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APPROXIMATION RATE FOR MUNTZ
RATIONAL FUNCTIONS IN 77 SPACES

D. S. YU AND S. P. ZHOU

(communicated by J. Pecaric)

Abstract. Let {A,} be a sequence of real numbers, satisfying 0 < A} < A, < ---, and
An+1—An = Mn with M apositive constant. This note gives a Jackson type theorem for Miintz
rational approximation in [” spaces by using a new kind of Ditzian-Totik type modulus.

1. Introduction

Let
An = {A'17A'2>' o >A'n}>

Ru(Ay) = {g((i))  P(x), O(x) € Span{x*}, & € A,,} ,

where Span{x*} is the class of all linear combinations of {x*}. For any f €
L’[’0~ It 1 < p < oo, define the best Miintz rational approximation for Miintz system

{x*} by

Rilf)y = inf I =l

reRy (An

where || - |[z» is the usual I”— norm.

As we know, it is a very difficult subject to estimate the Miintz rational approx-
imation rate. One reason lies in the construction of suitable Miintz rational operators
which can be used to approximate functions, the other is the fact that Miintz rational
function is surely not linear and is not even closed for addition. There are some progress
in recent years on this topic (see [5]). Among them, we [4] established

THEOREM 1. Given M >0, iff 0 < A <A < -+ <A, <---, and
Al — Ay =>Mn, n=1,2,---.

Then for any f € Clo), there exists a r(x) € R,(A) such that

~—

If (x) — r(x)] < Cynw (f, an+1 +@>, x €10, 1], (1

Mathematics subject classification (2000): 41A20, 41A30.
Key words and phrases: Miintz rational functions, approximation rate, Ditzian-Totik type modulus.
Supported in part by Natural Science Foundation of China under grant numbers 10471130.

© ey, Zagreb 351

Paper MIA-09-35



352 D.S. YU AND S. P. ZHOU

where N is a given positive integer, W (x) := X¥T and o(f 1) is the usual modulus of
continuity of f .

From the proof of Theorem 1, one can easily find that, in fact, N can be any given
real number > 1. At the same paper, we pointed out that the right term in (1) can
also be replaced by the Ditzian-Totik type modulus @y (f, 1) (see [2] for definition of
the Ditzian-Totik Modulus of continuity). All of them were the great improvements of
Bak’s well known results ([1]), where he obtained that R,(f,A) < Cyo(f,1/n).

Recently, the second named author with his collaborator [3] generalized Bak’s
result to the L7 spaces. In fact, they established the following

THEOREM 2. Given M > 0,if 0 <A <A < - <A, <---, and
An+1 *An > Mn, n= 172""' .
Then for any f € LI[)O,I]’ 1 < p < o0, there is a positive constant Cy only depending
on M such that
1
Ry(f, N < Cyw (fa _) .
)
In this note, we consider to further improve the result of Theorem 2. We prove the
following
THEOREM 3. Given M > 0,if 0 <A <A < - <A, <-+-, and
An+1 *An > Mn, n= 172""' .

Then for any f € L‘[DO’I], 1 < p < o0, there is a positive constant Cyn only depending
on M and N such that
1
Ru(fs N < Cunoy <f> —> ;
)

where Y (x) defined as in Theorem 1.

Let @(x) = /x, then wy(f,1/n) < wy(f,1/n) < o(f,1/n). Therefore, Theo-
rem 3 is an improvement of Theorem 2. For example, Let f (x) = logx, then

1
) 1<p<2
n
logn):
0, (f, 1/n)ip ~ ( i) Cp=2
] 2
P
(_ 9 p>2>
n
and |
-, I<p<N+1
n
1
logn) ¥+
0y (f,1/n) ~ logm¥7 = N1
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This indicates that, in many special cases, the approximation rate R,(f,A);» can be
essentially improved.

Through out the paper, C;, (or C, ) denotes a constant only depending on p (or
w and v), their values may be different even in the same line.

2. Proofs
For any given N > 1, define x := x(0) : [0, 1] — [0, 1] by
x(0) =0V 6 eo,1].
Let x; = x(k/n), k=0,1,--- ,n.

LEMMA 1. Let x € [xj_1,x], j = 2,3,--- ,n, then
| — k[ + D!
|x — x| < Wl]/(u), u € [x,x¢] or [x, x| (2)
fork=1,2,--- n. For x € [0,x1] and k= 1,2,--- ,n, it holds that
(k + )N+
|xka\ g CNW (3)

Proof. Since x'(0) is nondecreasing in [0, 1], then

=l < (06— 0) < ey L Ly (x'wk))

n x'(0)
j— k| + 1 K\" | — k| + V!
< CNil] n‘ v (x) (;) < CN—(V ‘n ) v (x)
for k > j. For k <j— 1, we have
j— k| +1
|x — x| < X'(0)(6 — 0) <CNl] n| v (x).
Thus, we obtain that
i— k| +1 N+1
v < oy Uy @
Similarly, we have
j— k| + DN
o -xl < o Uy ) B

Therefore, (2) is finished by (4) and (5). By applying (2), for x € [0,x;] and
k=1,2,---,n, we conclude that

1 k+1N+1
Ixka\élerlxlek\énNH+CN( n) v(x1)

(k + 1)N+1
nhN+1

X CN
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LEMMA 2. Suppose f € L[[)O.l] 1 < p < oo, define

Ky(f,0) = inf {If =gl +tlwg'l + " lg'llr - g € AC 1} -

Then there exists a constant Cy and to such that

CN oy (f, )y < Ky(f,1) < Cyay(f, .

Proof. There s a slightly difference from the proof of Theorem 3.1.2 of [2]. In fact,

in our case, use 0 = B(1) < B = B(0) = 5 < 1 instead of f = B(0) = (1) < 1.
The proof of Lemma 2 can be proceeded by repeating that of [2].

Let t = % , then for sufficient large n, by Lemma 2, we obtain

LEMMA 3. Suppose that f € L’EOJ], 1 < p < 00, then there exists a g € A.C.g
such that

1
I~ el < Cxon (71) . ©)
)i
1
ve'ls < Cuoy (1.1) . )
)i
1
Il < G oy (1.7) . ®
U)

Set
AA’I :Ah Akk:Ak_Ak—b k= 1727"' )

PJ() xl]HxiAla.: ) 7"'7”-

For any f ¢ L 1 < p < 00, taking g satisfies Lemma 3, define

)= glx)r(x)
k=1

where
P k ()C )

éPj(x).

It is obvious that L,(g,x) € Ry(A). For ri(x), it holds that

ri(x) ==

LEMMA 4. ([4]) Forany x € [xj_1,xj], 1 <j < n, we have for k=1,2,--- ,n,

re(x) < CM’Ne_CM(N+1>‘k_j|. (9)
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Proof of Theorem 3. By the construction of L,(g,x) and (6), we have
1La(g) = fllr < |ILa(g) — gller + IIf — gl

1
ILa(e) = glir + Cro (1.7

w
Therefore, we only need to prove

1a(g) — gllr < Cunody ( | l)y). (10)

We will always assume that 1 < p < 0o, the case of p = 1 can be treated in the same

way. Since Y rx(x) = 1, then by Holder inequality, we observe that
k=1

xp N P
ILn(g) — gllfy < C’fw,zv{/o STAPW| [ g wdu| dx
k=1
n n ) )4
+ZZ/ IP/ g (u)du| dx
=2 k=1
= I +b. (11)

By (3), (9) and using Holder inequality again, we get

G [ AP
k=1

n B (kJr )(pfl (N+1)
Chrwllg' 5y D e M2 e —a
k=1

p
Cﬁuv T ||g ”p) (ZeCM N+1)k/2(k+ )N+1>

k=1

L lx — xi [P~ dx

N

g'(u)Pdu

N

N

1
Couw iy 1€ 12 (12)

Forany k, 1 <k<n,and x € [xj_1,x], j=2,3,--- ,n, take
{xj—h for k > j,

N

Xt =

Xj, fork <j—1.
We verify that
v (x))
v (u)
In fact, if x* = x;, thatis, k <j— 1, then

<=k + DY, ue x*,x], or [x,x*]. (13)




356 D.S. YU AND S. P. ZHOU

If x* = Xj—1, then

N
M) ¢ Y0 (1 L) < -u )

In a similar way to (12), we deduce that

p
L < CMNZZ/ P (x) g (u)du| dx
=2 k=1
< oS ;P/z * e LS
<Ay | v S ] ) vas
=2 k=1 v
< AWy / AP~ K+ 1 wt) =P [ g Gwpad ax
=2 k=1
n n X
< Gl D0 Do e I 1)y () P =3P | [l
Jj=2 k=1 x*
* p
—Cp(N+1)pli—k| /2 (N+1)p w(x*)
S MNnPZZe 8 =4+ 1% (W(x‘) .
Jj=2 k=1 ]
Xk
< Gl 33 e O g )0 | [ 18 wwtwra
=2 k=1 x*
Xk
< Gl 0 3 et 12w | [ gt
m=1 |j—k|=m x*
1 & !
< CI[’l’/I,Nn_pZ€7CM(N+1>mp/2m2(N+l>p+l/0 |g'(u)l[/(u)\pdu
m=1
p
< MN prg ||U’ (Ze w(N+1)m/2 3(N+1)>
< eIy

Combining (11), (12) with (14), and by (7), (8), we already have

1 1 1 14
p P 1P /(P )
1L () = 8llzr < Chrw <np(N'+'1) gtz + llwe ||LI’> < Chyy (ww (f, Z)l) :

Thus, (12) is completed.

[ v




APPROXIMATION RATE FOR MUNTZ RATIONAL FUNCTIONS IN I/ SPACES 357

REFERENCES

(1] J. BAK, On the efficiency of general rational approximation, J. Approx. Theory, 20, (1977), 46-50.
[2] Z.DritzIAN, V. TOTIK, Moduli of Smoothness, Springer Verlag, 1987.
(3] W.XIA0, S. P. ZHOU, On Miintz rational approximation in LP spaces, J. Approx. Theory, 111, (2001),

50-58.

[4] D.S.Yu, S. P. ZHOU, Remarks on Miintz rational approximation, Southeast Asian Bull. Math., 27,

(2003), 583-590.

(5] S.P.ZHOU, D. S. YU, Recent development on rational approximation, Adv. Math. (Beijing), 32, (2003),

141-156, in Chinese.

(Received July 19, 2005)

Mathematical Inequalities & Applications
s ‘ e-math.con

mia@ele-math. con

Yu Dansheng

Department of Mathematics
Zhejiang University
Hangzhou, Zhejiang 310028
China

and

Institute of Mathematics
Zhejiang Sci-Tech University
Xiasha Economic Development Area
Hangzhou, Zhejiang 310018
China

e-mail: danshengyu@yahoo.com.cn

Zhou Songping

Institute of Mathematics

Zhejiang Sci-Tech University
Xiasha Economic Development Area
Hangzhou, Zhejiang 310018

China

e-mail: szhou@zjip.com



