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SOME FRACTIONAL DIFFERENTIAL
INEQUALITIES AND THEIR APPLICATIONS
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(communicated by G. A. Anastassiou)

Abstract. We consider some inequalities involving derivatives of non-integer order. These in-
equalities arise naturally when investigating differential equations of fractional order. We find
some bounds for solutions of these inequalities and give some applications.

1. Introduction

Investigating differential equations of fractional order often leads to inequalities
involving derivatives of non-integer order. Many inequalities are available in the litera-
ture for derivatives of integer order [1, 4]. To the contrary, differential inequalities with
fractional derivatives are not well developed. This paper is an attempt to fill this gap.
In particular we are interested in the following inequalities which may be found in [1],
p. 138-141.

THEOREM 1. Let a(1), q(t), bi(t), u¥)(t), j = 0, ..., k, be nonnegative continuous
functions for t > 0, and suppose that

u® (1) < alr) + q(r) Z/Otbf V(s)ds, t >0,

where k > 0 is an integer. Then,

0 <a) +a0) [ 00 (/ ' on(e)a ) ds, 10,

where
k=1 j ' b t ‘
01(1) = a(t)b (1) + Zum(())b( ',+ Z i f i / (t—xYa(x)dx,
=0 =0 =0 0
(Pz( ) bk + Z bk_J l [) (t — x)fq(x)dx
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Key words and phrases: Bihari-Gronwall inequality, differential inequalities, fractional differential
inequalities, integral inequalities, Riemann-Liouville fractional integral, summable fractional derivative.
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THEOREM 2. Let a(t), bi(t), u¥)(t), j = 0,...,k, be nonnegative continuous
Sunctions for t > 0, with a(t) nondecreasing, and suppose that

k

u® (1) < alr) + Z /t b;(s)u® (s)ul (s)ds, t > 0,
0

J=0

where k > 1 is an integer. Then,

1) exp (fot V(s ds)

1— fo ya(s) exp (fy wi(c)dz) ds’

_ /Ot Wi (s) exp (/O wl(r)dr) ds > 0,

u(r) <

while

where

>~
—_

2”0 i)!’

i=0

Il
S

J
k
=a [)Zbk,

J=0

THEOREM 3. Let b;(t), u(/>(t), Jj=0,...,k, be nonnegative continuous functions
Sfor t >0, let a(t) be a positive nondecreasing function and suppose that

+Z/ u¥ (s)ds, t >0,

where k — 1> 1> 0. Then,

1) exp (fot v (s ds)

I~ fo va(s) exp (Jo vs(t)dr) ds’

_ /Ot va(s) exp (/O 1//3(T)dr) ds > 0,

u® (1) <

while

where
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In this paper, we prove the non-integer order analogues of these inequalities as
well as several other inequalities. Some examples illustrating the applications of these
inequalities are also provided. The reader will notice that our results improve and/or
extend some situations even in the integer order case.

The rest of the paper is organized as follows. In Section 2. we introduce some
preliminaries. In Section 3. we present our results and their proofs. Section 4. is devoted
to some applications.

2. Preliminaries

In this section we introduce some notations, definitions and lemmas which will be
needed later. For more details, we refer the reader to [1] and [5].

We denote by L,, 1 < p < oo, the usual Lebesgue spaces, and by AC([a, b]) the
space of all absolutely continuous functions on [a, b].

DEFINITION 1. Let f (x) € Ly(a, b), the integral

(%) (x) := F(l )/X( IO 4 xsa

o x—1)l-@

where o > 0, is called the Riemann-Liouville fractional integral of order o of the
function f .
We also use f, to denote I1%f .

DEFINITION 2. The expression

VRN B ()
D)) = Fr i | T

where 0 < o < 1, is called the Riemann-Liouville fractional derivative of order o of
f provided the right-hand side is pointwise defined on (a, b).

Notice that D*f (x) = 4 ['=%f (x). For convenience, we use the notation I~% to
denote D% for ¢ > 0.

DEFINITION 3. Let 0 < o < 1. A function f(x) € Li(a,b) is said to have a
summable fractional derivative D*f on (a,b) if f1_q € AC([a,b]).

DEFINITION 4. We define the space 1%(L,(a,b)), o >0, 1 < p < oo, to be the
space of all functions f such that f = I*¢ for some ¢ € L,(a,b).

PROPOSITION 4. If f (x) has a summable fractional derivative DPf, 0 < B < 1,
on (a,b), thenfor o0 > 0,

fi-p(a)
I(a)

I“DPf (x) = fop(x) — (x—a)* .

See ([5], p. 48).
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COROLLARY 5. If f (x) has a summable fractional derivative D*f , 0 < a < 1,
n (a,b), then for 0 < B < oo < 1 we have

B x:ocfﬁoc fl 06() x,aa*ﬁ*I
D°f (x) = I"7""D°f (x) + (_ﬁ)( ) :

Proof. In Proposition 4, replace o by o — 3, and replace 8 by «.
PROPOSITION 6. A function f (x) is in I*(Ly) if and only if f1_q is absolutely
continuous on [a,b] and fi_q(a) = 0.
See ([5], Theorem 2.3, p. 43).

The next four lemmas are proven in [1] (Lemma 1.1, Lemma 4.1, Corollary 5.3,
Theorem 10.3, respectively).

LEMMA 7. Ler g(t) and f(t) be continuous functions for t > a, let v(t) be a
differentiable function for t > a, and suppose that

V() <F0) +gove), 1>a,
v(a) < vo.
Then, for t > a

< e ([ ) [ e ([ o)

LEMMA 8. Let v(t) be a positive differentiable function satisfying the inequality
v (1) < h(D)v(t) + k(W (1), 1 € [a, b,

where the functions h and k are continuous functions in [a,b], and p > 0, p # 1, is
a constant. Then,

W(1) < exp ( / th(s)ds) {ﬂ(a) +q / k(s) exp (—q / Sh(r)dr) ds] "

for t € [a,T), where q = 1 — p and T is chosen so that the expression between the
brackets is positive in the subinterval [a,T).

LEMMAOY. Let v, f, g and k be non-negative continuous functionsin |a,b). Let
® be a continuous, non-negative and non-decreasing function in [0, 00), with @(0) =0
and o(u) > 0 for u > 0, and let F(t) := maxogs<.f (5) and G(t) := maxogs<, 8(5).
Assume that

v(t) < f (1) +g(t)/ k(s)w(v(s))ds, t€ |a,b].
Then .
v(t) <H! {H(F(t)) +G(t)/ k(s)ds} , t€laT),

where H( ) : fvvo wd(r 0<vo<v, H ' istheinverse of H and T > a is such that
H(F f k(s)ds € D(H™") forall t € [a,T).
Let I C R, and let gj,g2 : I — R\ {0}. We write g, o< g if g2/g1 is

nondecreasing in /.
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LEMMA 10.  Ler f(t) be a positive continuous function in |a,b], ki(t,s),
j = 1,...,n, are nonnegative continuous functions for a < s < t < b which are
nondecreasing in t for any fixed s, gj(u), j = 1, ...,n, are nondecreasing continuous
functions in [0,00), with gj(u) > 0 for u > 0 and u(t) is a nonnegative continuous
Sunctions in [a,b]. If g1 X g2 X ... x g, in (0,00), then the inequality

n t
u) <0+ Y [ es)gus)ds, 1€ lab
=t 7a
implies that
where ¢o(t) := maxogs<f (8),

t
Cj(l‘) = Gfl |:GJ' (Cj_l(l‘)) +/ kj(l‘,S)dSi| , j=1,..n,
u d
G (u) ::/ —x, u>0, u>0,
and T is chosen so that the functions c;(t), j=1,...,n, are defined for a <t <T.
LEMMA 11. (Generalized Young’s Inequality) We have, for positive a;, i =

1,...,k, the inequality
k n k
(Ya) <vya
i=1

i=1
where k and n are integers.

3. Inequalities with derivatives of fractional order
In this section we establish, among other results, the fractional order analogues of

the inequalities presented in Section 2..

THEOREM 12.  Assume that a(t), b(t) and c(t) are nonnegative continuous
Sunctions on [0,T], 0 < T < oo. Let u(t) be a nonnegative function having a
summable nonnegative fractional derivative D*u and satisfying

n

¢ k
D%u(r) < a(t) + b(r) /0 c(s) [ D Du(s) | ds, te(0,T), (1)
j=0

where n 21, fp=0, 0< <o <1, 1<j<k. Then

1

DEu(t) < a(t) + b(1) { ([ storas) e / th(s)ds}h @)

provided that g(t) € L1(0,T) and

(/ ’g<s>ds)l_n [ nssas < s,
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where

and

Proof. Let us set

Then, clearly ¢(0) =0,

n

@ (1) =c() [ > Dbu(r)| . (6)
j=0
and
D%u(t) < a(r) + b(1)e(r), t€(0,7). (7)
Moreover, it is clear from Corollary 5 that DF u(t), j=1,...,k,are nonnegative,

and thus @(7) is nonnegative and nondecreasing.
Now, we would like to estimate the right hand side of (6) in terms of ¢(7). By
Corollary 5 we have

lea(())

D) = o =y

1Bt L 1 BD%u(r). (8)

Substituting (8) in (6), then using (7) and Lemma 11, we obtain

n

J=0

) in
TN : ul*lx(o) o—PBi—1 : o—PBi Ha
Q (l) —C(l) Z mt 7 + Zl D M(l)
Jj=0 !

k
uy— _
<) | Y- el 1+Zaa it +ZI“ fip ©)
j=0

k
—«(0)
<2n_10l |:M1 OC( o ﬁ]—1+a :| 19— B]
N2 gy e 23
Since ¢() is a nondecreasing function, we can write (9) in the form

¢ (1) < (1) + h(1)g" (1), (10)
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where g and h are as defined by (3) and (4).
Integrating both sides of (10) over (0, ), we obtain

o) <I(r) + /Orh(s)(p”(s)ds, (11)

where [(7) := f(;g(s)ds. Note that g(r) is nonnegative and thus maxog,<, [(s) = (7).
Applying Lemma 9 (with @ (v) = ") we infer that

o) <17 ) + [ h)as].

—n 1

where H(v) = VII:Z — Vfl’fn and H™(z) = [vg™" — (n— 1)z] "' Thatis
' —
o) < {10 = (-1 [ hiopas} (12
0
as long as
! 1
()"~ h(s)ds < ———.
" [ s < =

Our result follows from (7) and (12).

REMARK 1. The assumption g(7) € L;(0,T) is added in the statement of the
theorem to ensure that maxos<, [(s) exists. Thisis needed to apply Lemma9. However,
this condition is not really restrictive when the f; are not "very close" to o. Indeed,
since a(7) is continuous then for 1% Fia(t) € L,(0,T) we have

(i)ifo—f;>1—1/nforall j=1,...,k then n(a — f; — 1)+ 1 > 0 and
thus g(r) € L;(0,7),

(if) if a — Py < 1—1/n forsome 1 < j < k then we need this condition which
in fact will involve ¢(¢). This condition arises here in the noninteger case because we
are allowing u(¢) to be singular at 0.

COROLLARY 13. If; in addition to the hypotheses of Theorem 12, u is continuous
in the right neighborhood of 0 or that u € 1*(L,), then g(t) reduces to

n

k
g(t)=2"""e(t) | D aa-p(0)
j=0

Proof. This follows from Proposition 6.

For n = 1 we have the following inequality.
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THEOREM 14.  Assume that a(t), b(t) and c(t) are nonnegative continuous
Sunctions on [0,T], 0 < T < oo. Let u(t) be a nonnegative function having a
summable nonnegative fractional derivative D*u and satisfying

' k
D%u(t) < a(t) + b(1) /0 c(s) [ Y- Dlu(s) | ds, te(0,1), (13)
Jj=0

where o =0, 0<fBi<a<l1, 1<j<k. Then

D%u(r) < a(r) + b(r) /Otg(s) exp (/th(‘c)dr) ds (14)
where .
o ”1706(0) a—pi—
0 =el)3 e g 0] (15)
and .
o) = () S bucpy (9 (16)
=0

Proof. This follows by applying Lemma 7 to (10).

For the next theorem we need the following notation

= M a—pi—1
Ml(t)'_ (I)J:er(a*ﬁj)t )
k
My(1) : = c(1) > 1 Fia(n),
j=1
k [O‘_Bj

Ms(1) : :c(t)zm.

THEOREM 15. Let a(t) and c(t) be nonnegative continuous functions on [0, T].
Let u(t) be a nonnegative function having a summable nonnegative fractional derivative
D%u and

t

D%u(r) < a(r) —|—/

k
; c(s)D%u(s) ZDﬁfu(s)ds, te(0,7), (17)
=1

where 0 < B; < oo < 1 and k is an integer.
(a) If a(t) is nondecreasing, then

D%u(r) < a(r) exp (/OtMl (s)ds) [1 — /Oth(s) exp (/Ole(T)dT) ds] o ,
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for t € (0,T)), where T\ is the largest value of t for which

- /Oth(s) exp (/Ole(r)dr> ds > 0.

(b) If a(t) is nonincreasing, then

et < agesp [ 16105) [1 o [“nsoyesp [ wtcorae) ]

for t € (0,T,), where ag := a(0) and T, is the largest value of t for which

1—ap /OIM3(s) exp (/OAYMI(T)d*L') ds > 0.

Proof. (a) Suppose first that a() is positive and nondecreasing. Then,

D%u(t) D

t “uls) k Biu(s)ds
o <1+/0c(s) - ;D (s)ds. (18)

Let y/(z) denote the right hand side of (18). Then y(0) =1,

D%u(t) < a(t)y (1),

and

y(r) = e()—

D%u(t) & a
0 > DPiu(r) < c(yw(n) > DPu(y). (19)
j=1 j=1
Since y is nondecreasing, by Corollary 5 we have

DPiu(r) = 1°7FDu(r) + %t“ﬁjl
i

< 1 Blalo) w) + F e

< w() 1% PFa(r) + 7;2;“(%1) P (20)

Inserting (20) into (19) we obtain
/ a—pB; u—q(0) 4 _p_
Vo <y Y (v bat + =)
<M (O)w(t) + My (1) w2 (1).

Using Lemma 8 with p = 2 we deduce that

v (1) < exp (/OtMl(s)ds> {1 - /oth(s) exp (/Ole(T)dT) ds] B
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as longas 1 — [ Ma(s) exp ([, Mi(t)dt) ds > 0. Consequently,

1

Du() < a(f) exp ( /0 My (s)ds> {1 - /0 Ma(s) exp ( /0 S Ml(r)dr> ds} o

for t € (0,T1) where T; is the largest value of ¢ for which

1- /Oth(s) exp </OSM1(’L’)dT) ds > 0.

If a(r) is nonnegative then we carry out the same argument with a(z) + €, for
some € > 0, and then let € tend to zero.

(b) If a(r) is nonincreasing function and a(0) = aq, then (17) can be written in
the form

; k
D%u(t) < ap + /0 c(s)Du(s) > DPiu(s)ds. (21)
j=1

Denoting the right hand side of (21) by ¢(¢), we have D*u(t) < ¢(¢) and ¢(0) = aq.
By differentiation we get

¢/(t) = c()D"u(r) 3 DPulr) < e()o(r) Y_ Du(r)

and we proceed as in the first part of the proof.

For the next theorem we need the following notation

10— Bi—1

ol a<> (1) o :
Ml(t) ( )_t) r-1 Z OC ﬁ]

M0 11 alt) S 1 Pl
=1
and
2 (0) k o=Bi—1

M4(l‘)_ M(laoz y) [o—r—1 Z CE ﬁ] :a(t)Ml(l),

o=y k o—Bi—1 toc—y—l

k
Ms()=11-a(0) () T3y Z Ma—p) (e )Zr(a*ﬁﬂrl) ’

=1 j=1

t“‘ﬁf

k
71“0: y+1 ZFa—B,—H)'

j=1

~.
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THEOREM 16. Let a(t) and c(t) be nonnegative continuous functions on [0, T].

Let u(t) be a nonnegative function having a summable nonnegative fractional derivative
D%u and

t k
D%u(r) < a(r) Jr/o c(s)D"u(s) ZDﬁfu(s)ds, te(0,7), (24)
=1

where 0 <y <a<land0<Bi<a<l,j=1,... k.
(a) If a(t) is nondecreasing, then

Du(r) < alt) (1 N /0 ) ds) - ( /;Mz(s)ds)
(e [ots)en( [ cre) ]

fort € (0,Ty), where Ty is the largest value of t for which the bracket is positive.
(b) If a(t) is nonincreasing, then

Du(r) < (ao + /0 'M4(s)ds) exp ( /0 'Ms(s)ds)
{1 - (a0+ /0 IM4(s)ds) exp ( /0 IM5(s)ds) /O ZM6(s)ds}l

for t € (0,T), where T, is the largest value of t for which the bracket is positive.

Proof. (a) Suppose first that a(z) is positive and nondecreasing. Then,

D:(“tgt) <1+ /0 rc(s)D;Z‘S()S) jz_k;pﬁfu(s)ds. (25)
Let y(f) denote the right hand side of (25). Then y(0) = 1,
Du(t) < alt)w (), (26)
and .
v = ()2 > o) (27)

Since y is nondecreasing, by Corollary 5 we have

D'u(t) = I*7"D%u(r) + lft(la_i()l(oy))lo‘—}’—l

< I a(t) y() + F“(lTa_(‘);),ayl

< yw(t) I Ta(t) + %to‘yl. (28)
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Similarly,

ulfa(o) tafﬁj717 j
I = )
Inserting (28) and (29) into (27) we obtain

l///(t) < @ <l,l/(l)]a_ya(t) + Mﬂx—y—l)

DPiu(t) < w(r) 1" Fa(r) + =1,...,k (29)

a(t) Ila—v)
o— ﬁ] ul*lx(o) a—pi—1
XZ( R T
< Mi(1) + Ma(1)w (1) + Ma () (1), (31)

where M, M, , and M3 are as in (22).
By integrating (30) we obtain

v (1) <1+/OIM1(s)ds+/0 Mz(s)u/(s)ds+/0tM3(s)l// s)ds

Applying Lemma 10 with

t
co=1 +/ M, (s)ds
0
t
f) exp/ M, (s)ds
0

t 71
(t) = {cl_l(t) —/ M3(s)ds} ,
0
we get our result.

If a(r) is nonnegative then we carry out the same argument with a(z) + €, for
some € > 0, and then let € tend to zero.
(b) If a(z) is nonincreasing function and a(0) = ao, then

¢ k
D%u(r) < ag +/O c(s)D" u(s) ZDBJ'u(s)ds. (32)
=1

Denoting the right hand side of (32) by ¢(7), we have D%u(r) < ¢(7), @(0) = ap and

k
¢ (1) = c()D'u(r) Y DPu(r)
j=1

Next, we proceed as in the first part of the proof.

REMARK 2. If we apply Bihari’s theorem instead with @(x) = x + x> and

K(s) = sup{My(s), M5(s)},
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then we find

co(?) !
i) < s exp ([ sup 010601161 )

—1
C()(t) t

) Ma(s), M d 0<t<T

X { T o) exp </0 sup {Ma(s), M3(s)} Sﬂ 7 <T

where T is the largest value of ¢ for which
co(t) '
STt Ma(s), Ms(s)} ds ) > 0.
e " (/ sup {Ms(s), Ms ()} ) >

We can take T = max{7T;,T>} with the appropriate bound for y(¢). This gives a
bound for D* through (26). The rest of the proof (that is the other case) is similar to
that of Theorem 16.

REMARK 3. Using Lemma 10 we can generalize the inequality (24) to

(o)

m

D%u(t) < al(t) + /0 c(s )Z (D"iu(

M»

j=1

with rj,n; > 1,i=1,...m, j=1,... k, or further to

D%u(r) < a(r) + /0 c(s) Z ; (D"u(
i=1

with nondecreasing functions w;, i = 1,...,m, and g;, j = 1,...,k, satisfying the
hypotheses of Lemma 10. Some of the orders y; and f; may be equal to . This is
going to be established for a slightly different inequality in the next result.

Let us now prove some nonlinear versions of the preceeding inequalities. We
consider the case of several nonlinear integral terms. In particular we will look at
different nonlinearities of power type. Let us first prepare some notation. We denote by

|M»

(DBJu ) ds

k .
§) = nj—ly. s aiﬁj(l s Ml—a(O) Sa*ﬁjfl J
A(t,s) : ];2 ki1, )(1 ()+7F(a—ﬁj) > ,
B(1) : = [ A(t,s)ds,
/
nj—1
lj(t,s) s = ( (a 2[3] )) k(l S) nj(o—p;)
0T 8L B(z),

_ 1

o) = {00 -0 -) [y}
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THEOREM 17. Assume that a(t) is a positive continuous function in [0,T) and
ki(t,s), j =1,... k, are nonnegative continuous functions for 0 < s <t < T. For
positive integers 1 < n; < ny < --- < g, and 0 < fB; < o < 1, we suppose that
ki(t,s)s5 @B~ € L;(0,00), j = 1,...,k, foreachfixed t. Let u(t) be a nonnegative
function having a summable nonnegative fractional derivative D*u and satisfying

ko .
Doult) <a()+ Y /0 k(t.5) (DPu(s)) " ds. 1€ (0.7) (33)
=1

If ki(t,s) are
(a) nondecreasingin t for any fixed s,
or
(b) differentiable with respect to the first variable t and are nonincreasing in t for
any fixed s,
then
D%u(t) < a(t) +c(r), 0<r<T",

where T* is the largest value of t for which

t
o0 [ bt <
0

n;

Proof. (a) Itis clear from Corollary 5 that D®u(z), j = 1,...,k, are nonnegative.
Let 7 < T be fixed. As k;(t,s) are nondecreasing in 7 for any fixed s, we obtain from
(33) that

k t "
D%u(r) < al(r) + Z/ ki(7,s) (DBfu(s)) 'ds, 0<t1<i<T. (34)
=1

Let us set

0

k t .
o) =3 / ki(7, 5) (Dﬂfu(s)) ! ds.
=1

Then, clearly @(0) =0, D*u(r) < a(r) + ¢@(¢) and
k .
0'() = > k(i.0) (Dhutr))”.
=1

Using Corollary 5 we obtain

k

0 = ij(ﬁ 1) {Ia_ﬁjl)au(t) + %ﬂ—ﬁj—l] !

j=1

=1
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By Lemma 11 and since ¢(¢) is nondecreasing we can write
k
!/

0'(1) SAGH) + 3 400" (). (35)

j=1

Integrating both sides of (35) we find

t k t
o(r) < / At s)ds + > / Li(7,5)@" (s)ds. (36)
0 —1 /o
j=1
This is true for 7 = ¢, and thus
t
[ 190 syas
0
The result follows from Lemma 10.
(b) Assume the hypotheses of part (b) in the statement of the theorem. Let

= i /Ot k;(t,s) (Dﬁfu(s))nj ds.

B(r) +

~.
Il =~
_

Then

Zk (1,1) (Dﬁm +Z/ Dﬁfu( )) ds
. By "
<§k]<r,r> (Du(n)

The rest of the proof is similar to that in the first part.

REMARK 4. The condition that k;(,s) be nonincreasing in ¢ for any fixed s can

be relaxed. In fact we only need that the partial derivative ’%(r, ), j=1,...,k,be
bounded in ¢ by a continuous function.
In this case, suppose that ’%(r, s)| < Kj(s), j=1,...,k, and let
k t n
(1) := Z/ ki(z,s) (Dﬁfu(s)) ! ds.
=170
Then we have
k n; k tak n;
D (1) = ki(t,t (DBjut)]Jr /—Jt,s (DBjus)jds
)= 2kt (D))" + 3 5509 (0P

< ikj(l, f) (DBJ'M(I)) +3 /0 K (s) (Dﬁiu(s))”j ds.
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Now let

S
o

() (DPu(n)”,

and
t

Ki(s) (Du(s))” as,

0

1
and consequently, we can write @ (¢) < x1(¢) + x2(¢). For i, using Corollary 5 we
obtain the bound

k
D+ L@
j=1
where
B 0) o nj
20~ 1" Ba(s) + 2120 o 1] ;
Z { 2 (- B)
and
tnj(txfﬁj)

h(r) =2 (1, VBT D)

For y, we have x,(0) =0 and

k
140 = 3K (07u())” < a0 +Zl,2
where )
_ nj—1 g a—p; ul*lx(o) a—pi— K
) = 327K a1
and

l 2nj71
20 = P g1

t
x(1) < /gz ds—&-z(p”f / lip(s)ds.
J=1 0

Kj(o) 2 h

Thus we have

Therefore, .
¢ (1) <)+ L@ (),
where "~ .
«0 =00+ [ e
and

) =)+ | n(s)ds.

Now we can integrate both sides and apply Lemma 10.
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THEOREM 18. Suppose the following conditions hold:
1. a(t) is a positive continuous function in [0,T);

2. kit,s), j=1,...,k, are nonnegative continuous functionsfor 0 < s <t <T
which are nondecreasing in t for any fixed s;
3. gj(u), j=1,...,k, are nondecreasing continuous functions in [0, 00), with

gi(u) >0 for u>0, and wy x wy ... x w, in (0,00), where

o—f;
1"~ Fi /(1) ui—q(0) B,

wile(n)=g; (1)) +ei(0) - b= (0B,

a—P+1)’

4. u(t) is a nonnegative function having a summable nonnegative fractional
derivative D%u and satisfying

k t
Du(t) < alt) + ) /0 (t.)g; (DYu(s)) ds, 1€ (0,7), (37)

where 0 < fi<a<l1,j=1,...,k.
Then,
D%u(r) < (1), 0<t<T,

where

) = maxals). o0 =W, [ (e-10+ [ kiesias)].

0<s<t

“ d
Wj(z):/ —x, z>0,z >0,
% Wj(x)

and T* is chosen so that the functions cj(t), j=1,....k, aredefinedfor 0 <t < T".

Proof. Let a(t) = maxo<s< a(s) and 7 < T be fixed. As k;(z,s) are nondecreas-
ing in ¢ for any fixed s, we obtain from (37) that

k t
D%u(r) < a(f) + Z/o ki(7,s) g (Dﬁf'u(s)) ds, 0<t<i<T. (38)
=1

Let
AN k t ~ .
o) =l + [ 6.9 & (DPuts)) as.

Then, clearly ¢(0) = a(f) > 0, D*u(r) < ¢(t) and

k

o/(1) = > ki(h,1) g (DPu(r)) -

J=1
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Using Corollary 5 and the fact that g; is nondecreasing, we obtain

)= Zk:k(f 1) 8 {I“ﬁfD“u(t) + 1-0(0) o
= INCE)

k
<"k (01) g I 0)0() + ¢(0)
J=1

k
= 3" kt0.0) i (0(0).

By integration, we have

The result follows from Lemma 10.

REMARK 5. Similar results may be proved for functions g; such that the corre-
sponding w; are in

k nondecreasing,
F=<k:Ry =R, | k(v) >0forv >0, )
k(av) < ak(v) forv >0, a > 1

or in
k nondecreasing and continuous,
k(v) > 0 forv > 0,
Hy, =<k:Ry >R, | k(av) < r(a)w(v) forv > 0, a > 0, where,
(a

r(a) nonnegative continuous in R
w(v) is nondecreasing continuous in R, w(v) > 0 forv > 0

See Theorem 10.2 and Corollary 10.2-10.5 in [1], p.92.

4. Applications

In this section we illustrate our previous results by some applications. In particular,
we show how to use these results to prove boundedness, global existence and determine
the asymptotic behavior for some families of fractional differential equations.
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Let us consider the following weighted Cauchy-type problem:

Du(t) = f (t,u, DPu, DPou, ... D), 1>0,0<B<a<l, (39)
! 7%u()) =0 = uo € R,

where f is a continuous (linear or nonlinear) function in all its variables.
Let us define for r > 0 the space

([0, n)) := {v € C°((0,h)) : li%l t"v(t) exists and is ﬁnite} .
t—0"

Here C°((0,h)) is the usual space of continuous functions on (0, 4] . It turns out
that the space CY([0,4]) endowed with the norm

- r
vl = max.  [v(0)

is a Banach space. Then, we define the space
o ([0,1) = {v € CY_,([0,h]) : v(1)
= vot* ! 4 1%*(r) for some vy € R,v* € C)_,([0,h])}

The space (CT ([0, ), [| - l1-aa) . where [[V]], g o = [VIl,_o + [D*V][,_4

and o > 1/2, is also a Banach space.
For functions in C{_,, ([0, 4]) we have the following

PROPOSITION 19. Let 0 < av < 1. If u € C{_,([0,h]) then u has a summable
derivative D%u on (0, h) (in the sense of Definition 3).

Proof. Clearly I'"%u € AC([0,h]) since I'"%u = const + I'~*I*v*, for some
vt € Clg([0,h]).

So for solutions of (39) we have

THEOREM 20. If u € C{*_([0,h]) is a solution of (39), then
u(t) = upt® ' + 1°D%u.

Proof. From Proposition 19, u has a summable derivative. The result follows
from Proposition 4 and the initial conditions in (39).

Now we prove a boundedness and global existence result for (39).

THEOREM 21. Suppose that

. k
[f(t,u,vl,vz,...,vk)\<a(t)+b(t)/oc(s) u(s)+ S ()l | ds. >0, (40)
=1

with nonnegative continuous functions a(t), b(t) and c(t). Then, any local solution of
(39) in (CY_,([0,T), || - [l1—c.c) is global in time. That is, it exists for all time t > 0.
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Proof. Following the proof of Theorem 14, we have

IDu(t)| < at) + b(2) /0 ' a(s) exp ( / th(r)dr) ds —: L(1)

forall ¢+ > O, where,

k
g(l) — C([) Z {M (4= Bi—1 + g ﬁ]( ):|

= M —B)
and
k
() = ()Y bu-y (1
j=0
By Theorem 20, we have
1 t
lu(t)| = |uot® " + 19D%u| < |uo|t* " + —/ (t — 5)* "' L(s)ds.
’ ’ I'(a) Jo

Therefore u(t) is bounded (away from zero) by a continuous function. Thus u can be
extended for all > 0.

If

n

. k
If (t,u,vi,vay .. yvi)| < alf) + b(t)/o c(s) | |u(s)] + Z lvi(s)| | ds,

that is in the nonlinear case, then Theorem 12 gives us a bound for u provided that

(/Otg(s)ds>l_n /O'h(s)ds <1/(n—1).
(/Ooog(S)ds>l_" /0°° h(s)ds < 1/(n—1),

(which may happen in case u;_(0) = 0, which in turn occur when u is continuous in
the right neighborhood of zero), then this implies that the solution u exists for all time
t>0.

In particular, if

REMARK 6. We have similar results for the case

t
sl <a + [ eDats Zm )lds,
0

with 0 < ¥y < «, and its nonlinear versions.

REMARK 7. These results are also valid for the “usual” initial condition u(0) = u
instead of the weighted one in (39).

Now we show how the results in Section 3. can provide information about the
behavior of solutions for large values of ¢.
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THEOREM 22. Assume that a(t), b(t) and c(t) are nonnegative continuous func-
tionson J = [0,T], T > 0, and g(t) € Li(0,T). If u(t) has a summable nonneg-
ative fractional derivative D%u, f satisfies (40), and tlfalal//(t) is bounded, where

w(1) = a(t) + b(1) [, g(z) exp (f;h(r)dr) dz, then
lu(t) < C/t'7% t>0

for some positive constant C.

Proof. Since u is in (C{_,, ([0,00), || - |li—a,) » We have from Theorem 14 and
20

u()| = |uot®~" + 1“D%u|
1 t S S
< Juolt* ! + —/ (t—s)*! {a(s) er(s)/ g(z) exp (/ h(’L’)d’L’) dz} ds
F(a) 0 0 b4
< Juole + 17w (2).
Therefore,

% u(t)| < up + Ty (1) < C.

REMARK 8. In case

n

; k
[f(t,u,vl,vz,...,vk)\<a(t)+b(t)/oc(s) () + S ()| | ds
=1

for instance, then we have from Theorem 12 that

1

w(1) = a(t) + b(t) { (/Otg(s)ds) o (n—1) /0 h(s)ds}_ﬁ .

If (J;° g(s)ds)”f1 Jo " h(s)ds < 1/(n—1), then () < a(t)+Cb(t) for some positive
constant C. Thus

Ty (1) < % %a(t) + Cr %D (r). (41)
A simple condition assuring boundedness of the right hand side of (41) is
Cl(l‘) < Cll‘}”_le_wlt, /ll,wl >0

and
b(l) < Czl')qileiwzt, Az, wy >0,

for some positive constants C; and C,. Indeed, it suffices to apply the Lemma (See
[2,3])
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LEMMA 23. If or, A, 0 > 0, then for any t > 0, we have
t

tl_a/ (t —5)*'s*~le™®ds < Const.
0

with A = A1, A and v = 0, W, .
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