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STABILITY OF GROUP AND RING HOMOMORPHISMS
DENGHUA ZHANG AND HUAI-XIN CAO

(communicated by Th. M. Rassias)

Abstract. Inthis paper, we give generalization of Hyers’ theorem on the stability of approximately
additive mapping and a generalization of Badora’s theorem on approximate ring homomorphism.
We also obtain a more general stability theorem, which gives stability theorems on Jordan and
Lie homomorphisms. The proofs of the theorems given in this paper follow essentially the D.
H. Hyers - Th. M. Rassias approach to stability of functional equations connected with S. M.
Ulam’s problem.

1. Introduction

In 1940, Ulam [1] raised the following question concerning the stability of homo-
morphisms:

Ulam’s Question.Let G| be a group and let G, be a metric group with a metric
d(-,-). Given & > 0, does there exista 0 > 0 such that if a mapping f : G| — G
satisfies d(f (xy),f (x)f (y)) < O for all x,y € Gy, then there is a homomorphism
g: Gy — Gy with d(f (x),g(x)) < € forall x € G, ?

One of the first result in this direction is the result proved by Hyers (see [2]) which
establishes the stability of a group homomorphism.

THEOREM (D. H. Hyers). Let € > 0 and let f be a function defined on an Abelian
group (G,+) with values in a Banach space (Y, || - ||) satisfying

If(r+y) =f) =fOII<e
forall x,y € G. Then there exists a unique additive mapping h: G — Y, such that
If () — h(x)]| <&, Vx€G.

In 1978, Th. M. Rassias [3] provided the following drastic generalization of Hyers’s
result which allows the Cauchy difference to be unbounded.

THEOREM (Th. M. Rassias.) Consider E,E, to be two Banach spaces and let
f : Ey — E, be amapping such that f (tx) is continuous in t for each fixed x. Assume
that there exists 0 > 0 and p € [0, 1) such that

IF(x+y) =f () =f O < 0Cxl” + [Iy[7), vx,y € Er.
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Then there exists a unique linear mapping T : Ey — E, such that

20
I () =TI < 5=, Ixll”, vx € Ex.

R. Badora in [4] proved the following result concerning the stability of a ring
homomorphism.

THEOREM (R. Badora). Let R be a ring and % be a Banach algebra and let
€,8 > 0. Assume that f : R — A satisfies

Fx+y)=f@x) —fOII<e

and
I (x-y) =f @ W < 9,
forall x,y € R. Then there exists a unique ring homomorphism T : R — % such that
IIf ) = T(x)|| <&, Vx€eR.

During the last decades, Hyers’ theorem was generalized in various directions, see
[5-10]. In this note, we will generalize Hyers’ theorem and Badora’s theorem above.
Moreover, we will give a stability theorem on Jordan homomorphism and a stability
theorem on Lie homomorphism.

2. Stability of group homomorphisms

We first prove a theorem on stability of group homomorphisms, which generalizes
Hyers’ theorem.

THEOREM 2.1. Let E| be an Abelian group and E, be a Banach space, if € > 0,
reN, r>=2andf : E — E; is such that

IFO x) = > fE)ll <& Vxixa,....x € Ey, (2.1)
k=1 k=1

then there exists a unique additive mapping T : Ey — E, such that

1
ce, Ve B, (2.2)

If () = T <
Proof. First, we use induction to prove that for all n € N,
f("y) ~
— — < " Vx € E. 2.3
H et AC) 5%? x €E, (2.3)
Indeed, the case n = 1 is clear because by the hypothesis (2.1), we have

H’M —f(x)H = txt o bx) - (] < e, va e
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Suppose that (2.3) holds for some n € N. Then for each x € E;, by (2.3) we have

Hf(” (rx) EZr_m,
therefore )
£y S
Her = | < e
The triangle inequality yields that
f (i tix) 1 1 1
12— < | = 2+ |2 -1
€ n+1
< _ —m
S 7 + SZr
m=2
n+1
= Eerm.
m=1

Thus, (2.3) is valid forall n € N. Since > _,r~™ is increasingly convergent to ﬁ ,
we get from (2.3) that

Hf (r'"x)

—f(x)

1
< ——¢, Vx e k). 24
rflg X €L ( )

Fixed an x € E, for all m,n € N with m > n, we have from (2.4) that

Lﬁwm || = | ) )
R ——y
mor—1
Therefore
nrlrtiI—I>loo 1’1 (rmx)—%f(r”x) =0.

Since E, is a Banach space, the sequence {f } converges. Set

T(x) = lim —f(r”x) Vx € Ey, (2.5)
n—oo
then we obtain a mapping T : E; — E,. From (2.1), for all x;,x,,...,x, € E; and
all n € N, we compute that
IF (e + x4+ x) = f () —f(Fx) = = f("x)|| <&,

and so

1 r r

_ n _ g _8
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Consequently,
. 1 r r 1
Tim (| Zf (7 x) = Y —f ()| = 0.
d k=1 =
It follows from (2.5) that
T +x24+ - +x)—T(x) —T(x) — -+ — T(x,)]| = 0.

Hence
Txi+x4+ - +x)=Tx)+Tx2) + -+ T(x)

for all x,xz,...,x, € Ey. Clearly, T(0) = 0 and so T is an additive mapping. From
(2.4) and (2.5) we obtain

IT(x) =f ()l <

1
15, Vx € Ej.

Now we prove the uniqueness of 7. Assume that T} : E; — E; is an additive
mapping such

1
18, Vx € Ej.

If () = ()| <

Since both T and T; are additive, we deduce that for each x € E; andall n € N,

n|T(x) = Ti(x)[| = [|T(nx) — T (nx)]|
< || T(nx) — f (nx)[| + [[f (nx) — T (nx) |
2¢e
< )
r—1
so that
2¢e

IT(x) = Ti(x)]| <

n(r—1)

forall x € E; and hence T(x) = T(x) for all x € E;. This completes the proof.

REMARK 2.1. From Theorem 2.1, Hyers’ theorem can be easily proved. However,
Theorem 2.1 is not a consequence of Hyers’ theorem, because the condition (2.1)
implies only

If & +y) =f () =fOl < e+ (r =2 O)l, Vx,y € Er.

Hence Hyers’ theorem says only that there exists a unique mapping 7 : E; — E, such
that
IF () =T < e+ (r=2)[IF O)I, Vx € E

rather than (2.2) since € + (r — 2)[|f (0)] > 5.

REMARK 2.2. The condition (2.1) does not imply f(0) = 0. For example, let
f(x) =1,¥x € R, then (2.1) holds for € = r — 1 but f(0) = 1. Also, in this case the
mapping T is identically zero.
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3. Stability of a ring homomorphism

In this section, we prove some results concerning stability of a ring homomorphism
and generalize R. Badora’s theorem in two directions.

THEOREM 3.1. Let R be a ring, % be a Banach algebra and r € N,r > 2 and
€,6>0.Iff : R — B satisfies (2.1) and

IIf Gerxz - -x) = F(x)f (x2) -+ f ()|l €6, Vxp,x2,...,% €R, (3.1)
then there exists a unique additive mapping T : R — 9 such that
T(x)T(x2) - T(x,) = T(x1x2 - x,), Vx1,%2,...,% €R (32)

and ¢
IF () - T < ===, Waer (33)
Proof. Theorem 2.1 shows that there exists a unique additive mapping 7 : R — %
satisfies (3.3). By the proof of Theorem 2.1, we see that the mapping 7 is given by

T(x) = nll)ngo% (r"x), Vx €R. (3.4)
Forall x;,x5,...,x. € R, let
gl xa, o xy) = f(axa e oxy) — f (xn)f (%2) - f (%),
then using inequality (3.1), we get lim,_ o %,,g(r”xl,xg, ...,x;) = 0. Therefore

1
T(x1xy--x,) = Um —f [r"(x1x2 - - - x,)]
n—oo

lim lf [(Fx1)x2 - - x/]

n—oo
1
= T {9, )+ (P () o (1)
=T(x)f (x2) - f (x)
for all x1,x;,...,x, € R. From the last equation and the additivity of 7 we see that
forall n € N,
T(x)f (F'xa)f (xa) - f (x) = T(xy - r'xz - x5+, %)
=T({"x; -x2--x)
=r"T(x)f () - f (%),
and so

1) T2 () ) = TC) () (1) (3.

Sending »n to infinity, we see that

T(x))T()f (x3) - f () = T(x1x2x3 - - - X), Vx1,%2,...,% € R. (3.5)
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Suppose that
T(x))T(x2) - T(xr—1)f (%) = T(x1x2 - - - %), Vx1,%2,...,% € R. (3.6)
Then from (3.6) we get that forall n € N,

T T () Tl )f () = -

o

T(x1xg - Xy - 7'%y)

= %T(r"(xlxz cexp))
=T(xxp - xr).
By letting n — co we see that
T(x)T(x2) - T(x,) =T(x1x2- - x,), Vx1,%2,...,% €R,
which is the desired identity (3.2).
COROLLARY 3.1. Let R be a ring with a unit 1 and % be a Banach algebra with
aunit e, and r € N;r > 2,6, > 0. If a mapping f : R — P satisfies (2.1) and

(3.1) and f (1) = e, then there exists a unique ring homomorphism T : R — 9B such
that

If (x) = T < % Vx €R. (3.7)

Proof. From Theorem 3.1, there exists a unique additive mapping 7 : R — %
satisfying (3.2) and (3.7). Using (3.5) we see that

T(x1)T(x2) = T(x1x2), Vx1,x2 € R.
Thus, the mapping 7 : R — 2 is also a ring homomorphism.

REMARK 3.1. Under the assumptions of Theorem 3.1, the condition f (1) = e does
not implies 7(1) = e, where T is given by (3.4). For example, let f (1) = 1,f (x) =
0,¥x € R\ {1}, then we get a bounded function f : R — R satisfying

lf(x+y) —f()C) _f(y)‘ SE= 27 Vx7y € R7

and
f ) =fF I <8 =1, ¥xyeR
But the function T given by (3.4) is identically zero. However, by (3.6) the condition
T(1) = e doesimply f (1) =e.
REMARK 3.2. By Theorem 3.1,R. Badora’s theorem can be easily proved. However
Theorem 3.1 is not a simple consequence of Badora’s theorem, see Remark 2.1 for the

reason.
Next we give the following more general stability result.

THEOREM 3.2. Let o/ be an Abelian group, % be a Banach space, ¢ : of X o/ —
 be such that

2"0(x,y) = ¢(2"x,y) = ¢(x,2"y), Vn e N,x,y € &,
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and y : B X B — B be a continuous mapping such that
2"y (x,y) = w(2"x,y) = w(x,2"), Vn € N,x,y € &,
and €,8 2 0. If f : o — P satisfies

If(x+y) =f) =fO)l <& Vxyes (3-8)
and
1f (@, 9) = w(f (). fW)I <8, Vx,y€ o, (3.9)
then there exists a unique additive mapping T : & — P such that
T(9(x,y) = w(T(x),T(y)), Vx,ye (3.10)
and
IF(x) - T <e, vxe o, (3.11)

Proof. From Theorem 2.1, we know that the mapping T given by (3.4) is the
unique additive mapping satisfying (3.8) and (3.11). To show that the mapping T
satisfies (3.10), let us define

g(x7y) :f(¢()€,y)) - W(f(x)7f(y))> Vx,y € .

Then from condition (3.9) we see that lim, .o 5 g(2"x,y) =0, Vx,y € &/. Thus, by
(3.4) we have for all x,y € &7,

T(9(x,y) = lim —F(9(2"x,y))

n—oo0 2N

= tim (WO 0.0 0) + 5rs25))

n—o00 omn
= y(T().f )
From the last equation and the additivity of T, we obtain that
1 n 1 n
T(0(x,3) = 5, T(9(x,2'y)) = W(T(x), 3./ (2'5), Vn € N.

Letting n — oo yields (3.10). This completes the proof.

For example, in the case where <7 is an algebra, we can take ¢(x,y) = oxy+ Byx
and take v similarly. Especially, we obtain the following stability theorems on Jordan
and Lie homomorphisms.

COROLLARY 3.2. Let &/ be an algebra,  be a Banach algebra and €,8 > 0.
If f : of — P satisfies

If (x4+y) =fx) =fO) <& Vx,ye o (3.12)
and ¥x,y € o,

IF (be, 1) = [ Go)of W)l (resp-[If (x 0 y) = £ (x) o f (D)) <6, (3.13)
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then there exists a unique additive mapping T : & — P such that
T([x,y]) = [T(x), T()(resp.T(x 0y) = T(x) 0 T(y)), Vx,y € & (3.14)

and
If(x) =T(x)[| <&, Vxe o, (3.15)

where [X,Y] = XY — YX is the Lie product of X,Y and aob = }(ab + ba) is the
Jordan product of a,b.
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