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ON THE CAUCHY—RASSIAS INEQUALITY AND
LINEAR n-INNER PRODUCT PRESERVING MAPPINGS

CHOONKIL BAAK, HAHNG-YUN CHU AND MOHAMMAD SAL MOSLEHIAN

(communicated by Th. M.Rassias)

Abstract. We prove the Cauchy—Rassias stability of linear n -inner product preserving mappings
in n-inner product Banach spaces. We apply the Cauchy-Rassias inequality that plays an
influencial role in the subject of functional equations. The inequality was introduced for the first
time by Th. M. Rassias in his paper entitled: On the stability of the linear mapping in Banach
spaces, Proc. Amer. Math. Soc. 72, (1978), 297-300.

1. Introduction

Let X and Y be Banach spaces with norms || - || and || - ||, respectively. Consider
f X — Y tobe amapping such that f (#x) is continuousin # € R foreach fixed x € X .
Th. M. Rassias [23] introduced the following inequality, that we call Cauchy—Rassias
inequality : Assume that there exist constants 6 > 0 and p € [0, 1) such that

If (e +y) = () =f DI < OIx[1” + [IvlI") (*)

for all x,y € X. Rassias [23] showed that there exists a unique R-linear mapping
T : X — Y such that ”
If ) - T < 5=

for all x € X. The inequality () has provided a lot of influence in the development
of what we now call Hyers—Ulam—Rassias stability of functional equations. Beginning
around the year 1980 the topic stability of linear functional equations has been studied
by a number of mathematicians (see [7], [8] and [11]-[27]).

Jun and Lee [9] proved the following: Denote by ¢ : X \ {0} x X\ {0} — [0, o0)
a function such that

e[ ”

_ <1 . .
Py) =Y 5 9(Fx,3y) <o
=0
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forall x,y € X\ {0}. Suppose that f : X — Y is a mapping satisfying

12 (52 = £ @) £ ) < ()

forall x,y € X\ {0}. Then there exists a unique additive mapping 7 : X — Y such
that

IF (x) =f(0) = T <

forall x € X\ {0}.
Let X and Y be complex Hilbert spaces. A mapping f : X — Y is called an inner
product preserving mapping if f satisfies the orthogonality equation

(fx,.f ) = (%)

for all x,y € X. The inner product preserving mapping problem has been investigated
in several papers (see [2]-[4]).

In this paper, we prove the Cauchy—Rassias stability of inner product preserving
mappings in Hilber spaces, introduce the concept of n-inner product Banach space and
establish the Cauchy—Rassias stability of linear n-inner product preserving mappings
in n-inner product Banach spaces.

((ﬁ()@ _x) + 5(—% 3)6))

W =

2. Cauchy-Rassias stability of inner product
preserving mappings in Hilbert spaces

In this section, assume that X is a complex Hilbert space with norm || - ||, and
that Y is a complex Hilbert space with norm || - ||.

THEOREM 2.1. Let f : X — Y be a mapping with f (0) = 0 for which there exists
afunction @ : X x X — [0,00) such that

= Z qu(?x, 2y) < o0, (2.0)

[If (ux + py) — uf() W< o), (2.ii)
[ (F (). f) = < <o) (2.ii))

forall p € T' ;= {A € C | |A| =1} and all x,y € X. Then there exists a unique
inner product preserving mapping U : X — Y such that

I (@) - U < 33) (2.)

//\ //\

forall x € X.

Proof. By the same reasoning as in the proof of [21, Theorem 2.1], it follows from
(2.i) and (2.ii) that there exists a unique C-linear mapping U : X — Y satisfying
(2.iv) . The C-linear mapping U : X — Y is given by

Ulx) = lim 2Zf(2’ x) (2.1)

forall x € X.
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It follows from (2.iii) that
1 1 1
\@J@@5#@W%%%w\Zyﬂﬁ@@J@W)*@%f>

1
< 02 2h) < Fo(2x2),
which tends to zero as [ — oo forall x,y € X by (2.i). By (2.1),

(U(), V) = lim (27 (2), 55 (2) = ()
forall x,y € X, as desired. [J
COROLLARY 2.2. Let f : X — Y be a mapping with f(0) = 0 for which there
exist constants 0 = 0 and p € [0, 1) such that
If (uox + y) — pif () — wf ()] < O+ [Iy1P),
[ {(F (). f ) = < ) [ < O +[Iyl17)

forall uw € T' and all x,y € X. Then there exists a unique inner product preserving
mapping U : X — Y such that

NN

IF ()~ UG < 5l

forall x € X.
Proof. Define ¢(x,y) = 0(||x||” + ||y||”) to be Th. M. Rassias upper bound in the
Cauchy—Rassias inequality, and apply Theorem 2.1. [

THEOREM 2.3. Let f : X — Y be a mapping with f (0) = 0 for which there exists
afunction @ : X \ {0} x X\ {0} — [0, 00) such that

o(x,y) == %(p(yx, 3jy) < 00, (2.v)

j=0
lor (BB — () — i )] < 9., (2.i)
£ — (53) | < 0x,y) (2.vif)

forall uw € T' and all x,y € X\ {0}. Then there exists a unique inner product
preserving mapping U : X — Y such that

If () = UM < ( (x, =x) + @(—x, 3x)) (2.vii )
forall x € X\ {0}.

Proof. By the same reasoning as in the proof of [11, Theorem 2.5], it follows from
(2.v) and (2.vi) that there exists a unique C-linear mapping U : X — Y satisfying
(2.viii) . The C-linear mapping U : X — Y is given by

Ux) = lim 3Zf(3 L) (22)

forall x € X.
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It follows from (2.vii) that
(5 B, 3 () = (03) | = 5371 (7 B/ (3) = (35,3 |
< 300 3) < 500 3h),
which tends to zero as [ — oo forall x,y € X by (2.v). By (2.2),
(U, U0) = fim (o (3, 5 3) = (x.3)

forall x,y € X, as desired. [

COROLLARY 2.4. Let f : X — Y be a mapping with f(0) = O for which there
exist constants 0 > 0 and p € [0,1) such that

BB af () = g ) < ORI + P,
LFF ) = (o) | < Ol + [IvIP)

forall w € T' and all x,y € X\ {0}. Then there exists a unique inner product
preserving mapping U : X — Y such that

127 (

Ir @)~ vl < 353 ol

forall x € X\ {0}.

Proof. Define ¢(x,y) = 6(||x||” + ||y||?), and apply Theorem 2.3. [J

THEOREM 2.5. Let f : X — Y be a mapping with f (0) = O for which there exists
afunction @ : X \ {0} x X\ {0} — [0, 00) such that

o= ) :

232@ 3 § (2.ix)

lor BB — () — i )l < 9., (2x)
| <f(x)>f(y)> - <x,y> ‘ < qo(x,y) (2)“)

forall uw € T' and all x,y € X\ {0}. Then there exists a unique inner product
preserving mapping U : X — Y such that

)~ Ul < 35,5 + 53 (2.
forall x € X\ {0}, where

forall x,y € X\ {0}.
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Proof. Note that

Vo5 3) < o5 3) (23)

for all x,y € X and all positive integers j. By the Jun and Lee’s theorem [9, Theorem
6], it follows from (2.ix), (2.3) and (2.x) that there exists a unique additive mapping
U : X — Y satisfying (2.xii). The additive mapping U : X — Y is given by

UG = Jim 3f () (24)

for all x € X. By the same method as in the proof of [11, Theorem 2.5], one can show
that the additive mapping U : X — Y is C-linear.

It follows from (2.xi) that

(3 (5,3 (3) — <X>O|'—3”\<(3,)f(§)>—-<%n§%

which tends to zero as [ — oo forall x,y € X by (2.ix). By (2.4),

(U, U0) = lim (3F (5),37(

w|«<

7)) = (%)

forall x,y € X, as desired. [J

COROLLARY 2.6. Let f : X — Y be a mapping with f(0) = O for which there
exist constants 6 > 0 and p € (2,00) such that

H%W“”% wf () — wf O < 0P + 117,
(£, O)) = (x3) | < B(IP +[1y]]7)

forall u € T' and all x,y € X \ {0}. Then there exists a unique inner product
preserving mapping U : X — Y such that

3 +3

IF ()~ VW < 5

OllxI1”

forall x € X\ {0}.

Proof. Define ¢(x,y) = 0(||x||” + ||y||"), and apply Theorem 2.5. [
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3. Cauchy-Rassias stability of linear 7 -inner product
preserving mappings in 7 -inner product Banach spaces

We first recall the notion of 7 -inner product space.

DEFINITION 3.1 [5]. Let X be a complex linear space with dimX > n > 2 and
(-] -,y : X' — C be a function. Then (X,(-,- | -,--+,)) is called an
n-inner product space it

(nll) <.X',.X' | X2, 7xﬂ> 2 Oa
(nh) (x,x|x2,--- ,x,) = 0ifandonlyif x,x,,--- ,x, arelinearly dependent,
(Vll}) <x7y|x2>"'7-xn> :<y>x|-x27"'>xn>7
(nly) (x,y | %2, -+ ,x0) = (x,y | X5, ,x;,) forevery permutation (js, - - - j,)
of (2,---,n),
(nIS) <.X7.X | X2,X3, 7-xn> = <.X2,)C2 |.X,.X’;, 7-xn>>
(l’ll6) <a'xay | X2, 7xﬂ> = a<x7y ‘ X2yt a'xn>7
(l’ll7) <X+y,Z|X27"' ,Xn> < <X,Z|X27"- ,Xn> + (y,z|x2,-~- 7xﬂ>
forall o« € C and all x,y,z,x1, - ,x, € X. The function (-, |-, --- ) iscalled an

n-inner product on X .

The concept of n-inner product was introduced in [1] for n = 2 and in [10] for
n>=?2.
For instance, on a given inner product space with inner product { , ) , one can put

an n-inner product by defining {x,y | x, - ,x,) tobe
() (xx) - (xx)
(x2,5) (x,x:2) - (x2,%)
det . .
<xn7y> <xn7-x2> <xn>xn>~

DEFINITION 3.2. An n-inner product and normed (respectively, Banach) space X
with n-inner product (-,- | -,---,-)x and norm || - || is called an n-inner product
normed (respectively, Banach) space.

For example, if (X, (-,-|-,---,-)) is an n-inner product space, {a,- - ,a,} is
a fixed linearly independent set and k > O then

<x7y> =k Z <x7y ‘ iy, o aain>

{iZ,"' ’in}g{l’... ’n}

is an inner product on X (see [6]) and so X equipped with the norm induced by this
inner product is an n-inner product normed space.

In the rest of this section, assume that X is an n-inner product Banach space with
n-inner product (-, - | -,--- ,-)x and norm || - ||, and that Y is an n-inner product
Banach space with n-inner product (-,- | -,--- ,-)y and norm || - ||.
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THEOREM 3.1. Let f : X — Y be a mapping with f (0) = O for which there exists
a function @ : X" — [0, 00) such that

O(x0, -+ ,Xp) i= Z ©(2xg, -+ ,2x,) < 00, (3.0)
I G130+ ) — 4 (50) — 7 50l < @G, 0. 10), (3.ii)
——
n—1 times
| (f (o), f (xn) [f (x2) -+ o f () v = (X0, %1 | X2, -+ ) x|
< (,0()(30,"' ,)Cn) (3”l)
forall u € T' and all xo,--- ,x, € X. Then there exists a unique C-linear n-inner
product preserving mapping U : X — Y such that
1 .
If () = Ul < 50(x,x,0,---,0) (3.iv)
—
n—1 times

forall x € X.

Proof. By the same reasoning as in the proof of [20, Theorem 2.1], it follows from
(3.i) and (3.ii) that there exists a unique C-linear mapping U : X — Y satisfying
(3.iv) . The C-linear mapping U : X — Y is given by

Ulx) = Jlim 2Zf(2’ x) (3.1)

forall x € X.
It follows from (3.iii) that

1 1 1 1
\ <§f(2lxo)7 gf(zlxl) | 5f(2lx2), E ,7f(2lxn)> y — (X0, %1 [ X2, -+, Xn) x |

- 2;;11 [(f (2'x0),f (2'%1) | £ (2'x2), -+ of (2%a)) v —(2'x0, 251 | 23, -+, 2w} x|

< %@(2’)(07 2 < %(p(leo, 2%,
which tends to zero as [ — oo for all xo,--- ,x, € X by (3.i). By (3.1),
(Ulx0), Ux1) [ Ulxa), -+ Ulx)) v
= Jim (53 (). 5if (2 | 5if () if (2) »
= (x0,x1 [ X2, %) x

for all xo,--- ,x, € X, as desired. [
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COROLLARY 3.2. Let f : X — Y be a mapping with f(0) = 0 for which there
exist constants 0 > 0 and p € [0,1) such that

[1f (kexo + poxr) — pf (x0) — wf (en) | < O ool P + [ [7),

| (f (o)of (r1) | f(x2), -+ of () v — (0,21 [ X2y 2 x | <O [|l|P
=0

forall u € T' and all xo,- - ,x, € X. Then there exists a unique C-linear n-inner
product preserving mapping U : X — Y such that

20

If ()~ Ul < 5=

[l 1”
forall x € X.

Proof. Define ¢(xo, -+ ,x,) = 037 o [|x|[” to be Th. M. Rassias upper bound
in the Cauchy—Rassias inequality, and apply Theorem 3.1. [

THEOREM 3.3. Let f : X — Y be a mapping with f (0) = O for which there exists
a function @ : (X \ {0})"! — [0, 00) such that

O(x0, -+ 1 Xp) 1= Z%(p(?rjxo,-~- ,3x,) < 00, (3.v)
j=0
lor (B2 — (o) — s () < @0, 3,0, 0),
n—1 times (3Vl)
| (f (o) f (x1) [f (x2)s oo f (n)) v — (0,20 [ X2, %) x |
< @(xo0, 5 Xn) (3.vii)

forall w € T' and all xo,--- ,x, € X \ {0}. Then there exists a unique C -linear
n-inner product preserving mapping U : X — Y such that

If (x) = U@)|| < 5(@(x,—x, 0,-++,0) + @(—x,3x, 0,--- ,0)) (3.viii)

n—1 times n—1 times

W] =

forall x € X\ {0}.

Proof. By the same reasoning as in the proof of [20, Theorem 2.5], it follows from
(3.v) and (3.vi) that there exists a unique C-linear mapping U : X — Y satisfying
(3.viii) . The C-linear mapping U : X — Y is given by

UG) = Jim 5of (31) (32)

forall x € X.
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It follows from (3.vii) that

[ (5aF (310) 5 () | 5 B2+ 3 B}y = (o1 |32, x |

- 3;nl ‘<f(3lx0)’f(3lxl) ‘f(3lx2)a et (3lxn)> Y*< 313507 3lxl | 313527 T ,3IXn> X|

< 3;,1,(0(313607-'- ,3lx,) < %(p(yxo, o, 3),
which tends to zero as [ — oo for all xo,--- ,x, € X by (3.v). By (3.2),
(Uxo), Ux1) [ Ulx2), -+, Ulxa)) v
= Jim (of (3'%0), f (3lxt) | 55 Gla), -+ of (3l v
= (X0, X1 | X2, Xn) x
for all xo,--- ,x, € X, as desired. [J

COROLLARY 3.4. Let f : X — Y be a mapping with f(0) = O for which there
exist constants 0 = 0 and p € [0, 1) such that

Uxo + Hxy

Jor (22

) — 1 (x0) — tf (o) | < O([[xol|” + [Pl [7),

[ (f Go)of (r1) | f ()= of (o)) v = (ot [ 32, sxa) x | <O [P

j=0

forall w € T' and all xo,--- ,x, € X \ {0}. Then there exists a unique C -linear
n -inner product preserving mapping U : X — Y such that

343

If ) = U@ < 35,

O]1x|/”
forall x € X.

Proof. Define ¢(xo, -+ ,x,) = 037, ||x;]|”, and apply Theorem 3.3. [J

THEOREM 3.5. Let f : X — Y be a mapping with f (0) = O for which there exists
a function @ : (X \ {0})"! — [0, 00) such that

o0

232%(%,--- %) < 0, (3.ix)
j=0
lor (R — f (o) — ()]l < 90,0, 0,0, 0), (3.0)
N——

n—1 times

[(F (o) f Cer) [ (e2)s -+ o (n)) y=(x0, 21 [ 22, -+ 5 xa) x| < @(x0, - -+ ’x")(3 )
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forall w € T' and all xo,--- ,x, € X \ {0}. Then there exists a unique C -linear
n-inner product preserving mapping U : X — Y such that

~, X X ~ X ..
Hf(x) - U(x)” < 90(_7 =30, 70) + (p(__7x7 0,-- 70) (3'x”)
n—1 times n—1 times

forall x € X\ {0}, where
~ L N X0 Xn
(p(x07"' a-xn) L ]:Zoy(p(ya a?)

forall xo,--- ,x, € X.

Proof. Note that

X0 Xn i X0 Xn
Dy 3,2
3 (5 %)
for all xo,---,x, € X and all positive integers j. By the same reasoning as in the
proof of Theorem 2.5, it follows from (3.ix), (3.3) and (3.x) that there exists a unique
C-linear mapping U : X — Y satisfying (3.xii). The C-linear mapping U : X — Y
is given by

o (3.3)

U(x) = Jim 3 (57) (34)

forall x € X.
It follows from (3.xi) that

(3 (GD3F G | 3G+ 3Gy = (ot sz xa) x|

. Xo X1 X2 Xn Xo X | X X,

= 3% <f(§)’f(§) \f(y)"" ,f(y»yf(y,s—; \ N ’§>X‘
onl X0 Xn

<3 (;)(§7...7§)7

which tends to zero as [ — oo forall xo,--- ,x, € X by (3.ix). By (3.4),
(U(x0), Ulx1) | Ulx2), -+, Ulxn)) v
T 1p X0\ A1y 2 1p X2 1p%n
= llinolo<3f(§)73f(§) | 3f(§)7 e 73f(§)> Y
= <x07-xl ‘)CQ,"‘ 7-xn>X
for all xo,--- ,x, € X, as desired. [J

COROLLARY 3.6. Let f : X — Y be a mapping with f(0) = O for which there
exist constants 0 > 0 and p € (2n,00) such that

o (P2 — g (xo) — af (o) < O(Ioll” + ),

| (f (o)of (r1) | F(x2), -+ of () v = (0,21 [ X2y 2 x | <O [P
=0



ON THE CAUCHY-RASSIAS INEQUALITY AND LINEAR 7 -INNER PRODUCT PRESERVING MAPPINGS 463

forall uw € T' and all xo,--- ,x, € X \ {0}. Then there exists a unique C -linear
n-inner product preserving mapping U : X — Y such that

3 +3

If ) = U@ < 5

O] |x[”
forall x € X\ {0}.
Proof. Define ¢(xp, - ,x,) =0 Z;l:o ||x;||P, and apply Theorem 3.5. O
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