put x =y = z =0 and r = ¢, in (3.22), then by the inequality (3.24)
we have
h(t+s) = h(t) + h(s), (3.28)
forall #,s > 0.
Now, putting y =x,z = 0,7 =, and s = r in (3.22), we have
|2Gu(2x, t, + 2s) + 2Gu(0, t, + 2s) — 8Gu(x,s) — 4Gu(0,1,)| < &,
forall n € N and s > 0, and so, from (3.24), it is seen that
3
12Gu(2x,21) + 2Gu(0, 26) — 8Gu(0,1)] < & + g = ¢, (3.29)

for all x € R" and ¢ > 0. Dividing (3.29) by 8 and using the induction argument, we
have

1 "1 ‘ €
— "x, 2') — - <= )
47 Gu(2"x, 2'1) = Gu(x, t); 760,20 < 7, (3.30)
forall n € N, x € R" and ¢ > 0. It follows from (3.27) and (3.28) that
"1 1 €
—Gu(0,2%) — (1 — =)h(r)| < <. 3.31
;le u(0,2%) — (1= 5)h(1)| < g (3.31)

forall n € N, t > 0. From (3.30) and (3.31), letting F(x,?) := Gu(x,t) — h(t) we

have 3

1 £ € €

F(x,t) — —F2"x,2")| < =+ - = —, 3.32
‘ (‘x7 ) 4,1 ( X, ) 8 + 4 8 ( )

for all x € R" and 7 > 0. Using similar method we have done, it can be seen that the

function g : R" x (0,00) — C defined by

1
glx.1) = lim ZoF (2", 2")

m—o0
is the unique function satisfying

[F(x,1) — glx,1)] < %8 (3.33)
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and

glxty+z, ths+r)+g(x—y+z, t+s+r)+g(x+y—z, t+s+r)

3.34
g (—xtytz, thstr) —4g(x, 1) —4g(v, 5) —4g(z,r) = 0, 53

forall x,y,z € R" and t,s,r > 0.
Let g(x,7) := g(x,#) + h(¢). Then q(x,7) is a continuous function satisfying the
equation(3.34) and, by the lemma 3.3, has the form

Z Qjj XiX;j —+ bl,

1<i<j<n

for x = (x1,---x,) € R", t > 0. Thus in view of the equation (3.33) we have

|Gu(x, 1) — Z a;xix; — bt| < (3.35)
1<iy

for x = (x1,--x,) € R", t > 0. Letting + — 0" in (3.35) we get (3.21). This
completes the proof. [
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