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PHRAGMEN-LINDELOF TYPE ALTERNATIVE
RESULTS FOR THE STOKES FLOW EQUATION

YAN L1U AND CHANGHAO LIN

(communicated by V. Lakshmikantham)

Abstract. In this paper,we derive estimates for weighted energy expression for the solution of
the Stokes flow equation in a semi-infinite plane channel by means of a second order differential
inequality.From the estimates ,we establish Phragmén-Lindelof alternative that the solutions
either grow or decay exponentially.In the case of decay,we also show how to bound the total
weighted energy.

1. Introduction

In 1856,B.de Saint-Venant [24] formulated and conjectured a famous mathemat-
ical and mechanical principle which came to be known in subsequent literatures as
Saint-Venant’s principle and led to an extensive investigation in the framework of ap-
plied mathematics. Early work on Saint-Venant’s principle primarily focused on the
initial-boundary value problems involving elliptic equations. It is Boley [3] who, in
the 1950s,first pointed out the validity of a Saint-Venant’s principle for the heat equa-
tions.Since then, an extensive attention has been paid to the parabolic problems, (see
[5], [6], [7], [9], [25]). These studies are motivated by a desire to establish,for parabolic
equation,spatial decay estimates analogous to those obtained for elliptic equation in the
investigation of Saint-Venant’s principle in elasticity theory. For a review of recent
advance on Saint-Venant’s principle, one may refer to [10], [12], [15] and the references
cited therein.

Making use of explicit upper bounds for solutions of the transient heat conduction
equation in a half space,Boley [3] was the first to assert that the spatial influence of
the transient effects was even more localized than that of steady state. Then Boley [4]
considered the more traditionary initial-boundary value problem for cylindrical domains
or semi-infinite strips subject to non-zero boundary conditions on the ends only and
obtained some illustrative results, which showed, for instance, that the spatial decay of
end effect at any time t in the transient problems is faster than that for the steady state
case.
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The work which described by Edelstein [5], Sigillito [25], Knowles [16], Horgan et
al. [11], Ames et al. [2] is concerned with initial-boundary value problems for parabolic
equations on cylindrical type domains subject to non-zero boundary conditions on the
end only. Several methods, such as energy estimate,maximum principle and so on, are
employed to establish the exponential decay of solution for such problems with distance
from the ends. All of the results display that the spatial decay of end effects at any time
t in the transient problem is either as fast as or even faster than that for the steady state
case.

Knowles [17] established exponential decay estimates for solution of the bihar-
monic equation in his study of Saint-Venant’s principle in plane isotropic elastostatics
for bounded,simply connected domain of general shape. Since then, many authors have
investigated the same problems in a semi-infinite strip (see [13],[12] and the references
cited therein). Their common goal has been to try to establish an energy decay rate
which is close to the exact one (an exact decay rate k = 4.20/h is founded by Horgan
et al. [16] making use of a eigenfunction expansion for the solution of the biharmonic
equation). It is well known that another interprelation for the biharmonic equation in
the plane is that of the stream function in two dimensional Stokes flow, hence the results
of the Saint-Venant’s principle in plane elastostatics are also relevant to the study of
the spatial evolution of stationary Stokes flows in a semi-infinite paralled plate channel.
Numerous authors have dealt with Saint-Venant type decay estimate for solutions of
the biharmonic equations in a semi-infinite channel in R? ,we mention in particular the
papers of Ames et al. [1], Flavin [6], Oleinic et al. [21], [22], Horgan [13] and Flavin et
al. [8]. Then Lin [18] established a spatial decay bound for the transient Stokes flow in
a semi-infinite strip. Recently, Song [26] investigated the same time-dependent Stokes
flow problem and obtained an analogous result with an improved decay rate. The papers
concerning with biharmonic equations may be viewed as a version of Saint-Venant’s
principle in steady state or transient stokes flow, but common to all was the assumption
that the solution must satisfy some a priori decay criterion at infinity.

The classical Phragmén-Lindelof theorem states that harmonic function which
vanishes on the cylindrical surface must either grow or decay exponentially with distance
from the finite end of the cylinder. Phragmén-Lindeldf type Alternative results were
obtained by Flavin el. at [8] for semi-linear second order elliptic equations in the half
cylinder and by Horgan et al [14] for harmonic functions with non-linear boundary
conditions on the lateral surface of a semi-infinite cylinder. Particularly, Payne et al.
[23] established the Phragmén-Lindelof type results in three type special domains in
R?. Additional references for Phragmén-Lindel6f type results may be found in [19],
[20] and [15] therein.

In the present paper, we are concerned with the flow of an incompressible viscous
which is governed by the transient Stokes flow equation in a semi-infinite channel
and establish a Phragmén-Lindeldf type growth-decay estimate for the problem. We
formulate the problem in section 2 and derive a basic differential inequality in section
3. We then obtain growth-decay estimate for the same weighted energy expressions
in section 4. We finally show how the total energy in the decay results is bounded
explicitly in terms of data in section 5.
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2. Formulation

We consider the time-dependent Stokes equations governing the transient slow
flow of an incompressible slow viscous fluid on an unbounded region €, defined by

Qo = {(xl,xz) \xl >0,0<XZ<h}, (21)
Where & is a fixed constant,and we introduce the notation
L ={(x1,x) |x1 =22 0,0< x, < h}. (2.2)

The velocity field vy (x1,x2,7) and the pressure p(xy,x2,7) (o = 1,2) for the
transient Stokes flow of an incompressible viscous fluid are to be classical solutions of
the initial-boundary value problem:

Var = VAvy —po, in €y x [0,00), (2.3)
Vaa =0, in Qo x[0,00), (2.4)
va(x1,0,8) = vg(x1,h,1) =0, o=1,2, (2.5)
va(0,x2,1) = fo(x2,0), o =1,2, (2.6)
va(xl,x2,0) = 0, (xl,x2) (S QQ. (27)

where A is the two dimensional Laplace operator and v is the constant kinematic
viscosity. The functions fq(x2,) are assumed to satisfy the compatibility f(0,¢) =
fa(h,t) = 0. For simplicity, it is assumed that |, 1, J1dxs =0 forall 1 > 0.
In order to eliminate the pressure term p ,, we introduce the stream function
u(xy,x2,1) such that
Vi =Uuz,vy = —uj. (28)

The problem (2.3) — (2.7) is then transformed into the following fourth order initial-
boundary value problem:

Au= (Au);, in o, (2.9)

u(x1,0,1) = uy(x1,0,7) =0, x> 0,7>0, (2.10)
u(xy, hyt) = uy(x1,h, 1) =0, x; >0,1>0, (2.11)

u(0,x2,1) = g1(x2,1) / fi(s,0)d 0<x <ht>0, (2.12)
u1(0,x2,1) = g2(x2,1) = —f2(x2,7), 0<x2 < h,t>0, (2.13)
Ug(x1,x%,0) =0, x1>0,0<x<h, (2.14)

where we make no assumption on u as x; — co. Here A is the harmonic operator, and
A? is the biharmonic operator, u, is the outward normal derivative, and we adapt the
standard notations , i. e. u; = g)‘: u, = —’; The differentiable function g; and g,
are prescribed and assumed to satisfy appropriate compatibility conditions: g,(0,7) =
gi(h,t) = g2(0,1) = ga(h,1) = gl1 (0,7) = gll(h,t) = 0, where gl1 denotes the partial
differentiation with respect to x; .
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We define energy expressions of the form:

t ¥4 1 v4
E(z,1) :/ / / U opU opdAdn + 5/ / U ol qdA|p—
2h2
/ / / Uonl, omdAdn+ / / / u,laﬁu,laBdAdn (2.15)
1 h2
Mocﬁu aﬁdA|n t+ Ulol, loch|n 15
Lg

1
Ex(z,1) :/ / / U o pU opdAdn + E/ / U U odA|y—
2h2
U gt qndAdn + — U 1qpU 16pdAdT) (2.16)
Lg Lg
1 h2
U opt o pdAln= r+ Mlau A1adA|n=r,

where we use the summatlon convention on repeated 1ndlces and the Greek subscripts
range over 1, 2. Our purpose is to determine the alternative that either E(z,7) grows
exponentially or E>(z,¢) decays exponentially as z — oo .

3. Basic inequality

We will make frequently use of Schwarz’s inequality, the arithmetic-geometric
mean inequality and the following well-known Wirtinger-type inequalities [23]:

h2
/ (u1)dxs < ) (1,12) dxz, (3.1)
L e JL,
2 17 2
(u2)%dx; < iz (M,zz) dxy, (3.2)
L.
2 h4
/ wdxy < (3) F/(M,zz)zdxz- (3.3)
Ly L,

In this section, our goal is to establish a basic inequality

82
|®(z,7)| < ca—zz(l)(z, 1).

where c is a constant.

Firstly, we must define the expression of ®@(z, ¢), the definition of ®(z,¢) is divided
into three steps.

Step 1: The definition of ®@;(z,?).

For a solution u of the problem (2.9) — (2.14), we define

t t
f(z,0) :/ / u’auﬂdxzdnf/ / uu 1 1dxdn. (3.4)
0 JL; 0 JL,
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Making use of the initial-boundary value conditions, Green’s theorem, and inte-
grating by parts, we can write

t t
f(z,0) :/ / u’au,adxzdn—/ / uu 11dxdn
0 Ji, 0 Ji,
t Z t Z
—&—///u’au,aldAdn—///uu’aaldAdn
0o Jo Jig 0o Jo Ji,
t t
:/ / uﬂu’adxzdnf/ / uu 11dxdn
0 Ji, o Ji,
t prz t rz
7///(z—&)’ﬂu7au’a5dAdn+///(Z*&),Buu’aaﬁdAdH
0Jo Ji, 0Jo Ji,
' ' t pz
://uwauﬂdxzdnf//ouldxzdnJr///(z—&)u,aﬁu,agdAdn
0JL, 0L, 0Jo Ji,
t Z t
*///(Z*é)uu’aagﬁdAdn+Z//(uwauﬂl — Ul g1 )dx2d ).
0Jo Ji, 0JL,

We now process the fourth term on the right of (3.5).

t Z t z
/ / / (z = &)uu gappdAdn = / / / u 1pdAdn
0 Jo Ji, 0 Jo Ji,
t Z t
*/ / / (Zig)u,au,andAdn*Z/ / uu 1pdxodn
0 Jo Lé 0 JLy
trz t t
_/ / / ujlu.ndAdT)-‘r/ / Mu.ndXZdT]—/ / uu ndxpdn
0 Jo JIg ' o JL, o Jio
1 [* !
5 / / (Z - é)u,au,adAM:z — Z/ / uu,lndxzdn.
2 0 L 0 JIL

Now we combine (3.5), (3.6) and denote

1(z, 1) //uauadxzdn //uundxzdnJr/ / uu pdx,dn. (3.7)
L; L;

From (3.5), (3.6) and (3.7), we get

t ¥4
Dy (z,1) = Mz 1) + / / / (z — &)ugpuapdAdn
0 JO Lé
1 /* oz
+—/ / (Z*&)u,au,adAln:ﬁ/ / / w1 ndAdn,
2 Jo Lg 0 Jo JIg

where we have defined

t t
Mz, t):/ /(uwauﬂfuu’n+uu7n)dx2dn+z/0 /(uwauﬂl — Ul g1 Ul 1n)dx,dn).
Ly Lo

(3.5)

(3.6)

(3.8)
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Step 2: The definition of ®,(z,1).
We consider the following integral :

t oz
/ / / (Z - é)”,an”,andAdn-
0 JO LE

Upon integrating by parts, using the divergence theorem and the initial-boundary
conditions, we obtain

t 4
/ / / (Z - é)u,anu,andAdT)
0 Jo Jig
1 t 1 t t rz
:_//(u’n)zdxzdn——// (u’n)zdxgdn+2///u,anu,aldAdn
2 JoJr, 2 JoJu, 0J0 JLg
t t 1 Z
_//u’nu’“dxzdn—&-//u,nu’“dxzdn—i//(z—é)uvaﬁuﬂﬁdAM:,
0JL, 0JL, 0L
t t t
—z// uﬁnu’wdxzdn+z// uwnuﬂaldxzdn—z// U it 1ndxodn.
0JL, 0JL 0JL,
Next we treat the third term on the right side of equality (3.9)
t 4
///u.anu.lochdn
oJo JL
t t t z
:/ / ujlnu’ldxzdn—/ / u’lnu’ldxgdn—/ / / U goppU,1dAdN,
0 JiL, 0 Ji, 0o Jo JiL,
In order to get an expression similar to (3.8), we must deal with
t v4
///ujluﬂaﬁﬁdAdT)
0o Jo Jig
t Z t t
:—/ / / u’lauﬂﬁﬁdAdn—&—/ / u’luvlﬁﬁdxzdn—/ / u i1 ppdxodn
0 Jo Jig 0 Ji, 0 Ji
1 t 1 t t
:—/ / u’aﬁu’aﬁdxzdnf—/ / u,agu’aﬁdxzdnf/ / U 1ql,10dX2d M
2 Jo Ji, 2 Jo Ji, 0 JiL,
t t t
+/ / u’lau’ladxgdn—l—/ / ujluJﬁﬁdxzdn—/ / u 1 ppdxodn.
0 Ji 0o Ji, 0 Ji

(3.10)

(3.9)

where , we have used the condition

u,al(xl,O, l) = u7a1(x1,h,t) =0.
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As shown in Step 1, we define

// dxzdnJrZ//ululndxzdn
L.
f/ / umu’lldxzdn—/ / U opU opdxrdn (3.11)
o JL, 0o JL,
t 13
+2/ / uwlau’mdxzdn—Z/ / uu,1gpdxadn.
0o JL, 0 JL,

By(3.9), (3.10) and (3.11), ®@,(z,¢) may be written as

t Z
CDz(ZJ):/lz(ZJ)JF/ / / (z — &)u,antt andAdn
00 Jig (3.12)
1 ¥4
+§/ / (z = &)uoput apdAln—.
where
2(z,1) // +2u1u1n Ul 11— U qpU gB+2U 10U 16—2U 1U,188)dX2d )
Ly

t
+ Z/ / (Ut o1 — Upnit1p — Unlt,1n)dxrd).
0 Lo

Step 3: The definition of ®5(z,1).
As in Step 2, we first consider

t Z
/ / / (2 — EVityopit rapdAdn.
0 0 Lg

After using the divergence theorem and the initial-boundary conditions, we are led to

t oz
// / (z — &)u1aput,1apdAdn
0 JO LE
1 t 1 t t Z
:_/ / u,mu,md)@dn*—/ / u,lau,ladXZdn*/ / / u,lau,aBBdAdn

2 0 JL; 2 0 JLy 0 JO LC

t rz t t
+///(Z*é)ll’]lau’aﬁﬁdAdn“i’Z/‘/uJau’aﬁﬁdxzd‘n*Z\/\/M71au71a1dx2dn

0J0 LE 0JLy 0JLy
1 [ 1 /[ 1 /[
*_// u,lau,ladXZdn*_// u,lau,ladXZdnJF_/ / u,aﬁu,aﬁdXZdn
2 JoJr. 2 JoJi, 2 Jo Ji.
1 t t t
*5/ / u,aﬁu,aBdXZdn*/ / u,lau,ladXZdn+/ / M,locu,lochZdn
0 Ji, o Ji, o Ji

t Z t Z t

+ / / / it ppdAdn— / / / (c— &)ttt candAdn— / / e ppdad
0J0 LE 0J0 LE 0JLy
t t

JrZ/ / M,lau,aﬁﬁdxzdnfz/ / U 1qU 101d%2d1).

0 JLy 0 JLy

(3.13)
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Upon integrating by parts, we obtain

t Z
/ / / u711u’135dAd17
Le
/ / u 11 u 12 dedT] - = / / u 11 u 12) )dedT]
Loy
thus , what we need to do is to deal with the eighth term on the right of (3.13).
t z
/ / / (z — &)uu gondAdn
Le
/ / 2= &)(un1)dA|p= — / / / &)u 112U 2ndAdn
L L
*5/ / (2*5)(M,11)2d14\n:t+2/ / U 12U pndx2dN (3.15)
LC Ly
/ / / U U zndAdnJr/ / / u12u 12ndAdT]
L L
t rz
:E//(Z_ ulauladA‘n t—‘rZ//bt 12u2ndx2dn ///u’lzu’zndAdT].
0Jig 0 Jig
Combining (3.13), (3.14), and(3.15), we define:
L 2 2
Z,1) :E ((u711) + (Mﬁzz) Ydxadn
0 Ji,
t rz 1 Z
:///(Z_é)u,laﬁu,laﬁdAdn‘FE//(Z—é)u,mu,ladA‘n:t (3'16)
0J0 JLg 0JL

13 Z
— / / / u’12u72ndAdn + A@ (Z, t)7
0o Jo Jig
where

t t
A3(z, f)://((M,11)2+(M,22)2)dxzdrl+2//(M,nu,ln*u,lzu,zzl + u 12U 2y )dx2d).
0 L(] 0 LO

(3.14)

A combination of (3.6), (3.11) and (3.16), we now define a new expression which
is fundamental to our method.

D(z,1) = D (z,1) + 2—2[2(132(4 1) + @3(z,1)]

t t t
:/ / u’auﬂdxzdnf/ / uu711dx2dn+/ / ui ndxodm
0 Lz 0 Lz 0 LZ
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h2 t t
+ —2[//(u’n)zdxzdn+2/(u71)2de‘n:t—2// Uit 11dxadn
= Jo L. Ly 0JL,
5/ 2 ! )
+ E (u,“) dxydn + 4 (u,u) dxydn (317)
0 JL, o Jr,
3 /[ !
- 5/ / (u)dxrdn — 4/ / u U 111dxadn).
0 JL. o Ji,

t t
In deriving (3.17), we have used / / u U 120dxrdn = — / / (btjlz)zdedT).
0 JL, 0 JL,

Obviously ®(z,7) may be written in additional form

Za / / / 7 — C)UqpU qpdAdn + = / / u ol adA|n =t
Lg L

/ / / u i ndAdn + / / / z2— E)u onit andAdn
L

/ / Jut ot apdAl =i+ // / Ju1apl 1apdAdn (3.18)
L L
/ / Z— M ol ladA‘n r— / / / U U zndAdT]
LC L

—‘rAl(Z, )+ _[ZAQ(Z7 )+A3(Z, )]

From (3.18), clearly, we have

0? ! 1
mfb(z, t) :/ / u,aﬁu,aﬁdXZdn+ _/ M,au,adXZ‘n:t
< 0 JiL, 2 L,
t t
+/ / u711u7ndx2dn+/ / u U 1ndxodn
0 JL, 0 JL,

h? !
—[2/ / u7anu7andx2dn+/ U o 8AX2 | n= (3.19)

//ulaﬁulaﬁdxzdn //u121uzndXZdTI

1
75/(1412) dxﬂn r+ 2/ Mlauladxz‘n t]
L, L,

In virtue of (3.17), and making use of Wirtinger’s inequalities and Schwarz’s
inequality, we obtain
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2 h2
|D(z,1)] < SE2 (u,122) dxzdn+ (u22)*dxrdn
+ 81// u2) dxzdn+9lﬁ2// ui2) 2dxydn
+ 82// (u 2dx2dn+92n2// (u2n) dx2dn
_2/ /(”,Zn)zdx2d77+2—2/(M,lz)zdx2|n:z
+8& 2// ui12) dxzdn+——// Uon) 2dx,dn
1h2 ) dxod +2 Vdxod
27r2 (u112) dx2dn (u11)"dx2dn
+4/ /(u,lz)zdxzdn+—/ /(u,zz)zdxzdn
Lz
+28h—2//u 2dxydn + — //u )2dxydn)
4 122) dx2dn 984 ) 111 2 17

for some positive constants €1, &, &, &.
1

We choose ¢ = 1,6 = é, & = 1,& = g, and use (3.19), then we can obtain

m o m o
|D(z,1)] <2—2[/ / u’aﬁu’aﬁdxzdn+2—2/ / U ot andxrdn
L,

/ / Ulapl, laBdXZdn + 2 ) u au,ocdxz‘n:t

(3.20)

+_2/ u,aﬁu,aﬁdx2|n:l] (3.21)
9?2 K2
[82 (z,1 +\//M11M,n+bt1u1n ﬁulzluzn)dxzdn
1 K2

+ ) (M,lz)zdx2|n:r”~

Now we denote

1 1 #? ,
y(z, 1) (uiupy + iy — pELREL] 2n)dxadn + = ) (M,lz) dxs |y
L

By using Schwarz’s inequality and Wirtinger’s inequality (3. 1), we can get
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1 t h2 t
5/ / u,agu,agdxzdnJr—z/ / U i, andx2dn
0 JL, = Jo Ji,

1 h?

1 K2
>3 dx,dnN+ = — 2dx; |y
+ an/ /Lz U 10pU,10pdXx2dN + e Lz(u,u) X2 | et

1 62 1
< 5501 + 5y ).
292 (z,1) + 3 ly(z,1)]

In view of (3. 23), we have

2
\y(z, t)| < 8_Z2(D(Z7 t)'

Then, combining (3.21) and (3.24), it follows
h* 9?

|P(z,1)| < 4; 8_Z2(D(Z’ 1).

From (3.19) and (3.22), we have

0? L [ 1
—2(I)(z7 1) 2—{/ / U oBU opdXxrdn + = / U q U o dxs|n—
aZ 2 L

//uanuandxzdn /Maﬁuaﬁdx2|n '
L,
1
+/ / Wiapt1apdxed + 5 | U iott1adxs|n]} >
0 JL, L;

and

0? 3 1
8—Z2(I)(z, r) <§{ A U qpUt opdxrdn + 3 A U qUt o dxn| =

h? !

+—2[2/ / “,an“,andXZdn+/ U, U apdxa|n—
T 0 JiL, L,

! 1

+/ / u,laﬁu,laﬁdXZdn+ _/ M,locu,locdx2|n:t}}-

0 Ji, 2 )L

From (3.25), we have the following two inequalities:

2 7.[2
= - >
5220 + 5% 1) >0,
2 7.[2
= - > 0.
8Z2<I)(z, 1) 4h2<I>(z, 1) >0

which will be utilized in the next section.
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(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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4. Results of the Phragmén-Lindelof type alternative

We confine our problems to the region Q defined by (2.1), and we consider two
possible cases for the derivative of ®(z,1).

Case 1: There exists a zp > 0 in which CD(ZO, >0

Since (,;—ZZCID(z, t) > 0 for all z,# > 0, we have a%fb(z, 1) > 0 forall z > z
Moreover, since ®(z,1) > ®(z0,1) + ()ZCD(ZO, )z —2), 2 = 20,t > 0, it follows
that ®(z,7) must eventually become positive, hence there must be a z;, at which both
(%CD(Zl,l) >0 and ®(z1,7) >0 (z1 = 20)-

We may rewrite (3.29) as

(e*kZ[aﬁch(z, 1) + k®(z,1)]) >0, (4.1)
(ekz[agfb(z, 1) — k®(z,1)]) > 0. (4.2)
Z

Where k = 5 and " denotes the partial differentiation with respect to z.
Integrating (4.1) and (4.2), we have the following results

a%qn(z, 1) + kd(z,1) > [(%(D(zl, 1) + kd(z1, 1)) (4.3)
Qqn(z, 1) — kd(z,1) > [Q(D(zl, 1) — kd(zy,1)]e 72, (4.4)
0z 0z

for z > z;, and hence we further get

0

—®(z,1) > 0 —®(z1,1) coshk(z — z1) + kP(z1, 1) sinh k(z — z1). (4.5)

0z

If we integrate (3.19) from z; to z and use (4.5), then we have

t Z 1 v4
/ / / U opU opdAdn + 3 / / U ol o dA|yn—
0 Ja JLg a JLg
t Z t Z
+/ / / uiundAdn +/ / / uu 1ndAdn
0 21 LC 0 L
h2 t ¥4
+ ﬁ/ / / 2u g qndAdn + — / / / U 1qpU 1a8dAdN
0 Jz Lg
h2 z h2
+ —2/ / u’aﬁu’aﬁdAhz, — —2/ / / u7121u72ndAdn
Vi3 Vi3 I
1 1? 1 n?
— ——2/ / M12 dA|n ;+ / / Uiol, loch‘n 1
21 L.§ L.§

8_ ®D(z1,1)[coshk(z — z1) — 1] + kD(zy,1) sinh k(z — z1).

(4.6)
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Integrating (3.17) from z; to z, we get

E[/ / / M,ocﬁu,ocﬁdAdn + 5 / / u»au,adA|n:t
0 Jz L@ 2 LE
h2 t Z h2 .
- 2ﬁ / / / ot ondAdn + E/ / ”,aﬁ”,aﬁdA|n:z
0 Jz L; 2 L.g
A 1h2 /7
pr) dAd —— dA|,—
+ 2 /0 /Zl /Lé UlaBU 108 n-+ e /Zl /Lé U 1ol 10 dA| =]

4 82
= /;l ﬁq)(s,t)ds.

Combining (4.6) and (4.7), we conclude that

t Z 1 ¥4
lim {e_kz[/ / / U opU opdAdn + —/ / U qU o dA|p—
T oJo Jre 2 Jo Lg
h2 t Z h2 Z
—|—2—///u~ u dAdn+—/ / U opU qpdA|n=
) 0 Jo ,onU on ) 0 Jr. aplU op ‘TIr (4.8)

Wt 1h2 /7
+ —2/ / / U 1aplt,10pdAdN + ——2/ / Uil 10dA|n=]}
= Jo Jo Jig 2 J, Le

> c (t)
Where ¢;(¢) is a positive expression depending on z; , i. e.

1
e1(t) = 2 [ L ey, 1) + k().
3 0z

We can conclude from (4.8) that

. @w{e—k%l (z,0)} = c1(2). (4.9)

Case 2: 2L ®(z,1) <0 forall z > 0.

We first show that in this case, ®(z,¢) > 0 forall z > 0. If we suppose that there
isa zo > 0, such that ®(z9,7) < 0, then by our assumption a%CID(Z, 1) < 0. We have
®(z,1) < D(z0,1) forall z > zo. But by (3.28), we have Z®(z,1) — £D(z0,1) >
—k*®(z0,1)(z — z0) and hence a%(I)(z7 t) cannot remain nonpositive for all z. By this
contradiction, we conclude that if a%fb(z, ) <0 forall z > 0, then ®(z,7) > 0 forall
z20.

In order to derive our estimates in this case, we integrate (4. 2) from 0 to z and
obtain

- gzq)(z, 1) +kd(z,1) < ca(t)e ™. (4.10)

Where ¢, (1) = —a%d)(O,t) + kD(0,1).
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Since ®(z,7) > 0 forall z > 0, from (4.10), we see that ®(z,7) and ——CID(Z, 1)
decay exponentially as z — oo, so we can write

t oo o0
—®(z,1) :/ / / U opU opdAdn + %/ / U U qdA =
0 Jz Lg z Lg
t o0 t o0
+// / u,“u,ndAdn—i—// / ujlu,lndAdn
0 Z L; 0 Zz L;

h2 t e’}
+ ;/ / / (2u7anu7an + u,laﬁu,laﬁ)dAdT] (411)
0 Jz Lg

h? [ 1 1
+ _2/ / (U apttap + 1ot 10— E(”,lz)z)dAM:t
T z Lé

h2 t o0
- / / / M’lzlujzndAdT].
T 0 Z Lg

D(z,1) /// 2)U oplt ggdAdN+= // U U qdA|p=s
L§ L
/ / / bt A1U, ndAdTH-/ / / M u 1ndAdT)
Lg L

/ / / 2“ omUan + U 1apU, laB)dAdn (4.12)
L
¢

1 1
+ E/Z /Lg (é - Z)(U,aﬁu,aﬁ + Eu,lau,la - E(U,lz)z)dAM:z

h2 t o0
— —2/ / / (5 — Z)M7121u72ndAd1’] > 0.
T 0 z Lé

From (4.10), we have

and

fgcb(z, 1) < eat)e ™. (4.13)
07

As shown in (4.7), from (4.11) we have 1E;(z,1) < —E%CD(z, t). So we have
Es(z,1) < 2¢5(t)e ™. (4.14)

Making use of Schwarz’s inequality and Wirginter’s inequality, we find that

/// )it qptt qpdAdn+—= // U ol o dA| =
uv/Lg a L
—|—2—/// uanuandAdn—i——// 2)U U, qBdA| = (4.15)
L
4
/// ulaﬁulaﬁdAdnJr——// DU 10l 10dA|q=].
uv/Lg uv/Lg
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Consequently, in virtue of (4.10), (4.11), (4.12) and (4.15), we have decay esti-
mates for some weighted energy expressions, namely

/Ot /ZOO/Lg[1+k(§—z)}u,aﬁu7aﬁdAdn+% /Zoo/Lg[Hk(é—z)]u,au,adAln_,

hZ t [e'e]
+ ;/ / /Lg (14 k(& — )] Qu.antt.an + w1aptt 10p)dAdN (4.16)
1
+ —/ / [1+k(E Maﬁu,aﬁ+2u,1au 10)dA|p= < 2¢5(t)e k.
L

We summarize the above results in the following theorem.

THEOREM 4.1. Let u be a solution of problem (2.9) — (2.14) in the semi-infinite
strip Qo defined by (2.1), then either inequality (4.9) or (4.16) holds, in which
k=2, ci(t) = e [LD(z1,1) + kD(z1,1)], c2(t) = — £ D(0,1) + kD(0, 1).

This is our result of the Phragmén-Lindelof type alternative.
As an application of the Theorem, for the decay case, we can establish a pointwise
decay estimate for the solution of problem (2.9)-(2.14), 1. e

2 —kz
xglgf(lﬁ]u (z,%2,1) 2n2/ / U qpU opdA < cr(t)e . (4.17)

The proof is analogous to that in [23], so we omit it.

5. Upper bound for the total energy

We now show how an explicit bound can be determined for ¢,(¢) which occured
in Case 2, where 2 ®(z,1) < 0 forall z >0 . Since ¢3(t) = —Z®(0,1) + kP(0,7),
and since ®(z,7) and fa—ZCD(z, t) decay exponentially as z — oco. We need only to
consider integrals of (4.11) and (4.12).

Firstly, we seek a bound for — a%CID(O, t). Since — a%ti)(O, 1) < 32E5(0,1)(see(4.7)),
we need only to bound E»(0,¢).

Now, we write

2h2 h?
Ez(Z, l) = Fl(Z, l) + ?FQ(Z, l) + EF}(Z, l), (5.1)

t [e's) 1 oo
Fi(z,1) = / / / U gplt qpdAdn + —/ / M,au,adA‘nzn

0 Jz Lg 2 z Le

t [e's) 1 oo
Z,1) :/ / / U qnlh,andAdn + E/ / U,aﬁu,aﬁdA|n:t7

0 Jz Lg < Le

t oo 1 0
) :/ / / U 1apU 168dAdN + 5/ / U 1ol 1o dA| =
0 Jz Lg < Le

where
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242
Fu(z,1) =Fi(z,1) + FFZ(Z’ )

t oo 1 o0
:/ / / HapitapdAdn + 5 / / .t a A ln= (5.2)
0 Jz Lg z Lg
h2 t [e%e} h2 0o
"'_2?/ / / U ot ondAdn + ﬁ/ / U opU opdA|n=r,
0 Jz L§ z Lg
t o0 1 o0
F(z,1) :/ / / W apW.apdAdn + —/ / W.aW o dA|n=
0 Jz Lé 2 z Lg
h2 t e} h2 00
+ 2; / / / W,anW’andAdT) + ﬁ / / Wﬂﬁw,aﬁdAM:h
0 Jz L.§ z Lg
t o0 1 o0
Fuw(Z7 l) :/ / / MﬂﬁwvaﬁdAdT} + —/ / u’aw’adAM:t
0 Jz Lg 2 z Lg
h2 t e} h2 00
+ 2? / / / MvanWﬂndAdT] + ?/ / M,aBW,aﬁdA\n:t-
0 Jz Lg z Lg

where w(x;,xp,1) is an arbitrary smooth function defined on € that satisfies the same
boundary conditions as u.
By using Schwarz’s inequality, we get

(5.3)

(5.4)

Fu(z,0)Fy(2,1) = Fiuu(z,1). (5.5)

It is clear that

t oo 1 o0
F.(0,1) :Fu(O,t)—i—// /uﬂﬁ(w’aﬁ—u’aﬁ)dAdn—i—E/ /u’a(w’a—u’a)dA\n:t
0Jo Ji 0 JIg

h2 t o0 h2 o0
220 [ [ wantwan-wamdtans 25 [ waplonap-uap)dal
° JoJo Lg °Jo Lg

=F,0,0) + L1 + L+ L + 14

(5.6)
Making use of the divergence theorem, and (2.9)-(2.14), we obtain
t o] t o]
I, :—// / uvaﬁﬁ(w,a—u’a)dAdn:// / U gon(w — u)dAdn
0o Jo Jig o Jo Jig
t o] t oo
:f// /uvanw7adAdn+// /uﬂnu,adAdn
o Jo Ji o Jo Jrg
(5.7)

> glhz/t/oo/ dAdn 1/’/00/ dAdn
> - == U gl - — W oW,
27_[2 s Jo Lg ont.on 281 s Jo Lg a2 a2
1 oo
+—/ /uauadA\n:,.
2Jo Ji, T
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1 [ 1 [
:E/ / oW adAly—r — E/ / U ot oAy
Lg L
82 h2
= 2 7_[2 U ot aZdA‘n t — 882 Won adA|n =t (5.8)
- E/o /L U gt o dA|p—;.

2h2
// / U qon(Wn — U y)dAdn
2h2
// / Uapp(Wan — U,an)dAdn
Lg
2h2
// / ocB afn — WocBn)dAdn (5.9)
L
(4
>—2/ /u,aﬁu,aﬁdA|n:z_53// /uﬂﬁu’aﬁdAdT]
= Jo  Jig oJo Jrg
L
——— W apnW.apndAdn.
&7 Jo Jo Jrg
2 W o[
_?/ / U oW opdA|n=r — ?/ /Lé U oplt qBdA| =
84 h2 1 h2 >
2 nz/ / U ot ap dA|n— — 2_84E/0 /Lé W.opW.apdAln=r  (5.10)

*_2/ / U, pit apdAln—.
T Jo Jr

Setting ¢, = 1, & = % , & = i , &4 = %, then combining (5.6)-(5.9), we are
led to

F.(0,0)F,(0,1) >

where we have defined

1 t [e'e} 1 [e'e}
—5/ / / W.aoW, a2dAdn + 5/ / W oW odA| =
0 JO LE 0 LC
h4 t [e%s} h2 [es}
4—4// / W,aﬁnwﬂﬁndAdn'i_z_z/ / WﬂﬁW’aﬁdA‘n:t.
T Jo Jo Jrg = Joo Jrg

From (5.10), we can conclude that

%(\/Fu(o,t) —v/Fy(0,1))

Fu(0,7) — O(w(0,1)), (5.11)

1w

w(0,1) +30(w(0,1))). (5.12)

L»-)I»—
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which implies that

VF.(0,1) og+§(mao+3gwm@»% (5.13)

Squaring and making use of the arithmetic-geometric mean inequality, we obtain

Fu0,1) < n@@+§gmam. (5.14)

9
We now define w(xy,x;,7) as

* 0g P 0g .
Wiz (st [ S @) 59

Obviously, it is easy to verify w(x;,xa,) satisfying the same initial-boundary value
conditions as u(xy,x3,7).

Thus, from (5.13), we have bounded F,(0,7).
The next step is to bound F3(0, 7). We will use the following lemma:

w(xl,xz, t): |:
0

LEMMA 5.1. In Case 2, for arbitrary z > 0, z9 > 0.

h2
BF3(z+ 20,1) < 2F1(z,1) +45Fa(,1). (5.16)

Proof. We adopt the notation

. t poo 1 o0
Fei= [ [ €= DPumpuaasanss [ [ @ usaiodal. 617
0Jz Lg z JLg

Obviously, we have the following identity

O—// / —Z M“A M—// / —Z u“Au, dAdT]
L L ! (5.18)

=K +K,.

By applying the divergence theorem repeatedly and using the initial-boundary
value conditions, we obtain

t oo t o0
*// /(5*Z)2u’1a5u,1aBdAdn+// / u’aﬁu’aﬁdAdn
0 Jz Lg 0 Jz Lg
t poo
-2 / / / u?,dAdn,
0 z Lg '

1 oo
K, = _E/ /(é— Uial, loch‘n r+2// / UIZU andAdn). (5'20)
z L; L

Inserting (5.18), (5.19) into (5.17), we find

Fi(z,1) < /// aBuaBdAdn+2\/// DupgdAdn|.  (5.21)
L}:: L

(5.19)
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Using Schwarz’s inequality, we have

2‘/// 2)u, 12U 2ndAdn|
Lg
\8—/ // *Z Mlzszdn+ /// Mzn dAdTL
L L

making the choice € = % and substituting from (5.21) and (5.16) into (5.20) to yield

(5.22)

— W2
F3(Z, l) < 2F (Z, l) + 4;172(2, l). (523)

We note that for arbitrary zp > 0

__ t [e'e} 1 o0
Rz [ [ [ Erummmdrany [~ [ €= Puiodal,
0 Jztzo v Lg ztz0 J L

>20F3(z + 20, 1)
(5.24)
So we have proved the lemma.
From the definition of F3(0, 1), since fooo ng Ut 1cdA < F2(0,1), we need only

to bound

t o0
/ / / u’laﬁu,mﬁdAdn
0 Jo L§

- - (5.25)
= / / / U 1ol 105dAdN +/ / / U0l 105dAdN.
0 Jo Jug oJ1 Jig
Setting z =0, zo = 1 in (5.15) leads to
t poo h2
/ / / U 108U 10pdAdN < 2F1(0,1) + 4EF2(07 1). (5.26)
1 JL

From (5.20) and (5.21), we obtain

t o0 t o0 hz
/ / B2y optt 1pdAdn < 2 / / / U gt opdAdn + 4—F5(0,1). (5.27)
o Jo Jig o Jo Jig T

Since (5.26) is equivalent to
t o0 1 o0 h2
/ / EW W sdAdn < 2 / / Y2 dAdn +4—F>(0,1).  (5.28)
0oJo Jig 0oJo Ji T

where W (x1,x2,7) = u qp.
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For the first integral on the right hand side of (5.24), making a variat transformation

X = % and using inequality (5.27), we deduce that

t 1 t [ee)
/ / / U ot apdAdn = / / E2u gapt zapdAdn
0 Jo Jrg 0 /1 JLg
t o0
g// ézuwéaﬁuéaﬁdAdT)
oJo Jig
t e’} h2
2// / u~aﬁu~aBdAdn+4—2F2(0, f)
oJo Jr, T 7

h2
< 2F1(0, l) + 4;172(0,1‘).

(5.29)

Combining (5.24), (5.25) and (5.28), we finally obtain

2

h
F3(0, t) < 4F1(0,I) + (8—

— + DE(0,1). (5.30)

Thus, from (5.13) and (5.29), we have bounded 75%(1)(07 1).
Next, we start to bound

1 o0
d(0,1) / / Eu opl apdAdn + ~ / éu au,adA‘n:r
L
3

// /L5 éuuundAdn—&-// /Léu’lu’lndAdn

Jr_z/ / 5(2u,anu,an+u,1aﬁu,laﬁ)dAdn (5.31)
T Jo Jo Jig

W2 [ 1 1
+ o /0 /L5 E(uapttap + FMiatla = SU1M, 12)dA|n=

h2 t o0
- = / / §u7121u’2ndAdT].
= Jo Jo  Jig

Firstly, we bound

t [ee] 1 o]
Jl = / / ébt’anbt’andAdn + E/ él/lﬁaﬁlﬁaﬁdAM:[.
0 Jo Lg 0 Lg

/ / / Ut 1qdAdn — / / Eu i qoppdAdn
Le Le

+§/ Eu pput qpdA|n—
0 Ji

Since
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t oo t oo
7// /u7nu71ndAdn+// /u7nu7aa1dAdn
L§ L
// éuﬁnuaaﬁdAdT)—‘r / /éuaﬁuaﬁdAh "
L
4
—// /u’nu’lndAdn—i—// /u’nu’aaldAdn
0 JO Lg 0 JO Lg
t oo
—// /u7ﬁnu71ﬁdAd1’).
0 JO Lg

By using Schwarz’s inequality, Wirtinger’s inequalities and results (5.15), (5.29),
we obtain

(5.32)

Ji < data. (5.33)
Next, we bound

t o0 1 oo
J> :/ / / Eu gpu qpdAdn + 5/ / Eu it qdA|n=
oJo Jrg 0o Jrg
t o0 t [e'e}
+// éu’lu’lndAdn—F/ / éu,“u,ndAdn
0o Jo Jig oJo Jig
t t t o0
:/ / u’au,adxgdn—/ / uu,“dxzdn—// /uu’lndAdn
0 Ji, 0 Ji, oJo Jig
t o0
f// /uJu’ndAdn
0oJo Ji
1 [ ’ 1 [ ’
<data + — u dxydn + = (u11) dxdn
2 Jo Ji, 2 Jo Ji
1 [ ’
<data + = (u11) dx2dn.
2 0 Ly

Since we have

t t oo
2
u, dxdn:2// /u u111dAdn
/O/Lg( u)y o oJo S M (5.35)

< data.
Combining (5.33) and (5.34), we obtain
J» < data. (5.36)

(5.34)

Finally, we bound

t [e%e]
J3 :/ / / Cut 1apU 10pdAdn + = / / Euyqtt 1o dA|n—s
Le L
/ / 5u 1214 2ndAdT — 5/ 5“,12“,125114\11:;-
L L

(5.37)
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In light of (5.32), we have

3 t [e'e} 1 o
J3 <§ / / éu,lagujlaﬁdAdn + E/ 5u,lau,ladA|n:t
o Jo Ji o Ji

1 t o0
+3 / / / Suapu pndAdn (5.38)
0 Jo Lg

3 t o0
<5 / / Euyqpu 10pdAdn + data.
2 Jo Jo L '

In order to bound (5.37), we have to seek a bound of [ [, ng Eu 1apit 1apdAdn).
We find that

t o0 t [e’e) t [e’e)
// éu,mﬁu,laﬁdAdn:*// /M,lalu,ladAdW*// Eu U oppdAdn
0Jo Ji 0Jo Ji, 0Jo Ji

t o0
<data — / / Eu gt 1 0ppdAdn.
o Jo Ji

(5.39)
We must bound the second term on the right of (5.38).

t oo
_/ / / éu,lau,laﬁﬁdAdn
0 JO L;
t oo t poo
:// /u,lau,aBBdAdnJF// 5u,llau,o¢BBdAdn
0 JO LC 0 JO LC
t oo t
:*// / u,laﬁu,aBdAdn*/ / U gl 1o dXx2dN (5.40)
0 JO LC 0 JLy
t o0 t o0
f// / uwllu,mﬁdAdn—// Eu U qandAdn
0 JO LC 0 Jo LE

t o0
<data — / / Eu 1 gandAdn.
oJo Jrg '

Now, we set about the last term in (5.39)

t [e'e)
|// Eu 11 gondAdn)|
0oJo Ji
t o0 ‘ s
:|// éu’llo‘u’“"dAdn+// / 1, 1ydAdn|
070 Lg 0 J0 L
1 r oo 1 t oo
< —// /éu,llau,lladAdn—&-—/// Eu gt ondAdn + data
2JoJo Lg 2 Jo Jo Le

1 t o0
< _/ / Eu it 110dAdN + data.
2 0 JO Lg

(5.41)
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So, combining (5.37)-(5.40), we can conclude

t o0
/ / Eu1opu10pdAdn < data. (5.42)
oJo Ji

Further, we obtain
J3 < data. (5.43)

Inserting (5.32), (5.35) and (5.42) into (5.30) to obtain
D(0,1) < data. (5.44)

Thus, we have finally established an explicit upper bound in terms of prescribed

data for the total energy c;(z).
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