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GENERALIZATION OF THE KANTOROVICH TYPE OPERATOR
INEQUALITIES VIA GRAND FURUTA INEQUALITY

JADRANKA MICIC AND JOSIP PECARIC

(communicated by N Elezovi¢)

Abstract. In this note we show the characterization of the 0 -order by means of a generalized
Kantorovich constant via Grand Furuta inequality, which is an extension result of that from M.
Fujii, E. Kamei and Y. Seo, Kantorovich type operator inequalities via grand Furuta inequality,
Sci. Math., 3, (2000), 263-272. Among other, we show the following characterization of the
d -order: Let A, B be positive invertible operators on a Hilbert space H satisfying MI > A >
ml >0 and NI > B > nl > 0. Then the following statements are mutually equivalent for each

§el0,1]:
(i) A%>p°
(ii) K(nr,Nr,ler;s,lJr M)Aq >BP forallp > 8,q > & and r > §,
(iii) f(m",Mr,lJru 1+72 S)Aq>Bpforallp>6q>53ndr>6
r

where the case § = 0 means the chaotic order logA > logB.

1. Introduction

Let #(H) be the C*-algebra of all bounded linear operators on a Hilbert space
H and %, (H) be the set of all positive invertible operators of Z(H). We denote by
Sp(A) the spectrum of the operator A .

The following Theorem F is an ingenious extension of the celebrated Lowner-Heinz
theorem: A > B > 0 ensures A” > B” forany 0 <p < 1.
P qg=1 (I+rg=p+r
THEOREM F (FURUTA INEQUALITY) =g
IfA>B>0, ¥henf0reach rl> 0
(i) (B*APB?)7 > (B*BPB?)”
and . ,
(ii) (ATAPA%)7 > (ASBPAZ)Y (1,1
hold for p > 0 and g > 1 with
(I+rjg=zp+r.

<~y

(1,0)

(Os - )
Figure: The range of Furuta inequality
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Furuta [5] established the following Theorem G as an extension of Theorem F.

THEOREM G (THE GRAND FURUTA INEQUALITY). If A > B > 0 and A is
invertible, then for each t € [0, 1],

{AT(ATEAPAT 1) AT}T > {AT(A EBPA™1)'AT e
holds forany s > 0, p >0, g > 1 and r 2t with (s—1)(p—1) > 0 and
(1-t+r)g> (p—t)s+r.

Related to the Lowner-Heinz theorem, the following proposition is also well
known: A > B > 0 does not always assure A” > BP for any p > 1. Associated with
this result, Furuta [6] showed the following Kantorovich type operator inequality.

THEOREM A If A > B > 0 with Sp(A) C [m,M] and Sp(B) C [n, N] for some
scalars 0 <m <M and 0 < n < N, then

N\
(—> AP > K(n,N,p)AP > BP holds for all p > 1
n

and

M\
(—) AP > K(m,M,p)AP > B? holds for all p > 1

m
where a generalized Kantorovich constant K(m, M, p) is defined as
mMP —MmP (p—l MP—

KimM.p) = 25 00=m \ p mbir =i

P
) for all real number p € R.

(L.1)
Especially K(m,M,p) for p > 1 can be usually written by

Pty e —wy
pr (M — m)(mMP — Mmp)P—!

K(m,M,p) = forall p > 1.

The order between operators A,B € %, (H) defined by logA > logB is said
to be chaotic order A >> B. We consider the class of orders A% > B® for § € [0, 1],
where the case § = 0 means the chaotic order. The following lemma shows that the
Furuta inequality interpolates the usual order and the chaotic one [3, Lemma 1].

LEMMA B. Let A,B € %, (H). Then the following statements are mutually
equivalent for each d € [0,1]:

(1) A% > B where the case 6 = 0 means A > B.
pid
(i) AP > (Az Brtoa% )2"*5 forall p > 0.
u+8
(iii) A" > (A%B‘H‘SA%)’H"+5 forallp > 0andu > 0.

As applications of Lemma B and the grand Furuta inequality, Fujii et al. gave in
[3, Theorem 2] the following:
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THEOREM C. Let A,B € B, (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] for some scalars M > m > 0. Then the following
statements are mutually equivalent for each 6 € (0,1]:

(i) A®>B°.
(ii) Foreach ne€ N and o € [0, 1]

(p—0+ou)s—au (p—06+ou)s—au _ . ou—3 ou—3\
K(m o M n ,n—l—l)A(” otou)s > (A T BPA” 2 )

holdsfor s> 1, p> 68 and u> 8 with (p — 8 + au)s > (n + a)u.
(iii)  Foreach n € N

(p—38)s (p—38)s 1
Km 7 M 7 n+1)5A” > B’

holds for s > 1 and p > § with (p — d)s > nd.
(iv)  (My=SA” > B? holdsfor p > §.

In this note we show the characterization of the § -order by means of a generalized
Kantorovich constant via Grand Furuta inequality, which is simultaneous extension

results given in [3] and [10].
2. Results

The following theorem is our key theorem which is a two variable version of

Theorem A.

THEOREM 2.1. Let A,B € % (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] and Sp(B) C [n,N] for some scalars 0 < m < M and

O<n<N.IfA>B>Q0, then

NPt
) A? > K(n,N,p,q)A" > B forallp > 1 and g > 1 (2.1)
and
M1 -
mpilAp > K(m,M,p,q)A” > B! forallp>1and g>1, (2.2)
where
nNP —Nn? g—1 NP—n? \? o1 _ NP —n” 1
- < <gNP™,
(g—1)(N—n) ( q nNI’NnP) i an N—n 1
NP — P
K(H,N,p,q): nP~4 lf N " <qnp_1,
—-n
NP — P
NP4 if qufl < n ,
N—n
(2.3)
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and
(mMP — MmP)MIPmi=P  (qg—1 MP —m’ \?

(g—1)(M —m) q mMP — Mmp

P _ mP

if g’ e A§4 m gM? 1
F(m7M’p7 q) = Mp P

MIP if M—m < qm? 17

MP — mp

q-—p if gMP~1
" if q Y
(2.4)

REMARK 1. We have the following relations between K and K :
(I) ForO<m< M
(i) K(m,M,p,q) = (mM)"""K(m,M,p,q),
(i) K(M~',m~!.p,q) = (mM)?""K(m,M,p,q).
(2) If we put p=q in (i), then we have K(m,M,p,p)=K(m,M,p,p)=K(m,M,p).

By virtue of Lemma B we show the following Kantorovich type characterization
of the §-order by means of a generalized Kantorovich constant via Grand Furuta
inequality, which is simultaneous extension both of results due to Fujii-Kamei-Seo [3]
and Miéié-Pecarié-Seo [10].

THEOREM 2.2. Let A,B € B (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] for some scalars M > m > 0, and let K(m,M,p,q)
be defined in (2.4). Then the following statements are mutually equivalent for each
0 €(0,1]:

(i) A®>B°.

(ii—1) Foreach n>0 and a € [0,1]

f (p—8+au)s—au M(pfﬁﬂzclu)xfau (q — 6 —+ O(l,t) —

u
7 1, 1)A(g—8+au)s
(m ’ =5 tomys—au T 0D
ou—3 au—38 \ ¥
> (A =B AS )
holds for s > >68,q=28 andu> 8 with (p— 30+ au)s = (¢ + n)u.
(ii — 2) F0r each n>0and a € |0,]]
_ (p—S+au)s+(1—a)u (p—S+au)s+(1—o)u ( 6+OCM) +(1 OC)M (g—3
K I M e 1 1)Ala—d+ou)
(m ’ (nt )(p S+ou)s+(1— a)u’n+ )
Utu 5 Dcu o)
AT AT
holds for s > >206,qg>06 and u> 8 with (p — 0 + au)s < (ot + n)u.

(iii — 1) For each n >0

— —08)s p—38)s —6
K(mmn),Mun),nq 5+1,n+1)%AqZB”
p—
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holds for s > > 6 and q > & with (p — 0)s > nd.
(iii — 2) For each n >0

— (p—98)s+0 (p—98)s+6 (q — 6)5‘ + 6 1
K M 1)— , 1)5sA9 > BP
(m (n+ )(p—5)5+5 n+1)

holds for s > 5 and g = & with (p — 8)s < né.

(iv—l) mAq/Bp holds for p > 8 and q¢ > 4.

(iv—2) (%)pf‘sA” > B? holds for p > 6.

Suppose that besides the conditions above (i.e. A,B € B, (H) with Sp(A) C
[m, M] for some scalars M > m > 0) also a condition Sp(B) C [m,M] holds. If we
replace K(m,M,q,p) by K(m,M,p,q) in (ii — 1), (ii —2), (iii — 1) and (iii — 2),
then the statements (i) — (iv — 2) are mutually equivalent for each § € (0, 1].

In particular, if we put 8 = 1 in Theorem 2.2, then we obtain the following
Kantorovich type characterization of the operator order, which is a two variable gener-
alization of [2, Theorem 3].

THEOREM 2.3. Let A,B € B (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] for some scalars M > m > 0, and let K(m,M,p,q)
be defined in (2.4). Then the following statements are mutually equivalent:

iy A>=B

(ii—1) Foreach n>0 and a € [0, 1]

— (p—1+0m)s—ou (p—1+ou)s—owm —1+ou)s—a
K(m n M n (g )

u + 17l’l+ 1)A((1—1+(Xu)s

7n(pflJrom)sfom
2 (AlxuzlepAau;l)s

holdsfor s> 1, p>1,qg>21andu>1 with (p — 1+ ou)s > (o + n)u.
(ii — 2) For each n>0and a € |0,]1]

— p—itowst(—ou (p—1+0u)s+(1—u — 1+ ou)s— ou _ )
K(m N+l 7M n+1 n (q ) + 17 n+ I)A(q 1+ou)s

T p—1+au)s—om
> (AWJIB”AMTH)S

holdsfor s> 1, p>1,g>1and u>1 with (p — 1 + au)s < (@ + n)u.
(iii — 1) For each n >0

— p—=1s (p—1)s q —

Km 7 M 7 ,n 1)5A% > B

holdsfor s 21, p> 1 and q > 1 with (p — 1)s >
(iii — 2) For each n> 0

— (p—1)s+1 (p—1)s+1 (q — l)S + 1
K n+ M v 1)
(m ! ) ! 7(n+ )(pfl)S‘i’l

holdsfor s 21, p>1and g > 1 with (p —1)s <n

+1,n41)5A% > B
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(iv—1) m‘i lA‘f BP holds for p > 1 and q=

(iv—2) (%y=1AP > B’ holds for p >

Suppose that besides the conditions above (i.e. A,B € #..(H) with Sp(A) C
[m, M] for some scalars M > m > 0) also a condition Sp(B) C [m,M] holds. If we
replace K(m,M,q,p) by K(m,M,p,q) in (ii — 1), (ii —2), (iii — 1) and (iii — 2),
then the statements (i) — (iv — 2) are mutually equivalent.

We show the following Kantorovich type characterization of the chaotic order
which are parallel to the operator order versions of Theorem 2.3. Moreover, it is a two
variable generalization of [9, Theorem 4], cf. [2, Theorem 4].

THEOREM 2.4. A,B € B, (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] for some scalars M > m > 0, and let K(m,M,p,q)
be defined in (2.4). Then the following statements are mutually equivalent:

(i) A>B (i.e logA >logB).

(ii—1) Foreach n>0 and a € [0, 1]

E(m(mau’lsfau?M(p+aur)ls—ocu7n (q + O!I/t)s — ou Flnt 1)A(q+au)s > (A%BPA%)S
(p+ au)s — owm
holds for s > >0, qg>0andu>0 with (p+ ou)s > (o +n)u.

(ii — 2) Foreach n>0and a € |0,]]
(g +au)s+ (1 —a)u
p+ou)s+(1—o)u

— (p+ou)s+(1—a)u (p+owm)s+(1—au

K(m n+l 7M n+l s (n J'_ 1)

n+ I)A(q+au)s

> (a%pa%)
holds for s > >0,qg>0andu>0 with (p+ ou)s < (o +n)u.
(iif) F0r each n>0
K% M5 0 41,0+ 1)ia0>
p
holds for s > 1, p > 0 and q > 0.
(iv)  S(h,q,p)A? = B? holdsfor p >0 and q¢ > 0,
where h = % 1 and
_a_
Mar (W — D1 < R —1 < gh?,
eqlogh logh
_ p_
S(h,p,q) = MT" if W1 <q,
logh
W —1
mi=r if gh” < :
logh

Suppose that besides the conditions above (i.e. A,B € %, (H) with Sp(A) C
[m,M] for some scalars M > m > 0) also a condition Sp(B) C [m,M] holds.
If we replace K(m,M,q,p) by K(m,M,p,q) in (ii) and (iii), and S(h,q,p) by
S(h,p,q) = M9"Pmi=PS(h,p,q) in (iv), then the statements (i) — (iv) are mutually

equivalent.
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3. Applications

In this section, as applications of our results in Section 2, we show extensions of
results given in [3, 10, 13].

By Theorem 2.2 we show a characterization of the & -order by means of a gen-
eralized Kantorovich constant, which is a two variable generalization of [3, Corollary
4].

THEOREM 3.1. Let A,B € % (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] and Sp(B) C [n,N] for some scalars 0 < m < M
and 0 < n < N, and let K(m,M,p,q) and K(m,M,p,q) be defined in (2.4) and
(2.3), respectively. Then the following statements are mutually equivalent for each
0 €(0,1]:

(i) A®>BJ.

(i) K@m,N, 1+ ”;r‘s, 1+ =A% > B forallp > 8, g > 8 and r > 8.

(

I

iii) f(mr,M’,lJr@,ler*é)Aq2B”f0rallp>5, g>d8andr>39.

r

In particular, if we put 6 = 1 in Theorem 3.1, then we have the following
characterization of the operator order by means of a generalized Kantorovich constant.

THEOREM 3.2. Let A,B € B (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] and Sp(B) C [n, N] for some scalars 0 < m < M and
0<n<N,andlet K(m,M,p,q) and K(m,M,p,q) be defined in (2.4) and (2.3),
respectively. Then the following statements are mutually equivalent:

(i) A>=B.

(i) K" N1+ 1+ DAY > B forallp>1, g>1and r> 1.

(iii)  K(m" M', 1+ 1+ 2)A > B forallp>1, ¢> 1 and r > 1.

By Theorem 2.4 we show a characterization of the chaotic order, which is two
variable generalization of [13, Theorem 3].

THEOREM 3.3. Let A,B € B (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M] and Sp(B) C [n, N] for some scalars 0 < m < M and
0<n<N,andlet K(m,M,p,q) and K(m,M,p,q) be defined in (2.4) and (2.3),
respectively. Then the following statements are mutually equivalent:

(i) A>B (ie logA>1logB ).

(it) K" ,N',1+L2,1449)A9 > B? forall p >0, g >0 and r > 0.

(i) K(m",M", 1+ %1+ 2)A? > B forall p >0, g >0 and r > 0.

If we put p = g in Theorem 2.2, then we obtain an extension of Theorem C.

THEOREM 3.4. Let A,B € % (H) be positive invertible operators on a Hilbert
space H with Sp(A) C [m,M)] for some scalars M > m > 0, and let K(m,M,p)
be defined in (1.1). Then the following statements are mutually equivalent for each
o€ (0,1]:

(i) A®>B°.
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(ii—1) Foreach n>0 and a € [0, 1]

K(m(H*On"”S*“",M(‘HM?)H",n AT 5 (A% At )
holds for s > >0 and u> 8 with (p — 8 + owm)s = (o0 + n)u.
(ii — 2) For each n>0and a € |0,]1]
K(m p=dsausi—a ’ S S o 1AC-S s 5 ( au 5)
holds for s > >0 and u> 6 with (p — 8 + ow)s < (o + n)u.

(iii—l) Foreachn>0
p—3)s p—3)s
Km™ " M5 0+ 1)iar > By

holds for s > 1 and p > 6 with (p — 8)s > nd.
(iii —2)  Foreach n >0

K(m (pi'ti)lprﬁ 7M(17711(«S+)1S+(S N -+ 1)%AP 2 BP
holds for s > 1 and p 0 with (p — 8)s < nd.
(iv) (%) O > B holds for p > 6.

Finally, if we put n = 1 in (ii — 1) and (iii — 1) of Theorem 2.2, then we
obtain the following Kantorovich type characterization of the § -order by means of the
Kantorovich constant.

COROLLARY 3.5. Let A,B € B, (H) be positive invertible operators on a
Hilbert space H with Sp(A) C [m,M] for some scalars M > m > 0. Then the
following statements are mutually equivalent for each 6 € (0,1]:

(i) A% >B%.

(ii)  Foreach a € [0,1]

(MPO)1HQ(3) _ pP(5)+0(5))2
4MQ(5)mQ(5)(MP(5) — mPO))(M23) — mQ(8))

Alg—d-+au)s > (A al‘;SBPA aufﬁ)s

holds for s > >08,qg=0and u> 6 with (p — 8 + owm)s > (a + 1)u, where
P(8)=(p— 5+Olu)sfauandQ():(q75+au)sfau.
1
(M~ 20)s _(a+p— 25)3)2 s
(i) (4M(‘1 8)smla—3)s (MP—8)s —mP—8)s)(M(a—8)s —p(g—9)s) Al > B

holdsfor s> 1, p> 6 and g > 8§ with (p—8)s = §.

In particular, if we put & = 1 in Corollary 3.5, then we have the following
Kantorovich type characterizations of the operator order.

COROLLARY 3.6. Let A,B € B, (H) be positive invertible operators on a
Hilbert space H with Sp(A) C [m,M] for some scalars M > m > 0. Then the
following statements are mutually equivalent:

(iy A=B.
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(ii)  Foreach o € 0,1]
(MP(1)+Q(1) _ mP(1)+Q(1))2
4MQ(1)mQ(1)(MP(1) — mP(l))(MQ(l) — mQ(l))

Ala—l+ou)s (AMTHBPAMTH)S

holdsfor s > 1, p>21, g=1 and u> 1 with (p — 1 + au)s > (o + L)u, where
P(l):(p—l—l-au)s—auandQ() (g — 1+ ou)s — au.
1
MATP—Ds _p(@+p—2)5)2 s
(i) (4M(q TS @ 1>(s(Muz e 1>s)(M)(q [y ——r= 1)5-)) A > BP

holdsfor s 21, p>1and g > 1 with (p —1)s > 1.

The following corollary is a two variable generalization of [8, Theorem 4].

COROLLARY 3.7. Let A,B € B, (H) be positive invertible operators on a
Hilbert space H with Sp(A) C [m,M] for some scalars M > m > 0. Then the
following statements are mutually equivalent:

(i) A>B (ie logA>1logB ).

(i)  Foreach a € [0,1]

(MP(0)+Q(0) _ mP(0)+Q(0))2
4M200) 1000 (MPO) — 1P (0)) (120) — p0(0)

holds for s > 1, p 20, ¢ 2 0 and u > 0 with (p + au)s > (a + 1)u, where
P(0) = (p + au)s — o and Q(0) = (q + au)s — au.
1

(M(WP)S_ (g+p)sy2 5
(i) (4MquqS(Mm_n;;zs)(qu_m(qs> Al > BP holds for s > 1, p > 0 and
q=0.

ou

A(q+ocu)v (A o;quA 1 )

4. Proofs of the results in Sections 2 and 3

Proof of Theorem 2.1. The first inequalities (2.1) are showed by Miéi¢ et al. in
[10, Theorem 3.1]. We shall prove (2.2). As 0 < A~! < B land M~! <A~ ! <m!
holds, then by applying the right hand inequality of (2.1) we obtain

B4

o a0 (7 —M0)1
= q4 (m= ! =MD (M~ m=P —m~M—P)i-]

if g~ =D < mI=M T g D)
mP — MP
AP < M P-9pB—a if e < gM~ =D
and

P _ MP
- ~(r—a)g- i ~p-n M

AP < m™PTUB™1 if gm < Sy

Then a simple calculation implies

(g — 1)471 (MP — mP)IMI—Pma=P

AP L
q1 (M — m)(mMP — Mmp)1—!

B 1 =M"Pm"PK(m,M,p,q)B?
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if qmp 1 < MMfmp < qu 1

AP < MTPBTY = MIPmTPK (m,M,p,q)B™ if M= gyt

and

AP <mTPB1 = MIPmTPK(m,M,p,q)B~1 if g~ < M=

We obtain the right hand inequality of (2.2) by taking inverses in both sides of inequal-

ities above. We have from the left hand inequality of (2.1) that K(m,M,p,q) < ]Z:: 11
and we obtain

q—1

B! < MTPmi PK(m,M,p, q)A’ < AP forall p>1and g > 1,

mp—1
so the proof of theorem is complete. [J

Proof of Theorem 2.2. We use same idea as in the proof of [3, Theorem 2].

(i) = (ii—1): Forgiven p > 0 and u > 0, put A; = A" and B, =
(A = EBPA 152 ) s in (iii) of Lemma B. Then we have A; > B; > 0. By the grand
Furuta inequality, it follows that for each ¢ € [0, 1],

(pL —1)s+r

AT {AfABRA ARy (4.1)

holds forany s > 1, p; > 1, g; > 1 satisfying the following two conditions

rzt, (4.2)
(I—t4+rg =(p1—0s+r (4.3)
For given n > 0, a € [0,1] and s > 1, we put p; = p+”_5, q=n+12>1,

o=1—rand r= w — 2tlo. Then (4.2) is equivalent to the assumption in
(ii — 1):
(p—06+au)s>(n+au (4.4)
and (4.3) is satisfied as the equality holds.
Therefore (4.1) implies that

n 2n

1
(p—d+au)s—au (p—8+au)s—(n+1)ow oau—3 oau—38 . (p—O+auws—nt)owm Y n+l
A >{A R e e } (4.5)

holds for n >0, p > §, o € [0,1] and s > 1 with the condition (4.4). By raising

(q—8+au)s—ow
the left hand side to power Ll e o porm

to power n + 1, it follows from (2.2) that

=+ 1 for some g > § and the right hand side

— (p—8+ou)s—owm (p—8+ou)s—ou ) + ou)s — ou
R(m— =y (g ) F 1,0+ 1)x
(p— 98+ ou)s— owu
—S+au)s—o —S40u)s—(n+1)a -5 —5 — & +au)s—(n+1)a
% A(q75+0m)s70m+ @ nu)r u > A(p u2; (nt+)om (AauTBPA oc142 )YAW

4.6)
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By rearranging (4.6), we have the desired inequality (ii — 1):

— (p—8+au)s—au (p—8+au)s—au — 5 + du)s — o
z JyELIE (9 )

(m x ’ u +ln+ I)A(q75+au)s

N
(p— 06+ ou)s— ou
ou—3 ou—3 \ 5
> (A—z 0 ) .

(i) = (ii — 2) can be proved in the same way as (i) = (ii — 1). For
given n > 0, a € [0,1] and s > 1 we put p; = ”*%{75, g =n+12>1 and

r=t=1—ain (4.1). Then (4.2) is satisfied as the equality and (4.3) is equivalent
to the assumption in (ii — 2):

(p—0+ou)s < (n+ o)u. (4.7)

Therefore (4.1) implies that

1
(p—0+au)s+(1—a)u u(1—o) Otu ) u(l—0) Y n+l
A [[=n} > {A p) ( ) A" 2 }

holds for n > 0, p > 8, o € [0,1] and s > 1 with the condition (4.7). By raising

the left hand side to power (n+ 1)% for some ¢ > & and the right hand

side to power n + 1, it follows from (2.2) that

(4.8)

e m(p75+a;:4)rsl+(lfmu ’ M(p75+azlsl+(170!)u ’ (n+1) (q75+au) ( OC)M
(p—6+ou)s+(1—a)u

ou—3 au—38 \ ¥
> (A% A

’n+1) q S+ow)s

holds. So (i) = (ii — 2) is proved.

(ii—1) = (iii—1) and (il —2) = (iii —2): We have only to put ¢ =0,
u=90in (ii—1) and (it — 2).

(iii — 1) = (iv—1): If we put x = ¥ in (iii-1), then we have

— p—38)s p—3)s 75
K(m(ln)7 (ln)7q 1)%

p—20

1

n _§)s4 =08 n s

" MP—a)s (x(q O 1) o
(n+ 1)n+! (_x(pjz(S)s (el 5)st L= 7x(p7n§)s)ﬂ
(n+1)(q75+p;5) p—0
Y :M as s — 00

5 _
X2 yp—bynlg—8)  mi0

. (q—08)s+(p—208)s/n __ (q—8)s+(p—38)s/n
q—38)s M m
if (n + 1)m( ) < MP—0)s/n_,,(p—38)s/n
M(qfﬁ)swr(pfﬁ)s/n7m(q78)s+(p75)s/n
MP—=0)s/n_,(p—3)s/n

< (n+ 1)Mla=ds,

But, if

— p—0)s p—0)s — 8
p 6




506 JADRANKA MICIC AND JOSIP PECARIC

Ma—8)s+(p—38)s/n _, (q—08)s+(p—B)s/n

Similarly, if (n 4+ 1)M@=9)s < Py = , then
— (p—90)s (p—90)s q— 6 o p—q Mpi(()v
K(m ) 7np—6+1’n+1) =m gmq—ﬁ'

Hence it follows from (iii — 1) that (iv — 1) holds.
(iti —=2) = (iv—2): Putting g =p,s=1and n =5 — 1 in (iii — 2) we
have
K(m®, M°, %)A” >B  for p>4. (4.9)

Since K(m,M,p) < (%)pil for p > 1 by Theorem A, it follows

P M® gfl M p—6
K(m® M° %) < (—) = (—) for

i) md m

which give the desired inequality (iv —2).

(iv—1) = (i) and (iv —2) = (i): We have only to put p = g = 8 in
(iv—1) and p=96 in (iv—2).

When A,B € %, (H) satisfy Sp(A),Sp(B) C [m,M], the proof is similar to
above. Therefore we shall prove only (i) = (ii — 1). By raising the left hand side of
(4.5) to power n+ 1, the right hand side to power nm%
and using that

[e71laS]
WV
—_

+ 1 forsome g > §

1
(p—0+aus—a (p—0+auw)s—(nt+)o -3 —5 .. (p=d+ou)s—(n+ha nrl
m nuA u < {A uzi, U (A auz BpA Dcu2 )“A uzn 7 u}n+
(p—8+om)s—ow
<M g )
it follows from (2.1) that
(p—8+au)s—ou (p—8+ou)s—ou q— o 4+ ou)s — ou
K(m n M i ,n—l—l,n( ) +1)x
(p— 0+ ou)s— ou
> A(q75+0m)s7au+7(’)75+iu)xiau (410)
(p—6+au)s—(n+1)au ou—3 ou—3§ (p—6+au)s—(n+1)au
>A 2 (A 7 BPA” 2 )SA o

holds. By rearranging (4.10), we have the desired inequality (ii —1). O

Proof of Theorem 2.4. (i) = (ii—1), (i) = (ii—2) and (ii — 1) =
(iii) can be proved in the same way as in Theorem 2.2 if we put § = 0.

(it —2) = (iii): We have only to put o =0 and u = 2 in (ii —2).

(iti) = (iv): Putting s = 1 and r = £ in (iii), we obtain that

Ko’ oM, L+ 1,2 4 1)a0 > pr
r r

holds for r > 0, p > 0 and g > 0. Letting r — +0 we have (iv) since
K(m,M,p,q) = M7 Pm?PK(m,M,p,q) by Remark 1 and

Ko’ M, L+ 1,2 41) = S(h,q,p) as r— +0
r r
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holds for each p > 0 and g > 0 by the proof of [10, Theorem 4], where

P RP p_
_q(h L)hP=1 < w—1 < g,
eqlogh logh
-1
S(h,p,q) = mP—1 if —— <gq,
logh
w—1
MP—a if gh? < .
nd logh

(iv) = (i): If we put p = q in (iv) we have that S(h,p,p)A? > B holds
for each p > 0, since p < h _1 < ph? holds for all p > 0. Therefore the constant
S(h,p,p) coincides with the generahzed Specht’s ratio S(h, p) [13] defined as

_»
hh—1
N
elog (hhf’*l)
Then S(h,p)AP > BP for all p > 0 implies logA > logB by [13, Theorem 3].
We remark that the statements (iv) for p = 0 and (i) are identical since S(h,0) =
lim,_. o S(h,p) = 1.

When A, B € B, (H) satisfy Sp(A), Sp(B) C [m, M], the proof is similar to the
proof of Theorem 2.2. [

S(h,p) = (4.11)

To prove Theorem 3.1 we need the following lemma [1, Lemma 4], which follows
from Lemma B.

LEMMA B-2 Let A,B € %, (H). Then the following statements are mutually
equivalent for each § € [0,1]:

(i) A% >B°, where the case 6 = 0 means A > B.
p+d

(ii) (13’2-’AP+513’2-’)2”+5 > B forallp> 0.

u+d

(iii) (B%AHSB%) P S B forallp > 0and u > 0.

Proof of Theorem 3.1. (i) = (ii): It follows from Lemma B-2 that A% > B’
ensures

_r+d
(B%Aq+5B%) T S B forall g >0 and r > 0.

r+8
If we put A} = (BfrA‘”‘str) @+ and B, = B9, then we have A > B; > 0 and
M3 > By > m™+% > 0. Applying (2.1) of Theorem 2.1to A; and B, , we obtain

Km0, M™° p1,q1)A]" > B! forall py > 1 and ¢, > 1.

p+r+5 _ q+r+6

> 1, then we obtain

If we put p; = >1and q; =

K( r+0 Mr+5 p+r+5 q+r+6
T r+8 7 r+9

JATH® > BItS forall p >0 and g > 0.
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Replacing p+ 8 by p, g+ 8 by g and r + & by r, we have the desired inequality
(if) .

(i) = (iii): Wehaveonlytoput n = 2=% and s = 1 in (iii—1) of Theorem 2.2.
(ii) = (i): It follows from (2.1) of Theorem 2.1 that
r = .
(N)qiaAqQK(n’,Nr 1+u 1+ 5)Aq>B” forall p> 6 and ¢ > 4.
(n")7 "

Nl’5

Therefore we have A9 > BP . Putting p = ¢ and letting p — § we obtain (7).
(iii) = (i) can be proved in the same way as (ii) = (i) by applying (2.2)
of Theorem2.1. O

Proof of Theorem 3.3. (i) = (ii) can be proved in the same way as (i) —
(i) in Theorem 3.1 if we put 6 = 0.

(i) = (iii): We have only to put s = 1 and r = £ in (iii) of Theorem 2.4.

(ii) = (i): Putting ¢ = p in (ii) we have

K(n',N",1+~= )AP>B” forall p >0 and r > 0. (4.12)
By [13, Lemma 11] we have
K N1+ 8) = S(hp) as r— 40,

where S(h,p) is the generalized Specht’s ratio defined as (4.11). Letting r — +0 in
(4.12), we have S(h,p)A? > B? forall p > 0 and it implies logA > logB by [13,
Theorem 5].

(iii) = (i) can be proved in the same way as (ii) = (i) by replacing N by
M and n by m. O

Proof of Corollary 3.7. (i) = (ii) and (ii) = (iii): We have only to put
n=11in (i), (i — 1) and (iii) of Theorem 2.4.

(iii) = (i): Putting p = ¢ and s = 1 in (iii), we have (i) since %A” >
B? forall p > 0 implies A > B by [13, Theorem 2]. [

5. Remark
We can not obtain a more precise estimation then the constant is given in Theorem C

if we replace n + 1 with 7 4+ R for some 7, R € R. In fact we obtain that 7 > 0 and
R>1 and

(p—d+au)s—au (p—d+au)s—au (p—d+au)s—au (p—d+au)s—au
T

Km 1 M T ,T+R)>K(m M T T+1)

foreach 6 € (0,1], ¢ € [0,1], s > 1, p > S and u > 6 with R(p — § + au)s >
(¢+Tu.
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PROPOSITION 5.1. Let A,B € %, (H) with Sp(A) C [m,M] for some scalars
M >m>0.If A% > B® for § € (0,1], then

(p—06+ou)s—au (p—8+au)s—ou ou—3 ou—38\ S

K(m™= = M= ,T+R)A(”’5+O‘”>“>(A 0B AS

holds for each a € [0,1], T >0, R > 1, s > 1, p > 0 and u > & with
R(p— &+ ou)s = (o0 + T)u and

(p—6+au)s—au (p—6+au)s—au (p—6+au)s—au (p—6+au)s—au
T

M T ,T+R) > K(m T M T ,T+1)

m
holds.

Proof. We have that the inequality (4.1) holds for s > 1, p; > 1 and ¢q; > 1
with conditions (4.2) and (4.3). For given T,R € R, a € [0,1] and s > 1, we

put p; = pJ”Z_‘S, g1 =T+R>1and o = 1—1t. As we desire that the power

. (p—06+ou)s—au (p—d+au)s—au _ _
of M and m in K(m T , “T— T +R) be w,we have
—t)s+r __ (p—8+au)s—ou _ R(p—6+au)s R+T .o
(’;;(RQT) = T ) . It follows that r = % — %o . The condition (4.2)
is equivalent to the assumption in Proposition 5.1:

Rp—90+oau)s> (+Tu (5.1
and (4.3) is equivalent to

R+T)(p—0+au)s—oau

(R-1) » T

> 0. (5.2)

Because (R — 1){&D p=dtomsman _ (g _ 1)[(p; —1)s + 1] and (p — t)s + 1 >
Ofor pp 21 2>2¢t2>20,s>1and r > t,itfollows R > 1. Next, because
p—-9O0+au)ys—ou=(p—-90)+ou(s—1)>0forp>6,u>9d, aecl01] and
s> 1,itfollows T > 0.

Therefore (4.1) implies that

(AT7 BPA™7 )’A

(p—8+au)s—ou R(p—8+ou)s— (R+T)ow owu—3 owu—3 R(p—8+ou)s— (R+T)ow Tlﬁ
T > {A 2T SAT o }

holds. By raising both sides to power T + R , it follows from Theorem A that

(p—6+au)s—au (p—8+au)s—ou 5 (p—6+au)s—au
—O0+0u)s— ou+R——p——
K(m T ,M T ,T +R)A(p +ou)s— au+ T 53
R(p—8+ou)s— (R+T)au oau—3_ ou—3§ s R(p—5&+ou)s— (R+T)owu ( . )
> A 2T (A BPA 2 )‘A 2T

By rearranging (5.3), we have the desired inequality

(p—6+au)s—au (p—8+au)s—ou

K(m T M T T+ R)A(I?*5+Ocu)s > (A au;ﬁBpAmtTﬂs)S .

By [13, Proposition 4], we have that F(p,r,m,M) = K(m",M",? + 1) is an increasing
function of p, r and M for p > 0, r > 0 and M > m > 0. It follows that
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(p—06+ou)s—au (p—06+ou)s—au

K(m T , T , T 4+ R) is an increasing function of R for R > 1.
Then we have

(p—6+au)s—au (p—6+au)s—au (p—6+au)s—au (p—8+au)s—ou

Km 1 M T  T+R) >Km T .M T ., T+]1).

O
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