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GENERALIZATION OF THE KANTOROVICH TYPE OPERATOR

INEQUALITIES VIA GRAND FURUTA INEQUALITY

JADRANKA MIĆIĆ AND JOSIP PEČARIĆ

(communicated by N Elezović)

Abstract. In this note we show the characterization of the δ -order by means of a generalized
Kantorovich constant via Grand Furuta inequality, which is an extension result of that from M.
Fujii, E. Kamei and Y. Seo, Kantorovich type operator inequalities via grand Furuta inequality,
Sci. Math., 3, (2000), 263–272. Among other, we show the following characterization of the
δ -order: Let A,B be positive invertible operators on a Hilbert space H satisfying MI � A �
mI > 0 and NI � B � nI > 0 . Then the following statements are mutually equivalent for each
δ ∈ [0, 1] :

(i) Aδ � Bδ ,

(ii) K(nr, Nr, 1 +
p − δ

r
, 1 +

q − δ
r

)Aq � Bp for all p > δ, q > δ and r > δ,

(iii) K(mr,Mr , 1 +
q − δ

r
, 1 +

p − δ
r

)Aq � Bp for all p > δ, q > δ and r > δ,

where the case δ = 0 means the chaotic order logA � log B .

1. Introduction

Let B(H) be the C*-algebra of all bounded linear operators on a Hilbert space
H and B++(H) be the set of all positive invertible operators of B(H) . We denote by
Sp(A) the spectrum of the operator A .

The following TheoremF is an ingenious extension of the celebrated Löwner-Heinz
theorem: A � B � 0 ensures Ap � Bp for any 0 � p � 1 .

THEOREM F (FURUTA INEQUALITY)
If A � B � 0 , then for each r � 0

(i)
(
B

r
2 ApB

r
2
) 1

q �
(
B

r
2 BpB

r
2
) 1

q

and
(ii)

(
A

r
2 ApA

r
2
) 1

q �
(
A

r
2 BpA

r
2
) 1

q

hold for p � 0 and q � 1 with
(1 + r)q � p + r .

(1, 1)

(1, 0)
(0, )�r

q = 1 (1 + ) = +r q p r

p q=

p

q

Figure: The range of Furuta inequality
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Furuta [5] established the following Theorem G as an extension of Theorem F.

THEOREM G (THE GRAND FURUTA INEQUALITY). If A � B � 0 and A is
invertible, then for each t ∈ [0, 1] ,

{Ar
2 (A− t

2 ApA− t
2 )sA

r
2 } 1

q � {Ar
2 (A− t

2 BpA− t
2 )sA

r
2 } 1

q

holds for any s � 0 , p � 0 , q � 1 and r � t with (s − 1)(p − 1) � 0 and
(1 − t + r)q � (p − t)s + r .

Related to the Löwner-Heinz theorem, the following proposition is also well
known: A � B � 0 does not always assure Ap � Bp for any p > 1 . Associated with
this result, Furuta [6] showed the following Kantorovich type operator inequality.

THEOREM A. If A � B � 0 with Sp(A) ⊆ [m, M] and Sp(B) ⊆ [n, N] for some
scalars 0 < m < M and 0 < n < N , then(

N
n

)p−1

Ap � K(n, N, p)Ap � Bp holds for all p � 1

and (
M
m

)p−1

Ap � K(m, M, p)Ap � Bp holds for all p � 1,

where a generalized Kantorovich constant K(m, M, p) is defined as

K(m, M, p) =
mMp−Mmp

(p−1)(M−m)

(
p−1
p

Mp−mp

mMp−Mmp

)p

for all real number p ∈ R.

(1.1)
Especially K(m, M, p) for p > 1 can be usually written by

K(m, M, p) =
(p − 1)p−1

pp

(Mp − mp)p

(M − m)(mMp − Mmp)p−1
for all p > 1 .

The order between operators A, B ∈ B++(H) defined by logA � logB is said
to be chaotic order A � B . We consider the class of orders Aδ � Bδ for δ ∈ [0, 1] ,
where the case δ = 0 means the chaotic order. The following lemma shows that the
Furuta inequality interpolates the usual order and the chaotic one [3, Lemma 1].

LEMMA B. Let A, B ∈ B++(H) . Then the following statements are mutually
equivalent for each δ ∈ [0, 1] :

(i) Aδ � Bδ , where the case δ = 0 means A � B.

(ii) Ap+δ �
(
A

p
2 Bp+δA

p
2

) p+δ
2p+δ

for all p � 0.

(iii) Au+δ �
(
A

u
2 Bp+δA

u
2

) u+δ
p+u+δ

for all p � 0 and u � 0.

As applications of Lemma B and the grand Furuta inequality, Fujii et al. gave in
[3, Theorem 2] the following:
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THEOREM C. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 . Then the following
statements are mutually equivalent for each δ ∈ (0, 1] :

(i) Aδ � Bδ .
(ii) For each n ∈ N and α ∈ [0, 1]

K(m
(p−δ+αu)s−αu

n , M
(p−δ+αu)s−αu

n , n + 1)A(p−δ+αu)s �
(
A

αu−δ
2 BpA

αu−δ
2

)s

holds for s � 1 , p � δ and u � δ with (p − δ + αu)s � (n + α)u.

(iii) For each n ∈ N

K(m
(p−δ )s

n , M
(p−δ )s

n , n + 1)
1
s Ap � Bp

holds for s � 1 and p � δ with (p − δ)s � nδ.

(iv) (M
m )p−δAp � Bp holds for p � δ .

In this note we show the characterization of the δ -order by means of a generalized
Kantorovich constant via Grand Furuta inequality, which is simultaneous extension
results given in [3] and [10].

2. Results

The following theorem is our key theorem which is a two variable version of
Theorem A.

THEOREM 2.1. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] and Sp(B) ⊆ [n, N] for some scalars 0 < m < M and
0 < n < N . If A � B � 0 , then

Np−1

nq−1
Aq � K(n, N, p, q)Aq � Bp for all p > 1 and q > 1 (2.1)

and
Mq−1

mp−1
Ap � K(m, M, p, q)Ap � Bq for all p > 1 and q > 1 , (2.2)

where

K(n, N, p, q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

nNp−Nnp

(q−1)(N−n)

(
q−1
q

Np−np

nNp−Nnp

)q

if qnp−1 � Np − np

N − n
� qNp−1,

np−q if
Np − np

N − n
< qnp−1,

Np−q if qNp−1 <
Np − np

N − n
,

(2.3)
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and

K(m, M, p, q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(mMp − Mmp)Mq−pmq−p

(q − 1)(M − m)

(
q − 1

q
Mp − mp

mMp − Mmp

)q

if qmp−1 � Mp − mp

M − m
� qMp−1,

Mq−p if
Mp − mp

M − m
< qmp−1,

mq−p if qMp−1 <
Mp − mp

M − m
.

(2.4)

REMARK 1.We have the following relations between K and K :
(1) For 0 < m < M

(i) K(m, M, p, q) = (mM)q−pK(m, M, p, q) ,
(ii) K(M−1, m−1, p, q) = (mM)q−pK(m, M, p, q) .

(2) If we put p=q in (i) , then we have K(m, M, p, p)=K(m, M, p, p)=K(m, M, p) .

By virtue of Lemma B we show the following Kantorovich type characterization
of the δ -order by means of a generalized Kantorovich constant via Grand Furuta
inequality, which is simultaneous extension both of results due to Fujii-Kamei-Seo [3]
and Mićić-Pečarić-Seo [10].

THEOREM 2.2. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 , and let K(m, M, p, q)
be defined in (2.4) . Then the following statements are mutually equivalent for each
δ ∈ (0, 1] :

(i) Aδ � Bδ .
(ii − 1) For each n > 0 and α ∈ [0, 1]

K(m
(p−δ+αu)s−αu

n , M
(p−δ+αu)s−αu

n , n
(q − δ + αu)s − αu
(p − δ + αu)s − αu

+ 1, n + 1)A(q−δ+αu)s

�
(
A

αu−δ
2 BpA

αu−δ
2

)s

holds for s � 1 , p � δ , q � δ and u � δ with (p − δ + αu)s � (α + n)u .
(ii − 2) For each n > 0 and α ∈ [0, 1]

K(m
(p−δ+αu)s+(1−α)u

n+1 , M
(p−δ+αu)s+(1−α)u

n+1 , (n+1)
(q−δ+αu)s+(1−α)u
(p−δ+αu)s+(1−α)u

, n+1)A(q−δ+αu)s

�
(
A

αu−δ
2 BpA

αu−δ
2

)s

holds for s � 1 , p � δ , q � δ and u � δ with (p − δ + αu)s � (α + n)u .
(iii − 1) For each n > 0

K(m
(p−δ )s

n , M
(p−δ )s

n , n
q − δ
p − δ

+ 1, n + 1)
1
s Aq � Bp
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holds for s � 1 , p � δ and q � δ with (p − δ)s � nδ.
(iii − 2) For each n > 0

K(m
(p−δ )s+δ

n+1 , M
(p−δ )s+δ

n+1 , (n + 1)
(q − δ)s + δ
(p − δ)s + δ

, n + 1)
1
s Aq � Bp

holds for s � 1 , p � δ and q � δ with (p − δ)s � nδ.

(iv − 1) Mp−δ

mq−δ Aq � Bp holds for p � δ and q � δ .

(iv − 2) (M
m )p−δAp � Bp holds for p � δ .

Suppose that besides the conditions above (i.e. A, B ∈ B++(H) with Sp(A) ⊆
[m, M] for some scalars M > m > 0 ) also a condition Sp(B) ⊆ [m, M] holds. If we
replace K(m, M, q, p) by K(m, M, p, q) in (ii − 1) , (ii − 2) , (iii − 1) and (iii − 2) ,
then the statements (i) – (iv − 2) are mutually equivalent for each δ ∈ (0, 1] .

In particular, if we put δ = 1 in Theorem 2.2, then we obtain the following
Kantorovich type characterization of the operator order, which is a two variable gener-
alization of [2, Theorem 3].

THEOREM 2.3. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 , and let K(m, M, p, q)
be defined in (2.4) . Then the following statements are mutually equivalent:

(i) A � B
(ii − 1) For each n > 0 and α ∈ [0, 1]

K(m
(p−1+αu)s−αu

n , M
(p−1+αu)s−αu

n , n
(q − 1 + αu)s − αu
(p − 1 + αu)s − αu

+ 1, n + 1)A(q−1+αu)s

�
(
A

αu−1
2 BpA

αu−1
2

)s

holds for s � 1 , p � 1 , q � 1 and u � 1 with (p − 1 + αu)s � (α + n)u .
(ii − 2) For each n > 0 and α ∈ [0, 1]

K(m
(p−1+αu)s+(1−α)u

n+1 , M
(p−1+αu)s+(1−α)u

n+1 , n
(q − 1 + αu)s − αu
(p − 1 + αu)s − αu

+ 1, n + 1)A(q−1+αu)s

�
(
A

αu−1
2 BpA

αu−1
2

)s

holds for s � 1 , p � 1 , q � 1 and u � 1 with (p − 1 + αu)s � (α + n)u .
(iii − 1) For each n > 0

K(m
(p−1)s

n , M
(p−1)s

n , n
q − 1
p − 1

+ 1, n + 1)
1
s Aq � Bp

holds for s � 1 , p � 1 and q � 1 with (p − 1)s � n.
(iii − 2) For each n > 0

K(m
(p−1)s+1

n+1 , M
(p−1)s+1

n+1 , (n + 1)
(q − 1)s + 1
(p − 1)s + 1

+ 1, n + 1)
1
s Aq � Bp

holds for s � 1 , p � 1 and q � 1 with (p − 1)s � n.
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(iv − 1) Mp−1

mq−1 Aq � Bp holds for p � 1 and q � 1 .
(iv − 2) (M

m )p−1Ap � Bp holds for p � 1 .
Suppose that besides the conditions above (i.e. A, B ∈ B++(H) with Sp(A) ⊆

[m, M] for some scalars M > m > 0 ) also a condition Sp(B) ⊆ [m, M] holds. If we
replace K(m, M, q, p) by K(m, M, p, q) in (ii − 1) , (ii − 2) , (iii − 1) and (iii − 2) ,
then the statements (i) – (iv − 2) are mutually equivalent.

We show the following Kantorovich type characterization of the chaotic order
which are parallel to the operator order versions of Theorem 2.3. Moreover, it is a two
variable generalization of [9, Theorem 4], cf. [2, Theorem 4].

THEOREM 2.4. A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 , and let K(m, M, p, q)
be defined in (2.4) . Then the following statements are mutually equivalent:

(i) A � B (i.e. logA � logB) .
(ii − 1) For each n > 0 and α ∈ [0, 1]

K(m
(p+αu)s−αu

n , M
(p+αu)s−αu

n , n
(q + αu)s − αu
(p + αu)s − αu

+ 1, n + 1)A(q+αu)s �
(
A

αu
2 BpA

αu
2

)s

holds for s � 1 , p � 0 , q � 0 and u � 0 with (p + αu)s � (α + n)u .
(ii − 2) For each n > 0 and α ∈ [0, 1]

K(m
(p+αu)s+(1−α)u

n+1 , M
(p+αu)s+(1−α)u

n+1 , (n + 1)
(q + αu)s + (1 − α)u
(p + αu)s + (1 − α)u

, n + 1)A(q+αu)s

�
(
A

αu
2 BpA

αu
2

)s

holds for s � 1 , p � 0 , q � 0 and u � 0 with (p + αu)s � (α + n)u .
(iii) For each n > 0

K(m
ps
n , M

ps
n , n

q
p

+ 1, n + 1)
1
s Aq � Bp

holds for s � 1 , p � 0 and q � 0 .
(iv) S(h, q, p)Aq � Bp holds for p � 0 and q � 0 ,

where h = M
m > 1 and

S(h, p, q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mq−p (hp − 1)h
q

hp−1

eq log h
if q � hp − 1

log h
� qhp,

Mq−p if
hp − 1
log h

� q,

mq−p if qhp � hp − 1
log h

.

Suppose that besides the conditions above (i.e. A, B ∈ B++(H) with Sp(A) ⊆
[m, M] for some scalars M > m > 0 ) also a condition Sp(B) ⊆ [m, M] holds.
If we replace K(m, M, q, p) by K(m, M, p, q) in (ii) and (iii) , and S(h, q, p) by
S(h, p, q) = Mq−pmq−pS(h, p, q) in (iv) , then the statements (i) – (iv) are mutually
equivalent.
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3. Applications

In this section, as applications of our results in Section 2, we show extensions of
results given in [3, 10, 13].

By Theorem 2.2 we show a characterization of the δ -order by means of a gen-
eralized Kantorovich constant, which is a two variable generalization of [3, Corollary
4].

THEOREM 3.1. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] and Sp(B) ⊆ [n, N] for some scalars 0 < m < M
and 0 < n < N , and let K(m, M, p, q) and K(m, M, p, q) be defined in (2.4) and
(2.3) , respectively. Then the following statements are mutually equivalent for each
δ ∈ (0, 1] :

(i) Aδ � Bδ .
(ii) K(nr, Nr, 1 + p−δ

r , 1 + q−δ
r )Aq � Bp for all p > δ , q > δ and r > δ .

(iii) K(mr, Mr, 1 + q−δ
r , 1 + p−δ

r )Aq � Bp for all p > δ , q > δ and r > δ .

In particular, if we put δ = 1 in Theorem 3.1, then we have the following
characterization of the operator order by means of a generalized Kantorovich constant.

THEOREM 3.2. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] and Sp(B) ⊆ [n, N] for some scalars 0 < m < M and
0 < n < N , and let K(m, M, p, q) and K(m, M, p, q) be defined in (2.4) and (2.3) ,
respectively. Then the following statements are mutually equivalent:

(i) A � B .
(ii) K(nr, Nr, 1 + p−1

r , 1 + q−1
r )Aq � Bp for all p > 1 , q > 1 and r > 1 .

(iii) K(mr, Mr, 1 + q−1
r , 1 + p−1

r )Aq � Bp for all p > 1 , q > 1 and r > 1 .

By Theorem 2.4 we show a characterization of the chaotic order, which is two
variable generalization of [13, Theorem 3].

THEOREM 3.3. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] and Sp(B) ⊆ [n, N] for some scalars 0 < m < M and
0 < n < N , and let K(m, M, p, q) and K(m, M, p, q) be defined in (2.4) and (2.3) ,
respectively. Then the following statements are mutually equivalent:

(i) A � B ( i.e. logA � logB ) .
(ii) K(nr, Nr, 1 + p

r , 1 + q
r )A

q � Bp for all p > 0 , q > 0 and r > 0 .
(iii) K(mr, Mr, 1 + q

r , 1 + p
r )A

q � Bp for all p > 0 , q > 0 and r > 0 .

If we put p = q in Theorem 2.2, then we obtain an extension of Theorem C.

THEOREM 3.4. Let A, B ∈ B++(H) be positive invertible operators on a Hilbert
space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 , and let K(m, M, p)
be defined in (1.1) . Then the following statements are mutually equivalent for each
δ ∈ (0, 1] :

(i) Aδ � Bδ .
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(ii − 1) For each n > 0 and α ∈ [0, 1]

K(m
(p−δ+αu)s−αu

n , M
(p−δ+αu)s−αu

n , n + 1)A(p−δ+αu)s �
(
A

αu−δ
2 BpA

αu−δ
2

)s

holds for s � 1 , p � δ and u � δ with (p − δ + αu)s � (α + n)u .
(ii − 2) For each n > 0 and α ∈ [0, 1]

K(m
(p−δ+αu)s+(1−α)u

n+1 , M
(p−δ+αu)s+(1−α)u

n+1 , n + 1)A(p−δ+αu)s �
(
A

αu−δ
2 BpA

αu−δ
2

)s

holds for s � 1 , p � δ and u � δ with (p − δ + αu)s � (α + n)u .
(iii − 1) For each n > 0

K(m
(p−δ )s

n , M
(p−δ )s

n , n + 1)
1
s Ap � Bp

holds for s � 1 and p � δ with (p − δ)s � nδ.
(iii − 2) For each n > 0

K(m
(p−δ )s+δ

n+1 , M
(p−δ )s+δ

n+1 , n + 1)
1
s Ap � Bp

holds for s � 1 and p � δ with (p − δ)s � nδ.

(iv)
(

M
m

)p−δ
Ap � Bp holds for p � δ .

Finally, if we put n = 1 in (ii − 1) and (iii − 1) of Theorem 2.2, then we
obtain the following Kantorovich type characterization of the δ -order by means of the
Kantorovich constant.

COROLLARY 3.5. Let A, B ∈ B++(H) be positive invertible operators on a
Hilbert space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 . Then the
following statements are mutually equivalent for each δ ∈ (0, 1] :

(i) Aδ � Bδ .
(ii) For each α ∈ [0, 1]

(MP(δ)+Q(δ) − mP(δ)+Q(δ))2

4MQ(δ)mQ(δ)(MP(δ) − mP(δ))(MQ(δ) − mQ(δ))
A(q−δ+αu)s �

(
A

αu−δ
2 BpA

αu−δ
2

)s

holds for s � 1 , p � δ , q � δ and u � δ with (p − δ + αu)s � (α + 1)u , where
P(δ) = (p − δ + αu)s − αu and Q(δ) = (q − δ + αu)s − αu .

(iii)
(

(M(q+p−2δ )s−m(q+p−2δ )s)2

4M(q−δ )sm(q−δ )s(M(p−δ )s−m(p−δ )s)(M(q−δ )s−m(q−δ )s)

) 1
s
Aq � Bp

holds for s � 1 , p � δ and q � δ with (p − δ)s � δ .

In particular, if we put δ = 1 in Corollary 3.5, then we have the following
Kantorovich type characterizations of the operator order.

COROLLARY 3.6. Let A, B ∈ B++(H) be positive invertible operators on a
Hilbert space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 . Then the
following statements are mutually equivalent:

(i) A � B .
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(ii) For each α ∈ [0, 1]

(MP(1)+Q(1) − mP(1)+Q(1))2

4MQ(1)mQ(1)(MP(1) − mP(1))(MQ(1) − mQ(1))
A(q−1+αu)s �

(
A

αu−1
2 BpA

αu−1
2

)s

holds for s � 1 , p � 1 , q � 1 and u � 1 with (p − 1 + αu)s � (α + 1)u , where
P(1) = (p − 1 + αu)s − αu and Q(1) = (q − 1 + αu)s − αu .

(iii)
(

(M(q+p−2)s−m(q+p−2)s)2

4M(q−1)sm(q−1)s(M(p−1)s−m(p−1)s)(M(q−1)s−m(q−1)s)

) 1
s
Aq � Bp

holds for s � 1 , p � 1 and q � 1 with (p − 1)s � 1 .

The following corollary is a two variable generalization of [8, Theorem 4].

COROLLARY 3.7. Let A, B ∈ B++(H) be positive invertible operators on a
Hilbert space H with Sp(A) ⊆ [m, M] for some scalars M > m > 0 . Then the
following statements are mutually equivalent:

(i) A � B ( i.e. logA � logB ) .
(ii) For each α ∈ [0, 1]

(MP(0)+Q(0) − mP(0)+Q(0))2

4MQ(0)mQ(0)(MP(0) − mP(0))(MQ(0) − mQ(0))
A(q+αu)s �

(
A

αu
2 BpA

αu
2

)s

holds for s � 1 , p � 0 , q � 0 and u � 0 with (p + αu)s � (α + 1)u , where
P(0) = (p + αu)s − αu and Q(0) = (q + αu)s − αu .

(iii)
(

(M(q+p)s−m(q+p)s)2

4Mqsmqs(Mps−mps)(Mqs−m(qs)

) 1
s
Aq � Bp holds for s � 1 , p � 0 and

q � 0 .

4. Proofs of the results in Sections 2 and 3

Proof of Theorem 2.1 . The first inequalities (2.1) are showed by Mićić et al. in
[10, Theorem 3.1]. We shall prove (2.2) . As 0 < A−1 � B−1 and M−1 � A−1 � m−1

holds, then by applying the right hand inequality of (2.1) we obtain

A−p � (q − 1)q−1

qq

(m−p − M−p)q

(m−1 − M−1)(M−1m−p − m−1M−p)q−1
B−q

if qM−(p−1) � m−p−M−p

m−1−M−1 � qm−(p−1) ,

A−p � M−(p−q)B−q if
m−p − M−p

m−1 − M−1
< qM−(p−1)

and

A−p � m−(p−q)B−q if qm−(p−1) <
m−p − M−p

m−1 − M−1
.

Then a simple calculation implies

A−p � (q − 1)q−1

qq

(Mp − mp)qMq−pmq−p

(M − m)(mMp − Mmp)q−1 B−q = Mq−pmq−pK(m, M, p, q)B−q
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if qmp−1 � Mp−mp

M−m � qMp−1 ,

A−p � Mq−pB−q = Mq−pmq−pK(m, M, p, q)B−q if Mp−mp

M−m < qmp−1

and

A−p � mq−pB−q = Mq−pmq−pK(m, M, p, q)B−q if qMp−1 < Mp−mp

M−m .

We obtain the right hand inequality of (2.2) by taking inverses in both sides of inequal-

ities above. We have from the left hand inequality of (2.1) that K(m, M, p, q) � Mp−1

mq−1

and we obtain

Bq � Mq−pmq−pK(m, M, p, q)Ap � Mq−1

mp−1
Ap for all p > 1 and q > 1 ,

so the proof of theorem is complete. �

Proof of Theorem 2.2 . We use same idea as in the proof of [3, Theorem 2].
(i) =⇒ (ii − 1) : For given p � δ and u � δ , put A1 = Au and B1 =(

A
u−δ

2 BpA
u−δ

2

) u
p+u−δ

in (iii) of Lemma B. Then we have A1 � B1 � 0 . By the grand

Furuta inequality, it follows that for each t ∈ [0, 1] ,

A
(p1−t)s+r

q1
1 � {Ar

2
1 (A− t

2
1 Bp1

1 A
− t

2
1 )sA

r
2
1 }

1
q1 (4.1)

holds for any s � 1 , p1 � 1 , q1 � 1 satisfying the following two conditions

r � t, (4.2)

(1 − t + r)q1 � (p1 − t)s + r. (4.3)

For given n > 0 , α ∈ [0, 1] and s � 1 , we put p1 = p+u−δ
u , q1 = n + 1 � 1 ,

α = 1 − t and r = (p−δ+αu)s
nu − n+1

n α . Then (4.2) is equivalent to the assumption in
(ii − 1) :

(p − δ + αu)s � (n + α)u (4.4)

and (4.3) is satisfied as the equality holds.
Therefore (4.1) implies that

A
(p−δ+αu)s−αu

n �
{

A
(p−δ+αu)s−(n+1)αu

2n (A
αu−δ

2 BpA
αu−δ

2 )sA
(p−δ+αu)s−(n+1)αu

2n

} 1
n+1

(4.5)

holds for n > 0 , p � δ , α ∈ [0, 1] and s � 1 with the condition (4.4) . By raising
the left hand side to power n (q−δ+αu)s−αu

(p−δ+αu)s−αu + 1 for some q � δ and the right hand side
to power n + 1 , it follows from (2.2) that

K(m
(p−δ+αu)s−αu

n , M
(p−δ+αu)s−αu

n , n
(q − δ + αu)s − αu
(p − δ + αu)s − αu

+ 1, n + 1)×

× A(q−δ+αu)s−αu+ (p−δ+αu)s−αu
n � A

(p−δ+αu)s−(n+1)αu
2n (A

αu−δ
2 BpA

αu−δ
2 )sA

(p−δ+αu)s−(n+1)αu
2n .

(4.6)
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By rearranging (4.6) , we have the desired inequality (ii − 1) :

K(m
(p−δ+αu)s−αu

n , M
(p−δ+αu)s−αu

n , n
(q − δ + αu)s − αu
(p − δ + αu)s − αu

+ 1, n + 1)A(q−δ+αu)s

�
(
A

αu−δ
2 BpA

αu−δ
2

)s
.

(i) =⇒ (ii − 2) can be proved in the same way as (i) =⇒ (ii − 1) . For
given n > 0 , α ∈ [0, 1] and s � 1 we put p1 = p+u−δ

u , q1 = n + 1 � 1 and
r = t = 1−α in (4.1) . Then (4.2) is satisfied as the equality and (4.3) is equivalent
to the assumption in (ii − 2) :

(p − δ + αu)s � (n + α)u. (4.7)

Therefore (4.1) implies that

A
(p−δ+αu)s+(1−α)u

n+1 �
{

A
u(1−α)

2 (A
αu−δ

2 BpA
αu−δ

2 )sA
u(1−α)

2

} 1
n+1

(4.8)

holds for n > 0 , p � δ , α ∈ [0, 1] and s � 1 with the condition (4.7) . By raising
the left hand side to power (n+ 1) (q−δ+αu)s+(1−α)u

(p−δ+αu)s+(1−α)u for some q � δ and the right hand
side to power n + 1 , it follows from (2.2) that

K(m
(p−δ+αu)s+(1−α)u

n+1 , M
(p−δ+αu)s+(1−α)u

n+1 , (n+1)
(q−δ+αu)s+(1−α)u
(p−δ+αu)s+(1−α)u

, n+1)A(q−δ+αu)s

�
(
A

αu−δ
2 BpA

αu−δ
2

)s

holds. So (i) =⇒ (ii − 2) is proved.
(ii − 1) =⇒ (iii − 1) and (ii − 2) =⇒ (iii − 2) : We have only to put α = 0 ,

u = δ in (ii − 1) and (ii − 2) .
(iii − 1) =⇒ (iv − 1) : If we put x = M

m in (iii-1), then we have

K(m
(p−δ )s

n , M
(p−δ )s

n , n
q − δ
p − δ

+ 1, n + 1)
1
s

=

(
nn

(n + 1)n+1
M(p−q)s (x(q−δ)s+ (p−δ )s

n − 1)n+1

(x
(p−δ )s

n − 1)(x(q−δ)s+ (p−δ )s
n − x

(p−δ )s
n )n

) 1
s

→ 1 · Mp−q x(n+1)(q−δ+ p−δ
n )

x
p−δ

n xp−δ xn(q−δ)
=

Mp−δ

mq−δ as s → ∞

if (n + 1)m(q−δ)s � M(q−δ )s+(p−δ )s/n−m(q−δ )s+(p−δ )s/n

M(p−δ )s/n−m(p−δ )s/n � (n + 1)M(q−δ)s .

But, if M(q−δ )s+(p−δ )s/n−m(q−δ )s+(p−δ )s/n

M(p−δ )s/n−m(p−δ )s/n < (n + 1)m(q−δ)s , then

K(m
(p−δ )s

n , M
(p−δ )s

n , n
q − δ
p − δ

+ 1, n + 1)
1
s =

(
(M

(p−δ )s
n )n−n q−δ

p−δ

) 1
s

= Mp−q � Mp−δ

mq−δ .
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Similarly, if (n + 1)M(q−δ)s < M(q−δ )s+(p−δ )s/n−m(q−δ )s+(p−δ )s/n

M(p−δ )s/n−m(p−δ )s/n , then

K(m
(p−δ )s

n , M
(p−δ )s

n , n
q − δ
p − δ

+ 1, n + 1)
1
s = mp−q � Mp−δ

mq−δ .

Hence it follows from (iii − 1) that (iv − 1) holds.
(iii − 2) =⇒ (iv − 2) : Putting q = p , s = 1 and n = p

δ − 1 in (iii − 2) we
have

K(mδ , Mδ ,
p
δ

)Ap � Bp for p � δ . (4.9)

Since K(m, M, p) �
(

M
m

)p−1
for p � 1 by Theorem A, it follows

K(mδ , Mδ ,
p
δ

) �
(

Mδ

mδ

) p
δ −1

=
(

M
m

)p−δ

for
p
δ

� 1,

which give the desired inequality (iv − 2) .
(iv − 1) =⇒ (i) and (iv − 2) =⇒ (i) : We have only to put p = q = δ in

(iv − 1) and p = δ in (iv − 2) .
When A, B ∈ B++(H) satisfy Sp(A), Sp(B) ⊆ [m, M] , the proof is similar to

above. Therefore we shall prove only (i) =⇒ (ii−1) . By raising the left hand side of
(4.5) to power n + 1 , the right hand side to power n (q−δ+αu)s−αu

(p−δ+αu)s−αu + 1 for some q � δ
and using that

m
(p−δ+αu)s−αu

n �
{

A
(p−δ+αu)s−(n+1)αu

2n (A
αu−δ

2 BpA
αu−δ

2 )sA
(p−δ+αu)s−(n+1)αu

2n

} 1
n+1

� M
(p−δ+αu)s−αu

n ,

it follows from (2.1) that

K(m
(p−δ+αu)s−αu

n , M
(p−δ+αu)s−αu

n , n + 1, n
(q − δ + αu)s − αu
(p − δ + αu)s − αu

+ 1)×

× A(q−δ+αu)s−αu+ (p−δ+αu)s−αu
n

� A
(p−δ+αu)s−(n+1)αu

2n (A
αu−δ

2 BpA
αu−δ

2 )sA
(p−δ+αu)s−(n+1)αu

2n

(4.10)

holds. By rearranging (4.10) , we have the desired inequality (ii − 1) . �

Proof of Theorem 2.4 . (i) =⇒ (ii − 1) , (i) =⇒ (ii − 2) and (ii − 1) =⇒
(iii) can be proved in the same way as in Theorem 2.2 if we put δ = 0 .

(ii − 2) =⇒ (iii) : We have only to put α = 0 and u = ps
u in (ii − 2) .

(iii) =⇒ (iv) : Putting s = 1 and r = p
n in (iii) , we obtain that

K(mr, Mr,
q
r

+ 1,
p
r

+ 1)Aq � Bp

holds for r > 0 , p � 0 and q � 0 . Letting r → +0 we have (iv) since
K(m, M, p, q) = Mq−pmq−pK(m, M, p, q) by Remark 1 and

K(mr, Mr,
q
r

+ 1,
p
r

+ 1) → S(h, q, p) as r → +0
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holds for each p � 0 and q � 0 by the proof of [10, Theorem 4], where

S(h, p, q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

mp−q (hp − 1)h
q

hp−1

eq log h
if q � hp − 1

log h
� qhp,

mp−q if
hp − 1
log h

� q,

Mp−q if qhp � hp − 1
log h

.

(iv) =⇒ (i) : If we put p = q in (iv) we have that S(h, p, p)Ap � Bp holds
for each p > 0 , since p � hp−1

log h � php holds for all p > 0 . Therefore the constant
S(h, p, p) coincides with the generalized Specht’s ratio S(h, p) [13] defined as

S(h, p) =
h

p
hp−1

e log
(
h

p
hp−1

) . (4.11)

Then S(h, p)Ap � Bp for all p > 0 implies logA � logB by [13, Theorem 5].
We remark that the statements (iv) for p = 0 and (i) are identical since S(h, 0) =
limp→+0 S(h, p) = 1 .

When A, B ∈ B++(H) satisfy Sp(A), Sp(B) ⊆ [m, M] , the proof is similar to the
proof of Theorem 2.2. �

To prove Theorem 3.1 we need the following lemma [1, Lemma 4], which follows
from Lemma B.

LEMMA B-2. Let A, B ∈ B++(H) . Then the following statements are mutually
equivalent for each δ ∈ [0, 1] :

(i) Aδ � Bδ , where the case δ = 0 means A � B.

(ii)
(
B

p
2 Ap+δB

p
2

) p+δ
2p+δ � Bp+δ for all p � 0.

(iii)
(
B

u
2 Ap+δB

u
2

) u+δ
p+u+δ � Bu+δ for all p � 0 and u � 0.

Proof of Theorem 3.1 . (i) =⇒ (ii) : It follows from Lemma B-2 that Aδ � Bδ

ensures (
B

r
2 Aq+δB

r
2

) r+δ
q+r+δ � Br+δ for all q > 0 and r > 0 .

If we put A1 =
(
B

r
2 Aq+δB

r
2
) r+δ

q+r+δ and B1 = Br+δ , then we have A1 � B1 > 0 and
Mr+δ I � B1 � mr+δ I > 0 . Applying (2.1) of Theorem 2.1 to A1 and B1 , we obtain

K(mr+δ , Mr+δ , p1, q1)A
q1
1 � Bp1

1 for all p1 > 1 and q1 > 1 .

If we put p1 = p+r+δ
r+δ > 1 and q1 = q+r+δ

r+δ > 1 , then we obtain

K(mr+δ , Mr+δ ,
p + r + δ

r + δ
,
q + r + δ

r + δ
)Aq+δ � Bq+δ for all p > 0 and q > 0 .
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Replacing p + δ by p , q + δ by q and r + δ by r , we have the desired inequality
(ii) .

(i) =⇒ (iii) : We have only to put n = p−δ
r and s = 1 in (iii−1) of Theorem2.2.

(ii) =⇒ (i) : It follows from (2.1) of Theorem 2.1 that

(Nr)
p−δ

r

(nr)
q−δ

r

Aq � K(nr, Nr, 1+
p − δ

r
, 1+

q − δ
r

)Aq � Bp for all p > δ and q > δ .

Therefore we have Np−δ

mq−δ Aq � Bp . Putting p = q and letting p → δ we obtain (i) .
(iii) =⇒ (i) can be proved in the same way as (ii) =⇒ (i) by applying (2.2)

of Theorem 2.1. �

Proof of Theorem 3.3 . (i) =⇒ (ii) can be proved in the same way as (i) =⇒
(ii) in Theorem 3.1 if we put δ = 0 .

(i) =⇒ (iii) : We have only to put s = 1 and r = p
n in (iii) of Theorem 2.4.

(ii) =⇒ (i) : Putting q = p in (ii) we have

K(nr, Nr, 1 +
p
r
)Ap � Bp for all p > 0 and r > 0 . (4.12)

By [13, Lemma 11] we have

K(nr, Nr, 1 +
p
r
) → S(h, p) as r → +0,

where S(h, p) is the generalized Specht’s ratio defined as (4.11) . Letting r → +0 in
(4.12) , we have S(h, p)Ap � Bp for all p > 0 and it implies logA � logB by [13,
Theorem 5].

(iii) =⇒ (i) can be proved in the same way as (ii) =⇒ (i) by replacing N by
M and n by m . �

Proof of Corollary 3.7 . (i) =⇒ (ii) and (ii) =⇒ (iii) : We have only to put
n = 1 in (i) , (ii − 1) and (iii) of Theorem 2.4.

(iii) =⇒ (i) : Putting p = q and s = 1 in (iii) , we have (i) since (Mp+mp)2

4Mpmp Ap �
Bp for all p � 0 implies A � B by [13, Theorem 2]. �

5. Remark

We can not obtain a more precise estimation then the constant is given in TheoremC
if we replace n + 1 with T + R for some T, R ∈ R . In fact we obtain that T > 0 and
R � 1 and

K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R) � K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + 1)

for each δ ∈ (0, 1] , α ∈ [0, 1] , s � 1 , p � δ and u � δ with R(p − δ + αu)s �
(α + T)u .
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PROPOSITION 5.1. Let A, B ∈ B++(H) with Sp(A) ⊆ [m, M] for some scalars
M > m > 0 . If Aδ � Bδ for δ ∈ (0, 1] , then

K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R)A(p−δ+αu)s �
(
A

αu−δ
2 BpA

αu−δ
2

)s

holds for each α ∈ [0, 1] , T > 0 , R � 1 , s � 1 , p � δ and u � δ with
R(p − δ + αu)s � (α + T)u and

K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R) � K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + 1)

holds.

Proof. We have that the inequality (4.1) holds for s � 1 , p1 � 1 and q1 � 1
with conditions (4.2) and (4.3) . For given T, R ∈ R , α ∈ [0, 1] and s � 1 , we
put p1 = p+u−δ

u , q1 = T + R � 1 and α = 1 − t . As we desire that the power

of M and m in K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R) be (p−δ+αu)s−αu
T , we have

(p1−t)s+r
u(R+T) = (p−δ+αu)s−αu

T . It follows that r = R(p−δ+αu)s
Tu − R+T

T α . The condition (4.2)
is equivalent to the assumption in Proposition 5.1:

R(p − δ + αu)s � (α + T)u (5.1)

and (4.3) is equivalent to

(R − 1)
(R + T)

u
(p − δ + αu)s − αu

T
� 0. (5.2)

Because (R − 1) (R+T)
u

(p−δ+αu)s−αu
T = (R − 1)[(p1 − t)s + r] and (p1 − t)s + r �

0 for p1 � 1 � t � 0 , s � 1 and r � t , it follows R � 1 . Next, because
(p − δ + αu)s − αu = (p − δ) + αu(s − 1) � 0 for p � δ , u � δ , α ∈ [0, 1] and
s � 1 , it follows T > 0 .

Therefore (4.1) implies that

A
(p−δ+αu)s−αu

T �
{

A
R(p−δ+αu)s−(R+T)αu

2T (A
αu−δ

2 BpA
αu−δ

2 )sA
R(p−δ+αu)s−(R+T)αu

2T

} 1
T+R

holds. By raising both sides to power T + R , it follows from Theorem A that

K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R)A(p−δ+αu)s−αu+R (p−δ+αu)s−αu
T

� A
R(p−δ+αu)s−(R+T)αu

2T (A
αu−δ

2 BpA
αu−δ

2 )sA
R(p−δ+αu)s−(R+T)αu

2T .
(5.3)

By rearranging (5.3) , we have the desired inequality

K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R)A(p−δ+αu)s �
(
A

αu−δ
2 BpA

αu−δ
2

)s
.

By [13, Proposition 4], we have that F(p, r, m, M) = K(mr, Mr, p
r + 1) is an increasing

function of p , r and M for p > 0 , r > 0 and M > m > 0. It follows that
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K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R) is an increasing function of R for R � 1 .
Then we have

K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + R) � K(m
(p−δ+αu)s−αu

T , M
(p−δ+αu)s−αu

T , T + 1).

�
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