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WEIGHTED INEQUALITIES FOR HARMONIC MEANS

P. ORTEGA SALVADOR AND C. RAMIREZ TORREBLANCA

(communicated by L. Pick)

Abstract. We characterize the weighted weak and strong type (p, g) inequalities for the harmonic

averaging operator
. X
If (x) = =1
Jo r

inthecases 0 <p <g<ooand 0 <g<p<oo.

1. Introduction

The heart of the theory of Hardy’s inequalities is the characterization of the pairs
of weights (w,v) such that

(/Ooo G/OXJ”Yw(x)dx)é gc(/ooofpv)'% (L.1)

holds forall f > 0.

This problem was solved by Bradley ([3]) in the case 1 < p < ¢ < oo, by
Maz’ja ([14]) in the case 1 < ¢ < p < oo and by Sinnamon ([20]) in the case
O0<g<l,p>1.

Inequality (1.1) is the weighted strong type (p,q) inequality for the (arithmetic)
averaging operator Pf (x) = 1 fg I

The theory of Hardy’s inequalities has developed following many directions (see
[8] and [16]). Among all of them, we will fix our attention to the study of weighted
inequalities for other kind of means different from the arithmetic one. In this sense,
Heinig, Kerman and Krbec ([7]), Opic and Gurka ([15]) and Pick and Opic ([17]) have
characterized the weighted strong type (p,q) inequalities for the geometric averag-

ing operator Gf (x) = exp (1 [;logf). More recently, Jain, Persson and Wedestig

1
([9]) have studied weighted inequalities for power means Pyf (x) = (1 [ f*) with
positive .
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408 P. ORTEGA SALVADOR AND C. RAMIREZ TORREBLANCA
This paper deals with harmonic means. If f is a positive function defined on
(0,A) (A < ), the harmonic mean of f in the interval (0, x) is the number
X
X 1"
fo 7
Extensive information about harmonic means and their relationships with arith-

metic and geometric means can be found in the books [4] and [5].
We will characterize the pairs of weights (w, v) such that

( /O T (x)"w(x)dx) é <c ( /0 ! fpv> / (12)

holds for all positive functions f in the cases 0 < p < g < oo and 0 < g <p < c0.
We will also work with weighted weak type (p,q) inequalities, i.e., inequalities
of the form

Hf (x) =

PPN
il 0. H7 ) > 2t < () (13

which were studied for Hardy-type operators in [1], [11] and [12].

The techniques we are going to apply have worked successfully in the study of
Hardy type inequalities ([11], [12]) and in weighted inequalities for other one-sided
operators ([10], [13]). We will also use some ideas from Cruz-Uribe’s, Neugebauer’s
and Olesen’s paper about the one-sided minimal operator ([6]). In fact, this minimal
operator is very closely related to the maximal operator of harmonic means.

The paper is organized as follows. Section 2 is devoted to the weak type inequal-
ities. In section 3, we prove the theorems about the strong type inequalities. A final
remark about power means P, with negative exponents is also included.

All along the paper, the letter C will design a positive constant, not necessarily
the same at each occurrence, and w, v will design positive measurable functions on

(0,A). Finally, we will assume the conventions - =0 and § = co.

2. Weak type inequalities
The weighted weak type inequality (1.3) is equivalent to

(w<{xe<0,A>:}C/(ff<%}>)é <§(/f—)

In fact, we will work in a more general context. We will consider a positive function g
and characterize the inequality

(({xe (0,A) /f< }) <%</0Af%>' (2.1)
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In the statements of the theorems, we refer to the spaces L*°°(w) and their norms. By
L (w) we denote the set of the functions f such that ||f ||5.com < o0, where

HfHS,OO;w =supA (/ W)
A>0 {x€(0,A):If (x)|>A}

Our first theorem deals with the case 0 < p < g < 0.

1
3

THEOREM 1. Let 0 < p < g < oo and let g be a positive function. Then there
exists C > 0 such that (2.1) holds for all positive functions f on (0,A) if and only if

p+l

b 7
D= sup || X(0) |l g.00m (/ w—> < 0. (2.2)
0<b<A 0

Proof. Suppose that condition (2.2) holds. Let f be a positive function, A > 0
and 0; = {x € (0,A) : g(x) [f < +}. If fo 77 = 0o, there is nothing to
prove. Suppose, therefore, that f: # < 00. Suppose also that f AVPT < oo. Let

Xit1 # Xi

us consider the sequence {x;} defined by xo = A and [;"' vP'T = i VT Let
E; = (xi+1,%) N O, . Then, if x € E; we have

1 X Xit1 Xit+1
> 8 / Foe [ e [r
0 0 Xi4+2
Therefore, 1 T = (supcp g f "1 £ . Now, Holder inequality with exponents p + 1
and ’%1 gives

P+l —1

L (supe(2)) (/ 41) g (/ v)T
— > (supg(z zs — ,
A ZGE X2 Xit2 fp

p+1

1
1 1 /-’Ci+1 ;)_T </Xi+1 v )1‘;
1 < —(inf 122 — ] .
S A (ZGE' ( )) ( Xit2 Xit2 fr

1

Multiplying both sides of the above inequality by ( jE, w) * and taking into account the
definition of the sequence {x;}, we obtain

1 1 ptl 1
q 1 1 q Xit1 1 7 Xit1 v P
w] < =(inf — /w) (/ vﬁ> (/ —)
</Ei ) A (zeE,- g(z)) ( E; Xit2 Xit2 fr

or equivalently,

. iy ad . 1
1 1 Xit1 e D Xit1 v ?
<=l — X(xiyrxi) llg.c05w v P
g Xi4+2 Xi+2 f

r
_pi

A
< Sl 10l (/ ;) ,, ( V>%
S 7= X 0,x; ,00;Ww il / s .
A‘ 8 © ) ! 0 Xit2 fp
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Applying condition (2.2) and raising to the g-th power, we have

(p+hg

/ el (/ L)_T ( Ca)
w< — 0 I somw YpH / —
e Jy e
C (/xi+1 v )%
< — —
I .
A(I Xi+2 fp

Summing upin i and taking into account that p < g, we obtain the weak type inequality.
Let us suppose now that f: T = oo, If I V7T = oo forall x € (0,A), then

0 77
forall A > 0 and the weak type inequality is trivial.

If f° V7T < oo for some xo € (0,A), then there exists Ag € (0,4] such that

JiviT < oo forall x € (0,Ag) and [;' viT = oo forall x > Ag. Then [ f = oo if
x> Ag and

{x €(0,A) /f< =} ={x€(0,A) : /f< =}

Jo f = oo forall x,since [; VT < ( r )p+l (s f ) This implies that O, = ()

Let {a,} be a strictly increasing sequence with limit Ay. Since condition (2.2) holds

. a, L
in (0,a,) forall n and [;" vP*T < oo, we have

(eetomrean [ 12)' < ([ )

for all n. Then the monotone convergence theorem gives us the weak type inequality
(2.1).
Conversely, suppose that the weak type inequality (2.1) holds. Let b with 0 <

b<A,f= V’;ﬂ) and o > 0. If z € (0,b) and <)>Oc then
Z 1 1 b L
o [1 et [1=sg [ <L [an

0 o Jo

{z€ (0 b):L>a}C{z€(0A):g(z) Zf<l/bwﬁ}.
’ g(2) 7 0 o Jo

Then, by the weak type inequality,

</{ze (0.0): 55 >oc} >

This shows that

S) | A /\
’XF
m
O
D>
~ %
<
. /\
%
<
3
=
~
Q=
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Since this inequality holds for all positive o, we have

P+l

1 b 7
1= (0)llg.o0mw < € / A
§ 0

and we are done.
The next theorem characterizes (2.1) in the case 0 < g < p < oc. In this case we
will suppose that g is monotone.

THEOREM 2. Let 0 < g < p < oo and % = é - %. Let g be a positive monotone
function. Then, there exists C > 0 such that inequality (2.1) holds for all positive
Sunctions f on (0,A) if and only if the function ® defined on (0,A) by

1 _pil
1 b r b . p
®(x) = su _— / w / vpiT
( ) 0<a<x£b<A sup g(y) a 0

yE(a,b)

belongs to L (w).

Proof. First let suppose that inequality (2.1) holds. We have to show that

1

sup A / w| <oo.
2>0 {x€(0,4):B(x)>A}

Let A >0 and ) = {x € (0,A) : ®(x) > A}. If z € S; , then there exist a,, b, with
0 < a, < z< b, <A such that

(L)

y€(az,bz)

o N\
(/ w—> > A (2.3)
0

Let K be a compact subset of S . Then there exist (a;,,b;,), (az,bs,) ., (az,,bz,)
which cover K. We may suppose > Hiazj bs) < ZXU(azj,sz)- Let f be the function
defined by

Tl

Y
S
&
<
I
~__—
~
<
3k
~—
Ra¥
~::|_

fx) = Z%(o,sz)(x)( sup  g(y))’
j=1

ye (aZj 7sz~)

If z € (ay, by), then

z bs, b, - .
j 1 j ;ﬁ j # L
€@ [ £<s) [ £ s ) (/ : ) [ <
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This shows that U(ay;, b;;) C {x € (0,A) : g(x) [y f < 1}. Then, (2.1) gives

A N ;‘Z n ij p+1
9 1
/ w<C</—,,>=C > ( Supg(y))p</ vm) ] (24
UL (az.bz) of j=1 yG(IIZj»ij) 0

=1

TR

Now, since (2.3) holds, (2.4

q
P
i 1/%— C "/bzf- C(/ )
S =S [) < £ .
Jj=1 A %j Al j=1 "% Al Ui (ag,b5)
q
Loon 5 (L)
wé—/ w ,
U (agy by) Al U (ag; by;)

J=1 J

is less than

aS10SY ~—
TR

We have proved

which is equivalent to
1

A (/ w) < C.
U;lzl (“Zj :ij )

Since K C UL, (ay;, by;), we have

() <

This inequality holds for all compact subsets K of S, and all A > 0. Then

1

sup A /w <C,
A>0 S/l

which means that ® € L">(w).
Conversely, let us suppose that ® € L"*°(w). Let f > 0 such that fOA 7=1
let A >0 and O; = {x € (0,A) : g(x) [;f < 5}. Then

/ w—/ w+/ , W (2.5)
0; 0, N {x€(0,A)D(x)>AT } 0, N{x€(0.A):D(x)<AT }

The first summand in (2.5) is, by the definition of |.|,com , less than H(DH/{% . In

order to estimate the second summand in (2.5), we may suppose that f; VT < 00,
Let us consider the sequence {x;} defined by xo = A and ;" T = ;;1 y7T . Let
Ei = (xit1,x%) N0, N{x € (0,A) : d(x) < )kg}, o = infE; and 3; = supkE;.
Suppose that f W > 0. Then, if x € E; we have

x)/'f>g<x> Trsew [ f
0 0

Xi+2
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Therefore, 7 = (sup_cp, 8(2 f "' £, and this inequality implies, by the monotonicity
of g, that

Xit1

2= (s g@) [ 7 26)

2€ (04, i) Xit2
Then, (2.6), Holder inequality with exponents p + 1 and ’%1 and the choice of the
sequence {x;} yield

Lo s ()T ()T
—> sup gz — PP
A z€(04,6i) Xit2 1P Xit2
| G \NT )
——=Cs s ([ )T ()T
47 z€(04,Bi) Xiy2 f 0

which is equivalent to

" _ptl " 1
181 (/A ﬁ) ’ (/Mlv)p
<———— VP — ] .
A’ sup g(z) 0 Xit2 fp

z€(04,Bi)

1
Multiplying both sides of the above inequality by ( / Oli" w) " and taking into account

v (/:f_vp);? ' (2.7)

that 3; < x;, we obtain

Bi ; fBiW
(/ww> <7 Sul(;g ( )

z€(,Bi) (fﬁl +)

Sl

Now, we observe that

p+l

e /jw)’l’ ([[) " <o

z€(04,Bi)

q
7

for almost every y € E;, and since ®(y) < forall y € El , we have

A
) (L) e
“sup g(2)

76(051 ﬁl)

~e

Therefore, from (2.7) we obtain that

/Bi C Xi+1 v
w < —/ —.
o b Ad Xit2 fp

Since E; C (04, B;) and f; 2 =1, we have

[
<
I.W\/lfl'
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It is clear that this inequality also holds if |, £ W = 0. Then, summing up in i we obtain

C
w< —

/om{xe(o,m:\y(x)gﬂ} At

and we are done.

3. Strong type inequalities

The strong type inequality (1.2) is equivalent to

(/OA (f(;%)qw(x)dx>a <C(/0Af—‘;);. (3.1)

The following theorem characterizes (3.1) in the case 0 < p < g < 00.

THEOREM 3. Let 0 < p < g < 0o. Then there exists C > 0 such that (3.1) holds
for all positive functions f on (0,A) if and only if

b i b _1%1
1
B = sup (/ x"w(x)dx) (/ vm) < 0. (3.2)
0<b<A \ JO 0

Proof. Let us suppose that condition (3.2) holds. Let f be a positive function.
As we have seen in theorems 1 and 2, we may suppose that j;)A pP < oo. Let {x;}
be the decreasing sequence defined by xp = A and jg T = ;il PP Then, by
Holder inequality with exponents p 4+ 1 and ’%1 , the choice of the sequence {x;} and

condition (3.2), we have

o0

/OA (ﬁ) w(x)dx = ;/jl (ﬁ) w(x)dx
S (o S )

1= Xi+2
[e's} Xi Xi+1 ! _w Xit1 v ;7{
< g / xtw(x)dx / ype / -
i=0 0 Xi4+2 Xi4+2 f
(p+1)
(Pr1g i N\ iy \
=477 E xw(x)dx yp —
0 0 i IP
i=0 Xi+2

sl SN—

q
0 Yitl O\ b A v
; Xi+2 fp 0 fp
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Conversely, let us suppose that inequality (3.1) holds. Let b be a positive number with
_1

O0<b<Aandletf = ;{Z:bl) . On one hand we have

(1 ) o) (1 ) )

On the other hand,

(L) - (L)
g
( [ xqux) . ( [

which is condition (3.2).

)
I
\—/
~

Now we will deal with the case 0 < g < p < co. We will give three conditions,
each one equivalent to (3.1). The first one is a Sawyer type condition ([19]), the second
one is a Maz’ja type condition ([14]) and the third one is a new type of condition which
has been recently studied by A. L. Bernardis, F. J. Martin-Reyes and P. Ortega [2] in
relation to the Hardy operator with weights. We get the connection between some of
the conditions by mean of an argument inspired in the paper [18] by Qinsheng Lai. The
result is the following one:

THEOREM 4. Let p, q, rERwith0<q<p<ooand%: The

following statements are equivalent:

(i) There exists C > 0 such that (3.1) holds for all positive functions f on
(0,A).

(i) There exists a positive constant C such that

%) Xi r i _ (p+hr
i q i 1 P

E </ xqw(x)dx> (/ vlm) <C
Xit+1 0

i=0
for all decreasing sequences {x;} such that xo = A and lim;_, o, x; = 0.
(iii) The function © defined on (0,A) by

1 _ 1
q p’
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belongsto L (x7w(x)).
(iv) The function ¥ defined on (0,A) b

b
Y(x) = sup (/ tqw(t)dt>
0<x<b<A \Jo

belongs to L' (xw(x)).
Proof.

(i) = (i)
Let us suppose that inequality (3.1) holds. Let {x;} be a decreasing sequence with

Xxo = A and lim;_,x; = 0 and let {a;} be a sequence of positive numbers. Let f be
the function defined by

-
R
:\
S
<
b
~—
|
~

oo Xi % X Xi 7(1),,“){]
(S o) ()
i—0 0 Xit1 0

Since this inequality holds for all sequences of positive numbers {a;}, we have that the
sequence

Xi X 7([”:’1)‘7
</ x"w(x)dx) (/ vlﬁ)
Xit+1 0

belongs to [ 7 with norm bounded by C, the constant of the strong type inequality. This
proves (if) .

_=
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(i) = (i)
We may suppose, without loss of generality, that fOA x?w(x)dx < oo. Let {x;} be
the sequence defined by xo = A and

Xit1 Xi
/ tw(t)dt = / 1Iw(t)dt.
0 Xi+1

Itis clear that {x;} decreases and lim;_,, x; = 0. Then, the definition of the sequence
{x;} and condition (i) give us

H®Hr,x‘lwx / (/ th([)d[> (/ Vﬁ) .qu(x)d)C
0 0 0
0o X; r _ p+yr
! X 14 X P
= (/ t"w(t)dt) </ wﬁ) xTw(x)dx
i=0 Xi+1 0 0
(p+D)r . r
X:+1 ; 7 Xi X »
( P ) / (/ t"w(t)dt) xIw(x)dx
i=0 Xit+1 0
jo%s) (p+1r . r
X:+1 | D Xi q
Z < T) (/ ﬂw(t)dt)
i=0 0

_ (p+1)r

o0 Nkl = Xit1 g
Z (/ wﬁ) (/ t‘lw(t)dt> <C
Xi+2

i=l

Q>

=4

(iii) = (iv) )
It is clear that ¥ (x) < ©(x) + ¥ (x), where

Y(x) = sup / 1w(t)dt / ypel .
0<x<b<A \ Jx 0

Then, by (iii), it will suffice to show that ¥ € L"(x9w(x)). In order to do this, we will

see that
/ xIw(x)dx < 2/ xTw(x)dx
{y€(0A)¥(n)>A} {r€(0.4):0(y)>2}

for all positive A .
Since

PO >y c{y:00) > 23Uy ¥ >4 = 0e0)},

we have

/ xXw(x)dx < / xtw(x)dx + / x?w(x)dx.
{m¥()>2} {»:e()>1} ¥ ()>2>00)}

Therefore, again by (iii), it suffices to show that if E = {y: ¥(y) > 1 > O(y)}, then

/xqw(x)dx g/ xTw(x)dx. (3.5)
E {re)>2}
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Let z € E. There exists b € (z,A] such that

2 1 b 4 P
(J& xtw(x)dx) (fz x w(x)dx)
O—IPLI <A< N
UEN ()"
These inequalities imply

b4 b
/ xTw(x)dx < / xIw(x)dx.
0 b4

If (z,b) C {y:O(y) > A}, then

4
/xqw(x)dxg/ xTw(x)dx.
0 {»0()>21}

If F={y€(z,b) :0(y) <A} isnonempty and y € F, we have

(fo‘ xqw(x)dx)ll’ . (fzb xqw(x)dx)zl’

P+l ~ p+l 9

()" ()"

y
/ Xw(x)dx < /
0 z
Z b
/ xTw(x)dx < / xTw(
0 y
Since the above inequality holds for all y € F, calling 8 = sup F', we obtain

Z b
/ xw(x)dx < / xXtw(x)dx < / xIw(x)dx.
0 B {:e()>2}

Anyway, we have shown

4
/xqw(x)dxg/ xTw(x)dx.
0 {»0()>21}

Since this inequality holds for all z € E, we get (3.5).

() = (i)
Let f be a positive function and let {x;} be the sequence defined as in the previous
theorems. Then, working as above

Al o i [\
/0 (f(f—f> w(x)dx = ;/xm (f(;—f> w(x)dx
_ g

) ([ ) 7 (5
x'w(x)dx yp+l — .
Xit1 0 Xit2 fp

which implies b

xTw(x)dx.
It follows that
x)dx.
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If we apply now Holder inequality for sums with exponents

- and £ and then condition (iv), the last term is less than
(p+1)r

i < > ( /-’Ci 1 ) 7 i /xm lg’
dx po+1 —
i—0 Xit1 0 i—0 Y Xi+2 fp
q
o0 ’cl ’cl 5 xi - "
= Z tqw(t)dt> (/ vﬁ>
—(0 Y Xi+l 0 0
APV
1%
"xIw(x)dx / —)
) ([
q
A b
_ a Y
CH H xqwx (A fp> .

1
FINAL REMARK. It is clear that if o < 0 and Pof(x) = (L [[f%)“, then

Pof (x) = (H(f!*)(x)) T , and, therefore, the characterizations of the weighted weak
and strong type inequalities for P, reduce easily to those of H .

S

QN
<

(p+1)r

o) ([ 7)
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