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ON (H,,, L,,)-TYPE INEQUALITY OF MAXIMAL OPERATOR OF
MARCINKIEWICZ-FEJER MEANS OF DOUBLE FOURIER
SERIES WITH RESPECT TO THE KACZMARZ SYSTEM

G. GAT, U. GOGINAVA AND K. NAGY

(communicated by Z. Pdles)

Abstract. The main aim of this paper is to prove that the maximal operator of Marcinkiewicz-
Fejér means of double Fourier series with respect to the Kaczmarz system is bounded from the
dyadic Hardy-Lorentz space Hpq into the Lorentz space Lp, for every p > % and 0 < g <
oo provided that the supremum in the maximal operator is taken over special indices. As a
consequence, we obtain the a.e. convergence of Marcinkiewicz-Fejér means of double Fourier
series for special indices with respect to the Walsh-Kaczmarz system. That is, o,n (f, 2", x%) —
£ x) ae. as n— oco.

1. Introduction

In 1939 Marcinkiewicz [6] proved for two-dimensional trigonometric system that
the Marcinkiewicz means of a function converge to the function itself almost evrywhere
forall f € LlogL([0,27)?). Zhizhiashvili [15] improved this result for f € L([0, 27]?).
Dyachenko [1] proved this result for dimensions greater than 2.

For the two-dimensional Walsh-Fourier series Weisz [13] proved that the maximal
operator

o'f = Supl > Si()
=1 N =1

is bounded from the two-dimensional dyadic martingale Hardy-Lorentz space H,, to
the Lorentz space L,, for p > 2/3 and 0 < ¢ < oo and is of weak type (1,1).
Goginava [4] generalized the theorem of Weisz for d-dimensional Walsh-Fourier series.
The a.e. convergence of the arithmetic means of quadratical partial sums of double
Vilenkin-Fourier series was studied by Gdt [3].

In 1948 Sneider [11] introduced the Walsh-Kaczmarz system and showed that the
inequality

DK
lim sup ———= () =>C>0
n—oo lOgn
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holds a.e. In 1974 Schipp [8] and Young [12] proved that the Walsh-Kaczmarz system is
a convergence system. Skvorcov in 1981 [10] showed that the Fejér means with respect
to the Walsh-Kaczmarz system converge uniformly to f for any continuous functions
f . Gat [2] proved, for any integrable functions, that the Fejér means with respect to the
Walsh-Kaczmarz system converge almost everywhere to the function. Gat’s Theorem
was extended by Simon [9] to H,, spaces, namely that the maximal operator of Fejér
means of the one-dimensional Fourier series is bounded from Hardy-Lorentz spaces into
Lorentz spaces for p > 1/2 and 0 < g < co. He also showed (H,,, L,;) -boundedness
for every 0 < p < 1 if the maximal operator of the Fejér means is considered only of
order 2".

The main aim of this paper is to prove that the maximal operator of Marcinkiewicz-
Fejér means of double Fourier series with respect to the Kaczmarz system is bounded
from the dyadic Hardy-Lorentz space H), into the Lorentz space L,, for every p > %
and 0 < g < oo provided that the supremum in the maximal operator is taken over
special indices. As a consequence, we obtain the a.e. convergence of Marcinkiewicz-
Fejér means of double Fourier series for special indices with respect to the Walsh-
Kaczmarz system. That is, o (f,x',x?) — f (x',x?) a.e.as n — oo.

2. Definitions and notation

Let K := [0, 1) denote the unique interval in R. By a dyadic interval in K we
mean one of the form [I/2%, (I+1)/2%) forsome k,l € N (N:={0,1,...}). Fora K >
x = D70 xi/2t the sets I, (X0, .oy Xu—1) = {y € K : Y0 = X0, -ces Y1 = Xn—1} are
the dyadic intervals of length 27" Let [, := 1, (0, ...,0) . The o -algebra generated by
the dyadic 2-dimensional cubes I? of length 2% x 2=* will be denoted by Fy (k € N).
Let + denote the dyadic or so called logical addition [7]. Let L,(K) denote the usual
Lebesgue spaces on K with the corresponding norm ||.||, (and the elements of L, are
bounded 1-periodic functions).

The Lorentz space Ly, (Kz) ,0 < p,g < co with norms or quasi-norms ||-||pq is
defined in the usual way (For details see e.g. Weisz [14]).

Denoteby f = (f,,n € N) aone-parameter martingale with respectto (F,,,n € N).
The maximal function of the martingale f is defined by

f* =suplfal-

neN

For 0 < p,q < oo the Hardy-Lorentz martingale space H, ,(K?*) consists of all
martingales for which

Flly,, = 1" ,q < oo.

Abounded measurable function a is a p-atom, if there exists a dyadic 2-dimensional
cube 12, such that

a) [adu=0;
12

b) llall, <u(*)~'r;
c) supp a C I*.
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An operator T which maps the set of martingale into the collection of measurable
functions will be called p-quasi-local if there exists a constant C, > 0 such that for
evey p-atom a

|TalP < C, < o0,
K2\P
where I? is the support of the atom.
The Rademacher functions are defined by

1 ifxe[0,1/2),

ra(x) ;= r9(2"x), n>1andx € K, where ry(x) :=
) @) ) { -1 ifxe[l/2,1),

and ro(x + 1) := ro(x). Each natural number n can be uniquely expressed as n =
Sooni2's ni€{0,1} (i € N), where only a finite number of n;’s are different from
zero. Let the order of 1 < n be denoted by |n| := max{j € N:n; # 0}.

The Walsh-Paley functions are defined by

o0

W (X) := H(rk(x))"k.

k=0
The Walsh-Kaczmarz functions are defined by xy := 1 and for n > 1

|n]—1

Kn(x) = r|n\(x) H (r|”‘*1*k(x))nk'

k=0

Each x € K = [0,1) can be expressed as x = Zjo:ooxﬂ_"_l , where x; € {0,1}
(j € N). This expression is unique if x is not a dyadic rational. In other words, if x is
not of the form j/2", where j, n are nonnegative integers. If x is a dyadic rational, then
we choose the expansion which terminates in zeros. In this way we have the unicity of
this expression for all x. Later we need the notation e, := %, Xs€s = % .

For A € N define the transformation 74 : K — K by

71 22 2A-1 2j+1
j=A
In other words, if the coordinates of x are xo,xy,...,X4—1,Xa, ... , then the coordinates
of T4(x) are x4o—1,Xa—2,...,X1,X0, X4, - . - . By the definition of 74 (see [10]), we have

k() = g (W (T (x)) (n € Nox € [0,1)).
The Dirichlet kernels are defined by

n—1
Di(x) =) ou(x),
k=0

where o = wy or K;. Recall that
2" ifx €[0,1/2"),

Dy (x) := Diu(x) = Diu(x) = { 0, ifxe[1/2%1).
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The Fourier coefficients (if f is an integrable function), the partial sums of Fourier
series, the Fejér means and the Fejér kernels are defined as follows:

n—1

Fe(n) = / Fon SH(F.x) = S F(k)ou(x)

k=0

1 ¢ 1 ¢
15 (f,x) == - ZS,?(f,x), K%(x) := - ZD,?(X),
k=0 k=0

where o, = w, or k,. The 2-dimensional Dirichlet kernels and Marcinkiewicz-Fejér
kernels are defined by

1 n
Dy(x', %) := DY (< )Df (¥), Ky (', #%) i= =3 D(x', 7).
"=
The Marcinkiewicz means of the two dimensional function f is
1 n
Gr(tx(f>xl7x2) = ; Zslg,k(f>xl7x2)'
k=0

If f is a martingale, that is, f = (fo,f1,...), then the Fourier coefficients must be
defined in a little bit different way:

f%n,m) = MM [ fi 0,
K

For f we consider the maximal operator

o'f (x', %) = Sgpldé‘A(ﬂxl,xz)L

3. Formulation of main results

THEOREM 1. Let f € H,,(K*), p> 1, 0< g < 0o. Then

#

lo* 1, < Cp.a) IF I, -

COROLLARY 1. Let f € Li(K?). Then

[ | < CIIFl, -

weak_L; > Ly

COROLLARY 2. Let f € Li(K?). Then

o (f,x',x%) — f(x',x?) a.e. as n— oo.
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4. Auxiliary propositions

We shall need the following lemmas (see [13, 2, 5]).

LEMMA 1. (Weisz) Suppose that the operator T is sublinear and p -quasi-local
foreach 0 < py <p < 1. If T is bounded from Lo, (K?) to Lo (K?), then

ITf N,y < CP. @),y (€ Hpg (K?))

forevery 0 < py <p < oo and 0 < q < oo. In particular, for f € Li(K?), it holds

HTle,oo = ||Twaeak_L1(Kd) < CHle .

LEMMA 2. (Gdt) Let A,s € N, A > 5. Suppose that x € I\l . Then for the one
dimensional Fejér kernel

w
24

0, if x—exs¢1
()_{ ¢ Ia

27Lif x— e, € 1.

LEMMA 3. (Nagy) Let A,s,l € N;s < 1 < A, (x",%?) € (I\L+1) x (I\L1+1) -
Then

0 if 3i€By,x! #x7,
0 if VlEBl,xl —x ,dm € By, x fesfemgéllﬂ,x;:l,
K (,) =
2stm=2 if Vie Bl,x —x ,3m € By, x'—e;—e,, € Il+1,x,1ﬂ =1,
22570 f xl—ey € Iy (Vi € Bl,xi = x,z) ,
where By ={l+1,..,.A—1}, B ={s+1,...,1}.

LEMMA 4. (Nagy) Let A,s,1 € N,s <1 <A, (x',x*) € Iy x (I\I;+1) and t <
t+1<A. Then

0 if 3 t<t+1<A X —xle,— e ¢ Xt #0,
K (xl,xz) = =2 if At<t+1<Ax*—xe,—en € IA,thH ¢0,
27 (Ar) if X —xle € Iy,
where n(A,1) = [-274 (24 =271 +1/2) — (24 - 2)].

LEMMA 5. (Nagy) Let A € N, (xl,xz) € G xG. Then

A—1 A—1
24KX (x x = I+Z2JD2,2, (x X +Z2JD2, ) (xz) K (‘L’j (xz))
J=0 j=0

X2y ()5 () K5 (5 (01) + 320 () K (5 () 5 ().
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COROLLARY 3.
sup/ A ( 2) dx'dx* < oo.
K2
Proofof Corollary 3. Since sup f x)dx < oo and sup [ K} (x',x?) dx'dx® <
A g2
oo we obtain the proof of Corollary 3 from Lemma 5.

5. Proofs of the main results

Proof of Theorem 1. By Lemma 1, the proof of Theorem 1 will be complete if we
show that the operator 6* is p-quasi-local for each 1/2 < p < 1 and bounded from
Loo(K?) to Loo(K?).

The boundedness follows from Corollary 3.

Let a be an arbitrary atom with support R =1 xJ and u (I) = u (J) =27V, We
may assume that I =J = Iy. Itis easy to see that 0,4 (a) = 0 if A < N. Therefore,
we can suppose that A > N.

Using Lemma 5 and the fact that

. 2" x € I,
o (x) = { Ox ¢ I, (1)
for (x',x?) € K*\ (Iy x Iy) we write

(72Acz()cl,)62):i / (', 7) 1+Z2JD2, (x' + 7,2+ 1)

JA
Iy X1y
A—1
F2Dy (3 1) 1 (24 P) Ky (5 (24 7))
j=0
A1
+ZZJD x+t) (x +I)KW( (.X +l))
j=0
A—1
+ 3 2n (M 2 2) K (1 (6 1) (P 4 ) | drtar
j=0
2
1 A—1 ()
= / a (7)) S 2Dy () 1y (P) KY (1 (P +2)) di'dr?
Iy X1y J=N+1

A—1
tar [@(2) 30 2Dy (242 1y (¢ +4') K3 (5 (' +4')) dit i x

Iy X1y Jj=N+1
1 A—1
o5 | @ (£, 7)Y 2y (M 4?4 2) K (5 (x5 (P +2)) di'
Iy X1y J=N+1

= 62(/14)" (x1>X2) + G§i>a (xl,xz) + O'S)a (xl,xz) .
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Step 1. Integrating over (K\Iy) x (K\Iy). Using (1) and the fact that |a| <
c2?NIP we have

Gz(i)a (xl,xz) =0, (3)
Gz(i)a (xl,xz) =0, (4)
) 22N/p S
oa ()| < e Z » /|KW( (), (24R)) | ddi. (5)
Jj=N+1 Iy x1Iy

By Lemma 3 we see that K’ (7:, (x + tl) (x =+ tz)) # 0 implies that one of
the four cases below must hold.
1) xtely (x(l),...,xbl,_l,xbl, = 1,0,...,0),
it = (0,...,O,x}v,...,xjtl,t]»l,...),
X e ly (x(l), ...JCLI,O7 ...70,)(31 = 1,0, ...,xl2 = 1,0, ...,0) ,

2 2 2 2 .
= (07...70,xN7...7xj_1,tj7...) ;

2) 1 1 1 1
x €ly (xo, e XX, = 1,0, ...,0) ,
1 _ 1 1
t = (07...,0,xN7...7x4 1,tj7...),
2 €Iy (%05, X0 _1,0,...,0 1,0,...,0
X" € N(xo,...,xs_l, s ,xm— ,0,.., ),
2 _ 2 2 2 2 22 .
= (07"'70’XN7"'7x171’ 1 *xl,le,..., 1,[ ,...) 5
3) 1 1 1 1
x €ly (xo, e Xg_1, %, = 1,0, ...,0) ,
1 _ 1 1
t = (07...70,xN7...7xj71,tj7...),
2 1 1
x ely (xo,...,xs_l,O,...,O),
2 _ 2 2 2 2 2 2 2 2 2 .
= (0,...,0,xN,. Xy L= X0 X0 g e X 1 *xl’x1+17~-~7xj_1’fj’-~-) ;
1 1 1
4) x €ly (xo,...,xN_l) ,

I (0, ...,OJ}\,, -~-7t§—17 1 —x;,xHh ...7)cj1_1,tj17 ) ,
X ely (x(l), -~-ax11v71) ,
P = (0, ey O, X% At xR xR
1 —xfn,xfnﬂ, | —xlz,)clz+17 ...,xf_l,tf7 ) .

First, we consider the case 1). From Lemma 3 it is clear that

’KW( x—H) (x +7) ’dtldt2
Iy X1y
2j—l+j—m _
22 IN(x(l],m,x; =10, ,0) ><IN( bl 0, ,0xm_1o.AAA,xg:l,o,m,o) (x ,x)
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Next, we consider the case 2). We have
/ K2 (5 (7 + 1) 5 (2 + )| dr'dr?
Iy X1y
c
S ﬁzzj e "1, Iy (el =1,0,.0) Xy (4ol 0,00,,=1,0,...0) (', x)

< chmell (vcl xl,xz) .

v (3 =10, O)XIN(x(l) ..... A 0,002,100 o)(

Now, we consider the case 3). We have

Ky (g (" +1') 5 (2 + 2)) | dr' ar?

INXIN
221 %;2’ e ml ..... X =100 Xy (bl 0,...0) (xl’xz)
\C2 . IIN(X(I],4“,‘CL lvcsl.:l,O 44444 0) XIN(.vc(l) ..... xiil,o ..... 0) xl’xz)'

Finally, we consider the case 4). We write

[ 1K (5 +11) (2 + ) artar

INXIN
i
i j—Il+j—mn~s—N 1 .2
<3 ;VIZZP 2 (o) i () ()

From (5)-(9) we obtain

P
/ sup 52(/34>a (xl,xz)‘ dx'dx*
(K\IN X (K\Iy)
N

<C22NZZZQ*"+1P22N czz - < oo for 1/2<p< 1.

s=1 l=s m=s s=1

Combining (3), (4) and (10) we obtain that (1/2 < p < 1)

(G#a ( )) dx'dx? < ¢p < 0.
(K\Iy) % (K\Iy)

Step 2. Integrating over Iy X (K\Iy). Then, we can write

O, a (xl,xz) = G( )a( ) + o ( ) (xl,xz)

(7)

(10)

(11)
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From (1) we have

(1) 1 22N/p w 2, 2 172
opa (x'.2)| < e Z Y [ Dy () Ky (5 (2 +2)) di'dr
Jj=N+1 IvXIy (13)
22N/p —
sz/m 5 (@ + 7)) dP.
Jj=N+1

Using Lemma 2 we conclude that K; (’L’j (x2 =+ tz)) # 0 implies that

x> €Iy (0,...,0,x}=1,0,...,0) for some s=1,...,N and 1= (0, ...,0,xy, .., x7_|, %7, ...) .

’ 1717 j
Hence,
Ky (5 (* +1)) d* < A )< 21 2
2 (TJ (x + SC 5 In(0,.0.3=10,...0) (x S 55 1N (0,,0.3=10,...0) (x),
IN
and consequently,
™ (1.2 2N 1
/ :gg o,)a (x',x )‘ dx'dy® < ¢,2 Z > 53N < ¢p < 00. (14)
Iy % (I\Iy)

Using Lemmas 3—4 it is clear that K7 (T] (x +t1) (x +t2)) = 0 implies that:

5) X ey (0),

= (0, ey 0, XNy ooy Xy L= X bt = xh o x tjl, )
x* €1y (0,...,0,x = 1,0...,0),,
£ = (0,...,O,xlzv,...,xf_l,tf,...) ;
6) x' €1y (0),
' =(0,..,0,xy, ... x| 1,1, ...)
x* €1y (0,...,0,x = 1,0,...,0),

2 _ 2 1 11 2 2 .
= (07 s 0,3, e X L =X, X000 ~'~7xj—1atja'~') ;
7) x! ely (0) s
1 _ 1 1 1
r = (O,...70,xN,...7xj71,tj,...)

x* €1y (0,...,0,x = 1,0,...,0),

r= (0, ...,O,xlzv, e ,szfl, tjz, ) ;
8) x' e ly(0),

' = (O,...70,x,1\,,...7x}71,tj1,...)

X €1y (0,...,0,x7 = 1,0,...,0,x, = 1,0, ...,0),,
r= (0,...,O,xlzv,...,xffl,tjz,...) ;
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Consider the case 5). As above we get that

Ky (5 (x" +1) .5 (2 +2)) | ar'ar?
Iy X1y (15)
< CzileIN(O)XIN(O,AAA,O,x?:l,OM,O) (', 2%) .

Using Lemma 4 for case 6) we obtain

[ Ik (56t r) 5 (2 4 2) artar

Iy X1y

J
¢ j—mtj—1 12 (16)
< 2 Z ymm llN(o)xlN(o,m,o,xi:l,om,o) (x X )

1.2
Iy(0)xIy (0...042=10...0) (x )X ) :

The estimation of cases 7) and 8) is analogous to the estimation of cases 5) and 6)
and we have

[ IR (56t 1) 5 (2 ) artar
Iy X1y (17)

/ Ky (5 (&' + 1), 5 (@ + 7)) | ar'ar?
INXIN (18)

s 12
<2 Y11,\,(0)x1,\,(0 ,,,, 0.2=10....0=10....0) (x ) X ) .

By (11) — (18) we have
P
/ sup 62(/34>a (xl,xz)‘ dx'dx*

A>N
Iy X (K\In)

| [EAR L T T 11 11
2N
<o (eSS g + L A L i
=1 S
< ¢p < 0.

Combining (12), (14) and (19) we obtain that

/ (O'#G (xl,xz))p dx'dx* < cp < 00.
Iy x (K\Iy)

Step 3. Integrating over  (K\Iy) X Iy.
The case is analogous to step 2. [
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