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ON THE INTERMEDIATE POINT IN
CAUCHY’S MEAN-VALUE THEOREM

DOREL I. DUCA AND OVIDIU PopP

(communicated by P. Bullen)

Abstract. 1f the functions f,g : I — R are differentiable on the interval I C R, then for each
x,a € I there exists a real number 6 €]0, 1[ such that

(F @) —f (@) 8" (a+0(x - a)) = (g (x) — g (@)f M (a+ O(x — a)).

In this paper we study the behaviour of the number 6 €]0, 1[, when x approaches a.

The mean value theorem is a cornerstone of the differential calculus. Cauchy’s
theorem is one of the generalizations of the mean value theorem.

The purpose of this note is to extend the results by D. I. Duca [5] concerning the
mean value theorem to Cauchy’s theorem.

Cauchy’s theorem is usually presented in the following form:

THEOREM 1.  (A. L. Cauchy) Let a and b be real numbers with a < b and
f.g:la,b] = R.If

(i) the functions f and g are continuous on [a, b],

(i) the functions f and g are differentiable on ]a, b|,

then there exists a point ¢ €|a, b| such that

If, in addition,
(iii) gV (x) # 0, forall x €]a,b|,
then g (b) # g (a) and

= : (2)

EXAMPLE 1. For the functions f,g : [-1,1] — R, defined by f(x) = x?,

g (x) = x, forall x € [—1, 1], there is a unique point ¢ €] — 1, 1[, namely ¢ = 0, such
that (1) holds.
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EXAMPLE 2. For the functions f,g : [~1,1] — R, defined by f(x) = x°,
g (x) = x, forall x € [—1, 1], there exist two points ¢ €] — 1, 1], namely ¢; = —/3/3
and ¢, = v/3/3, such that (1) holds.

EXAMPLE 3. If n > 1 is an integer number, then for the functions f,g :
[-nm,nm] — R, defined by f(x) = cosx, g(x) = ¢, forall x € [—nm,nn], there
exist 2n — 1 points ¢ €] — nr, nw[, namely

ck =km, k€| —n,nNZ,
such that (1) holds.

The following theorem gives a sufficient condition for the unicity of the real number
¢ €la, b[ from Theorem 1.

THEOREM 2. Let a and b be real numbers with a < b and f, g : [a,b] — R such
that:

(i) the functions f and g are continuous on [a, b],

(ii) the functions f and g are differentiable on ]a,

(iii) gV (x) # 0, forall x €]a, b|.

If the function f)/g\) is injective on |a, b, then there exists a unique point
¢ €la, b[ such that (2) holds.

B

Proof. By contradiction, we suppose that there exist two points c¢1,c¢, €la, b,
¢1 # ¢, such that

and

From this it follows that

el
\

W(Cl) = E(CZ)

Since £V /g(1) is injective, we deduce that ¢; = ¢,, which contradicts ¢; # c,.
REMARK 1. If g = 1(,;, then Theorem 2 becomes Theorem 5 from [5].

Letnow I C R be an interval, @ € I and f,g : I — R be two differentiable
functions on I such that g(!) (x) # 0, for all x € I\ {a}. Then, by Theorem 1, for
each x € I\ {a}, there exists a point ¢, from the interval with the extremities x and
a, such that

F@) = fla) _fOe) 5
gx)—gla) gM(er)

In view of Theorem 2, if f(V)/g(1) is injective on I, then for each x € I\ {a}
there exists a unique point ¢, from the interval with the extremities x and a, such that
(3) holds. In this case, we can define the function ¢ : I'\ {a} — I\ {a} by

c(x) = ¢y, forallx € I'\ {a}. (4)
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The function ¢ has the property that

f@) —fla) _ fOcW) forallx € I\ {a}. (5)

gx)—gla) gW(c(x))

If the function £ (1) /g()) is not injective, then, for some x € I\ {a}, there exist
several points ¢, from the interval with the extremities x and a such that (3) is true.
If for each x € I'\ {a} we choose one ¢, from the interval with the extremities x and
a which satisfies (3), then we can also define the function ¢ : I'\ {a} — I'\ {a} by
formula (4). This function ¢ satisfies (5), too.

Consequently, the following statement is true.

THEOREM 3. Let I be an interval in R, a be a point of I and f,g : I — R be
two functions . If the functions f and g are differentiable on 1 and g (x) # 0, for
all x € I'\ {a}, then there exists a function c : I\ {a} — I\ {a} such that (5) is true.

Furthermore, if, in addition, the function f“)/g(l) is injective, then the function c
is unique.

If x € I\ {a} tends to a, because |c (x) —a| < |x — a|, we have

limce (x) = a.

X—a

Then the function ¢ : I — I defined by

E(x):{c(x),ifxEI\{a} (©)

a, if x=a

is continuous at x = a.

The purpose of this paper is to establish under which circumstances the function
T is differentiable at the point x = a and to compute its derivative ¢! (a) . Does the
derivative ¢! (a) of the function € at the point x = a depend upon the functions
f and g? Under which circumstances is the function ¢ unique; if there exist several
functions ¢ which satisfy (5), does the derivative of the function ¢ at x = a depend
upon the function ¢ we choose?

Since for x € I'\ {a},

if we denote by
c(x)—a

Q(X):ﬁ’

then 6 (x) €]0, 1] and ¢ (x) = a + (x — a)0 (x) and hence

() —f (@] ¢ (a+ (x = a)8 (x)) = [s (x) =g (@]f V(a+ (x— a)8 (x)).

Consequently, the following statement is true.
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THEOREM 4. Let I be an interval in R, a be a pointof I and f,g: 1 — R be
two functions . If the functions f and g are differentiable on I and g\") (x) # 0, for
all x € I'\ {a}, then there exists a function 0 : I\ {a} —]0, 1] such that

F0) —f(@) _ fOat (- a0 (x)
g0 —g(@  gW(at (- a)(x)

Furthermore, if, in addition, the function f (1)/ g is injective, then the function
0 is unique.

, forallx € I'\ {a}. (7)

REMARK 2. If g = 1;, then Theorem 4 becomes Theorem 7 from [5].

Obviously, the function ¢ : I — I, defined by (6) is differentiable at x = « if and
only if the function 6 : I'\ {a} —]0, 1| defined by
0(x) = ¢ —efa) = ¢ 7a, forallx € I'\ {a}
—a

X—a X

has limit at the point x = a. Moreover, if the function ¢ is differentiable at x = a,
then

e (a) = limO(x).

X—a

The following statement is true.

THEOREM 5. Let I be an interval in R and a be an interior point of 1. Let
f,g: 1 — R betwo functions which satisfy the following conditions:

(i) the functions f and g are twice differentiable on I,

(ii) the functions £ @ and g@ are continuous on I,

(iii) gV (x) # 0, forall x € int I,

(i) £ (@) g (a) £ (a) g (a)

Then the following statements are true:

1° There exists a real number § > 0 such that Ja — 8,a + §[C I,

Y)Y () A7 )" (1), forallx €la—,a+ ]
and f /gW) is injective on Ja — 8,a + 3.
2° There exists a unique function c :Ja—8,a+ 6[\{a} —]a—38,a+ S[\{a} such
that
&) —fla) _ fU(c)
g(x)—gla) gW(elx)
3° The function 6 :Ja — §,a+ §[\{a} —]0, 1] defined by

, forall x €la — 6,a + 6[\{a}. (8)

00) = W =9 iy €la—5,a+ 8\ {a} ©)
x—a
has the following properties:

a) Forall x €]a — d,a + 6[\{a}, we have

f) —fla) _ fO(a+ (x—a)b(x))

g(x)—g(@) gWa+(x—-a)d(x)
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b) There exists the limit

lim 6 (x) =

X—a

4° The function ¢ :Ja — 0,a + 8[—]a — 8,a + O] defined by

(x) = { c(x), ifx €la—8,a+ d\{a}

a, ifx=a

N =

c

is differentiable at x = a and
1
5.

Proof. 1° Suppose that £V (a) g® (a) < f® (a) gV (a). Then, by the hypoth-
esis (ii) and a € int I, we deduce that there exists a real number 6 > 0 such that
la—68,a+ §[C I and

e (a) =

FY(x)g? (x) <f®(x) gV (x), forallx €]a — §,a + 5.
It follows that

(&) VP08 0 ()6 ()
(s ()’

and hence (1) /g(1) is strictly increasing on ]a — 8, a + §[. Consequently, the function
fW/gW is injective on |a — 8,a + §].

If £V (a) g (a) > f?) (a) gV (a), the proof is analogously.

2° It follows from statement 1° above and Theorem 3.

3° a) This follows immediately from (8) and (9).

b) By Taylor’s formula, foreach x €]a— 9, a+38[\{a}, there are two real numbers
@c (x), §g (x) €0, 1] such that

>0, forall x €]a — §,a + 0]

&) =F (@) 0@~ a) + 5Dt (- a)f () —a)  (10)
and

8() = g(a) + V(@) (x — @) + 58%a+ (x— B ()&~ (1)

Now, by the mean value theorem applied to the functions ) and g!), for each
x €]a — 8,a+ 6[\{a}, there exist two real numbers 6 (x), 0, (x) €]0, 1| such that

O e@)=fMa+ (x—a)b))

B 12
=f"a@) +£P(a+ (x = 9)0)6 (x))(x — )0(x) "
and
g (c(x) =gW(a+ (x—a)o(x) (13)
= ¢(a) + 8P (a+ (x — a)B(x)6; (x)) (x — @)B(x)
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Substituting (10)-(13) in (8), we obtain that, for each x €]a — §,a + o[\ {a},

fO @) —a) + 5 Pa+ (x — )6 (1) (x —a)’
g(@)(x = a) + 58 a+ (x = )0 (1)) (x — a)?

or, equivalent,

6 (x) {f V(a)g? (at(x—a)0(x)6; (x)) —f P (at+(x—a)8(x)6; (x))s"(a)

3 [Pt - 08 (0)6 @+ (- 008, ()

— fPa+ (x = )08 (1))gP(a+ (x— @), (1)] (x—a) |

1 ~
= E[f“)(a)g(z) (a+ (x = )b (x) —f P (a+ (x = a)f (x))g"(a)].
Since for all x €]a — §,a+ 8[\{a}, we have that 0(x), §f (x), §g (x), §f (x),
§g (x) belong to 0, 1[, we deduce that

for all x €la — §,a + 8[\{a}. The functions (1), £ ¢ ¢ being continuous
on I, from (14) it results that there exists
lim6(x) = ~
X) = =.
xX—a 2
4° Statement 4° follows from statement 3° above.
The theorem is proved.

REMARK 3. If g = 1;, then Theorem 5 becomes Theorem 8 from [5].

REMARK 4. Theorem 5 remains true if the point a is an extremity of the interval
1. The following statement is true.

THEOREM 6. Let I be an interval in R and a € I be the left extremity of 1. Let
f,g 1 — R be two functions which satisfy the following conditions:

(i) the functions f and g are twice differentiable on I,

(ii) the functions f® and g® are continuous on I,

(iii) gV (x) #0, forall x € int I,

(iv) £ (a) 2 (@) £ (a) 8 (a).

Then the following statements are true:
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1° There exists a real number 8 > 0 such that |a,a + 6[C I,

FV ) 8P (x) £ @ (x) gV (x), forall x €la,a+ §

and V) /g is injective on ]a,a + 8.
2° There exists a unique function c :)a,a + 8[—|a,a + 8] such that

forall x €la,a + d].
3° The function 0 :]a,a + 8|—]0, 1] defined by

0(x) = C(x);aa,forallx €la,a + §]

has the following properties:
a) Forall x €]a,a + 8|, we have

b) There exists the limit:

1
li = —.
lim0(x) = 7

4° The function ¢ : [a,a + 6[— R defined by

& (x) = { c(x), ifx €la,a+ 9|

a, ifx=a

REMARK 5. If ¢ = 1;, then Theorem 6 becomes Theorem 9 from [5].
One can give a similar theorem if a is the right extremity of the interval I.

REMARK 6. If f(1) (a) g® (a) = £ (a) gV (a), then statement 3° of Theorem
5 might not be true.
Indeed, for the functions f, g : R — R defined by

f(x) =2, g(x) =exp(x), forallx € R

wehave f((x) = 322, fP(x) =6x, gV (x) = g (x) = exp (x), forall x € R and
hence £ (V) (0) g (0) =@ (0) gV (0). Obviously, V) /g) is injective on | — o0, 0].
Then, by Theorem 3, there exists a unique function ¢; :] — 0o, 0[—] — 0o, 0[ such that

f@) —£0) _ fV(er(x)

g(x)—g(0) gW(e1(x))

, forall x €] — 00,0
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Similarly, since f!)/g(!) is injective on ]0,2[, by Theorem 3, there exists a unique
function ¢; :]0, 2[—]0, 2[ such that

f) =0 _ M) for all x €]0,2[
glx)—g 7 o

(x -

0)  gW(ea(x))
Then the function ¢ :] — 00, 2[\{0} —] — 00, 2[\{0} defined by

| alx), if x €] —o00,0[
clx) = { c;(x), if x€]0,2]

satisfies the equality

= (x) , for all x €] — 00, 2[\{0},

ie.
x? 3(c(x)?

exp(x) — 1 exp(c(v)
or, equivalently

, forall x€]— o0,2[\{0},

x_ 3(00)
exp(x) =1  exp(x0 (x))

where ¢ (x) = x0 (x), forall x €] — 00,2[\{0}. Hence, if there exists lin(l)ﬂ(x) eR,
then o

forall x €] — o0,2[\{0},

)

1= 31111%(9(@)2.
It follows that, if there exists ¢'!) (0) = lin(l)ﬂ(x) € R, then

D (0) = limO(x) = — #

x—0

1
5

5l

One asks: 1f 1) (a) ¥ (@) = £ (a) ¢ (a) . then ") (a) = limO(x) = L=
A partial answer is given by the following theorem: e

THEOREM 7. Let I be an interval in R and a be an interior point of 1. Let
f,g: 1 — R be two functions which satisfy the following conditions:

(i) the functions f and g are three times differentiable on I,

(ii) the functions £©) and g® are continuous on I,

(iii) gV (x) #0, forall x € int I,

(i) £ (@) 8@ (a) = 1@ (@) gV (@), 1 (a)g® (@) £S5 (@) gV (a).

Then the following statements are true:

1° There exists a real number & > 0 such that la — 8,a + 6[C I and

FO @)% )£, ()" (x), forall x €la—8,a+ 8[\{a}.

2° The function f/g") is injective on each of the intervals |a — 8,a| and
la,a+ 6.
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3° There exist a unique function c; :Ja — 8,a|—]a — 8, a| and a unique function
¢ :|la,a+8]—)a, a+ 8| such that the function c :la—6,a+6[\{a} —|a—5,a+6[\{a}
defined by
e (), ifx €la—8,4]
C“*‘{cﬂm,vxama+ﬂ

satisfies the equality

~—

\
o
=

f&)—fla) _ fP(c)
S0 -g@  ge) "
forall x €la—6,a+ 6[\{a}.
4° The function 0 :la — 8,a+ 8[\{a} —]0, 1] defined by

c(x)—a

0(x) =

has the following properties:
a) Forall x €]a — d,a + 6[\{a}, we have

f)—fla) _fYa+(x—a)dx)

gx)—gla) gW(a+(x—a)(x))

b) There exists the limit

, forall x €la — 8,a + 6[\{a}, (16)

X—a

lim6(x) = ——

X—a \/§.
5° The function € :la — 8,a+ 8|—]a — 8,a + 8| defined by

(x) = { c(x), ifx €la—8,a+ 8\{a}

a, ifx=a

Proof. 1° —2° Suppose that £V (a)g® (a) < £ (a) gV (a). From (ii) and
a €int 1, it follows that there exists a real number § > 0 such that Ja — d,a+ §[C [
and

FV(x)eg® (x) <f® (x) gV (x), forallx €]a — §,a + 5.
It follows that

forall x €]a — &, a+ 8[ and hence the function f P g(l) — £ (Vg2 g strictly increasing
on Ja — §,a+ §[. Since £V (a) g? (a) = (a) gV (a), we deduce that

FP )" (x) —fW(x)g® (x) <0, forall x €la — 8,4

and
FP )" (x) —fW (x)g® (x) >0, forall x €]a,a + 5.
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= al <0, forallx €la — §,4q|

Y 0, forall x €la,a + J[.

It follows that the function f(V)/g(1) is strictly decreasing on ]a — §,a[ and strictly
increasing on ]a,a 4 8. Consequently £V /¢g(!) is injective on each of the intervals
la—6,a[ and Ja,a + §].

If f(V(a)g® (a) > £ (a) g (a), the proof is analogously.

3° From Theorem 3 and statement 2° above, it follows that there exists a unique
function ¢; :Ja — §,a[—]a — 3, a[ such that

f@) ~fl@) _ V)
s0) 2@ g0 (er()

and a unique function ¢; :]a,a + 6[—]a, a + &[ such that

f&) —fla) _ fY(ew)
) —g(@ = o (sz(x)), forall x €]a,a + J.
Then the function ¢ :Ja — §,a+ §[\{a} —]a — 8,a + 6[\{a} defined by
[ al), if x€la—6,q]
c(x) = { clz(x), if x€la,a+ d|

, forall x €]a —98,4q|

satisfies equality (15).

4° q) Statement a) follows from (15) and (16).

b) By Taylor’s formula, for each x €Ja — §,a + 6[\{a} there exist two real
numbers GAf (x), §g (x) €]0, 1 such that

~

®)(a+(x—a)bf (x
£ )1 (@) = V@) -t @ () (- LA DT o9
and
®)(a+(x—a) B, (x
80)—gla)=g" (@) (x-a) 2.8 (@) (x-a)? + EHEDEO) (o 1)

On the other hand, by Taylor’s formula applied to the functions f and gl for
each x €]a — 0,a + 8[\{a}, there exists two real numbers Gf (x), 6, (x) €]0, 1] such
that

FOa+ (x = a)(x) =Y (c(x)
=)+ (a) (x—a) 6 (x) +
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and

gW(a+ (x—a)8(x) = ¢V (c (x))

®)(a+(x—a)0(x)0, (x (20)
— eV (@)4¢? (a) (x—a) 0 (x) + 5O 2)9( 8¢ )) ( — ap(0(w))2.

Substituting (19) — (20) in (15), we obtain that, for each x €]a—§,a+ 6[\{a},

FO—F@) fO@+H O (a) (—a) 8 () 1L DO0FE) (212

8§ =8 (@) 400)(0) 490 (a) (x—a) B (x) + LLH—DOEL) (¢ y2(p(x))2

From this and (17) — (20) , we obtain that, for each x €]a — §,a + o[\ {a},

S @8 (at (v - @) 0 () 6 ()

9 (a+ G- @0 G ()" (@) (0()

1
_f(3) (a +(x—a)0 (x) gf (x)) g(3) (a + (x —a) é\g (x))) (x— a)2 (6 (x))2 =0.

Now, since for each x €]a — §,a + 6[\{a}, we have that 0(x), §f (x), ég (x),
§f (x), ég (x) belong to |0, 1[, we deduce that

(= )8 ()| <lx—al, |x-a)f, (] <lx—al,
(v = @0 (1) ()] < |x — al and |(x — )0 () B (x)| < |~ al,

forall x €la — 0,a+ §[\{a}.
Now, from (if), it results that there exists

lim(e(x))z f(l) (a)g(3) (a) _f(s) (a) g(l) (@) |

lim =3 (D (a) g® (a) —f® (a) gV (@) 3"

5° Statement 5° follows from statement 4° above.
The theorem is proved.

REMARK 7. If ¢ = 1;, then Theorem 7 becomes Theorem 11 from [5].
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REMARK 8. Theorem 7 remains true if the point a is an extremity of the interval

The following theorem answers the question: which is the limit of the function 6
at the point x = a, when f((a)g®(a) = f ¥ (a)gV(a), for all k € {2,...,n — 1},
and fV(a)g""(a) # f " (a)g'" (a)?

THEOREM 8. Let I be an interval in R and a be a pointof 1. Let f,g: 1 — R
be functions which satisfy the following conditions:

(i) the functions f and g are n > 2 times differentiable on I,

(ii) the functions £ and g™ are continuous on I,

(iii) fWV(a)g®W(a) = f P (a)g"(a), forall k € {2,....n — 1},

(iv) FD(@)g" (@) #F ™ (a)g " (a).

Let 0 :1\ {a} —]|0, 1] be a function such that

(f () = (@) g (a+ (x — a)0(x)) = (g(x) — g(a))fV(a+ (x—a)0(x)), (21)

forall x € I'\ {a}.
Then there exists the limit:

limO(x) = —

—a n—1 n'
Proof. By Taylor’s formula, for each x € I\ {a} there exist 6;(x), 62(x), 653(x),
04(x) €]0, 1] such that

(x—a)"

1
Fo) =fla)+ D W)+ =—f e+ (x—a)0i(x),  (23)

— (x — a)* x—a)"
g0 = g@) + 3 L0 + oL 00 - aea), (29

n—1 O )0 () 25
- SO O e avoo,
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Substituting (23) — (26) in (21), we obtain

— (x —a)t (k) (x—a)" (n) .
> @) + T et (r— @)y () | x

k=1

! xfa -1 XxX—a )1
" (Z (i — 1 =) g¥(a) + %gw(a + (x — a)9(x)94(x))>
i=1

_ ”Zi(x—a)k () )+(x7a)n (n) _
— (Y et (- o) )

n!
k=1

x (Z%fﬁ) (a) + %f@ (a+x= a)e(x)93(x))> 7
i=1 . .

or equivalent

n—1ln— 1

k+z
ZZ k; l — 1 x))ifl (f(k) (a)g(i)(a) *f(i> (a)g(k) ((1))

k=1 i=1

¥ — q)"1 X n—1n leak
- ?mﬁﬁ” 3 (g e+ (- oo )
’ k=1 :

~a+ (x— )0()05(x)g (@)

s e GO (0ot 5 0 )6 )

(@ (a+ (v — @)0a(v)))

x—a 2n—1 X n—1
( &_Sﬁ” (F @+ (x = 0)61(x))g" (@ + (x — @)0(x) 04 ()

7f(n)(a (- a)Q(x)93(x))g(">(a + (x— a)@z(x))) =0.

From this and (iii) we deduce that

a0 ()i
—fww+@—@mm&ww®w0+l§f &%ED *

i=1

x (f M (a+ (x—a)0,(x)g" (a) —f DV (a)g" (a+ (x — a)6 (x)))
G a)"'(6(x)""!

n!

(Fa + (x — )0, ()8 (@ + (x ~ )00, )

(@t (x = )00 (x)g" (a + (x — )8:(¥)) ) =0,
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forall x € I'\ {a}.
Now, since

(x—a)0 (N)| < |x—al , [(x=a)by (x)| <|x—a,
|(x =)0 (x) 05 (x)| < |x — af and |(x — a)6 (x) 64 (x)| < |x —al,

forall x € I\ {a}, from (ii), it results that there exists

e 1 (@) (@) ~ £ (@)
fim (06" = (@) @)~ @)@

; .
The theorem is proved.

REMARK 9. If ¢ = 1;, then Theorem 8 becomes Theorem 12 from [5].

THEOREM 9. Let I be an interval in R and a be an interior point of I. Let
f,g: 1 — R be functions which satisfy the following conditions:

(i) the functions f and g are n > 2 times differentiable on I,

(it) the functions f ") and g™ are continuous on I,

(iii) g% (a) #0, forall k € {1,...n},

(iv)

f“)(a) f(z)(a) f(n—l)(a
) 0@ " g ()’
(v)
F@) |, Fa)
(@) 7 §0a)’
(vi)

gW(x) #£0, forall xel.
Let 0 :1\ {a} —]|0, 1] be a function such that

= gria—d ()),forallxel\{a}.
xX—a
Then there exists the limit:

limO(x) = —

—a n—1 n'
Proof. Apply Theorem 8 above.

REMARK 10. If g = 1;, then Theorem 9 becomes Theorem 12 from [5].
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