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ON ALMOST INCREASING SEQUENCES FOR
GENERALIZED ABSOLUTE SUMMABILITY

EKREM SAVAS

(communicated by J. Marshall Ash)

Abstract. In this paper, we establish a summability factor theorem for summability |A, §|; as

defined in (2) where A is a lower triangular matrix with non-negative entries satisfying certain
conditions.

This paper is an extension of the main result of [3] using definition (2) below.

Let A be a lower triangular matrix, {s,} a sequence. Then

n
A, = g ApySy.
v=0

A series ) a, is said to be summable |Al;, k > 1 if

> oA, = A F < oo (1)

n=1

and it is said to be summable |A, |¢,k > 1 and > 0 if (see,[1])

Znék”‘_l\An — A, | < 0. (2)
n=1

We may associate with A two lower triangular matrices A and A defined as
follows:

n
anVZE Qnry n7v:071727-'-7
r=v

and
&nv:dnv_an—l,w n=1,2,3,....

We may write

n i n n n
T, = E Api E avlv = E av}av E api = E énvavxw
v=0 i=v v=0

i=0 v=0
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Thus

n n—1
T, — T = E AnyayAy — g an—l,vav)tv
v=0 v=0

n n
= E AnyayAy — g an—l,vav)tv
v=0 v=0
n

= Z(dnv - dnfl,v)avxv

v=0

n n
= E &nvav)tv = E (Alnv)tv(sv - Svfl)
v=0 v=1

n n
= E anvxvsv* E anvﬂfvsvfl
v=1 v=1

n—1

n
= § anvxvsv + annxnsn - E a,w/lvsv,l
v=1 v=1

n—1 n—1

= § anvxvsv“i’annxnsn - E an,v+lﬂfv+lsv

v=1 v=0
n
= E ((Alnvxv - &n,v+lxv+l)sv + annﬂfnsw
v=1

We may write
(&nvkv - &n,vHAvH) = Z\lnv)tv - &n,vHAvH - &n,vﬂlv + Z\ln,\/HAv
= (&nv - &n,vﬂ)xv + &n,v+l(xv - )Lvﬂ)
= AvAv&nv + &n,v+1Axv-

Therefore
n—1 n—1
Tn - Tn—l = Z Av&nvlvsv + Z é\ln,erlAA'vsv + annlnsn
v=0 v=0
=T+ Tn2 + Tn37 say.

A triangle is a lower triangular matrix with all nonzero main diagonal entries.

A positive sequence {b,} is said to be almost increasing if there exists a positive
increasing sequence {c,} and two positive constants A and B such that Ac, < b, <
Bc,, . Obviously every increasing sequence is almost increasing. However, the converse
need not be true as can be seen by taking the example, say b, = e,

Given any sequence {x,}, the notation x, < O(1) means x, = O(1) and 1/x, =
O(1) . For any matrix entry a,y, Ayayy := uy — Ayy1-

THEOREM 1. Let {X,} be an almost increasing sequence and let {f,} and {A,}
be sequences such that

() |Ada] < Bo,
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(ii) lim, B, =0,
(iii) > n|AB|X, < o0,

n=1
and
() |Aa)X, = O(1).
Let A be a lower triangular matrix with non-negative entries satisfying
V) nay, < 0(1),

(
i) an—1y = aw for nzv+l,
(vii) @y =1 foral n,

(

n—1

vitd) Y awda 1 = 0(am)),
v=1
m+1

(ix) Z nSk‘Av&nv‘ = O(VSkClvv)

n=v+1

and
m+1

(x) Z n* a1 = O(V‘Sk).
n=v+1
If
(xi) ST % sl = O(Xin).
then the series Y a,A, is summable |A, S|k, k > 1,0 < 6 < 1/k.

The following lemma is pertinent for the proof of Theorem 1.

LEMMA 1. ([2]) Under the conditions on {X,},{B,} and {A,} as taken in the
statement of the theorem, the following conditions hold, when (iii) is satisfied

(1) nBX, = O(1).
(2) > BuXy < 0.
n=1

Proof. To complete the proof it is sufficient, by Minkowski’s inequality, to show
that

oo
Zn5k+k_l|Tm|k <oo, for r=1,2,3.
n=1

From the definition of A and using (vi) and (vii);

Ap,y+1 = én,erl - ﬁnfl,erl

n

n—1
= E ani — § ap—1,i

i=v+1 i=v+1

v 1%
=1- E apj — 1+ § Ap—1,i
i=0 i=0

v

= Z (Gn—l,i — an,i) > 0. (3)
i=0
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Using Holder’s inequality,

m m n—1 k
= Z n5k+k71 ‘Tnl |k = Z n6k+k71 ’ Z AV&HVA'VSV
m+1
Zn5k+k 1(2 |Avén| | Ay Hsv\)

m+1 n—1 n—1

DS n (3 Avand 12 ) (3 \Avanv\)kfl
n=1

v=1 v=1

Avanv = dpy — dpv+1
= dyy — dnfl,v - dn,v+1 + énfl,v+1

= dupy — Ap—1,v <0.

Thus, using (vii),

n—1 n—1
Z |Av[1nv| = Z(anfl,v - anv) =1-1+ Appn = Apn.-
v=0 v=0

Since {X,} is an almost increasing sequence, condition (iv) implies that{A,} is
bounded.Then,using (v), (ix), (xi), and (i) and condition (2) of Lemma 1,

m+1
Znék Y IZM Flsvl¥|Avény |
m+1
Zn‘”(ZM NIRRT
m m+1

- 0(1)2 M‘VHSV‘k Z n5k|Av&nv‘
v=1 n=v+1

m
1) Z V¥ Ay @y ¢
m

Z |Ay |[Za”\s,\k Ok Za”|s,\ rék}

m—1

1) [Z Ayl Zaﬂ\sr\krﬁk Z A Zaﬂ\sr\k ]
v=1 r=1
m—1 \%

D[S AU D andselr™ + [ Zawsr\krﬁk]
v=1 r=1 r=1



ABSOLUTE SUMMABILITY METHODS 721

m—1

[ZA (I4)) Zr&‘ sp ¥+ [ |Zr5’< s,
m—1

1) > [AAXy + O(1)| AnlXon
v=1

1)§:BVXV+0(1)M,,,\XW
v=1
= 0(1).

Using (i) and Holder’s inequality

m+1 m+1
Zn5k+k Tk = Zn8k+k l‘zanv+l (AvAy)
n=2 n=2
m+1 a
Sk+k—1 vV
Zn [Z |AvAv|an, v+1|5v| :|
m+1 n—1 n—1 _
Sk+k—1
E n E ‘A Ay | |Sv| ay v+1avvavv} { E ayyay v+1}
m+1

Znék nann k IZBk|SV| an V+1avv avv:|

We have, using (v),

m+1 n—1

Znék Ndyy) k lzan v+1(vBy) ‘SV‘ Qyy

n=2
m m+1

= 0(1) Z(Vﬁv)k|sv|kavv Z nSk&n,v+1~
v=1 n=v+1

From the condition (1) of Lemma 1, (vf,) is bounded and therefore, from (x),

=01) Y v (VB ) Isvlfavy

v=1

= 01) i VSk(VBV)(Vﬁv)k_l ‘SV‘kavv
v=1

1) Z V¥ (vB) sy [Favy
v=1

m

=0(1) > vBylsy[*v*.

v=1
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Using summation by parts, (xi), conditions (1) and (2) of Lemma 1 and (iii),

m —1
L:=o0(l) Z vﬁv[zv:r“-l\s,ﬁ - Vzr“-l\s,ﬂ
m m—1
[Z (vBy) Z %l g [ — Z(V+1I3V+1 Z s, ]
m—1

ZAVB"ZSk 1|S‘k+0 mBZSk I‘S‘k

m—1

1) > IAWVB) Xy + O(1)mBy X,

m—1 m—1

Z V‘A BV |X + 0 Z BV+1XV+1 + 0( )mﬁm m

_oq).

Finally, using (iv) and (v) we have

m
k

m
Z Sk+k— 1|T |k ZnSkJrk 1
n=1

1) Z n8k+k—l ‘ann|k|ﬂfn‘k‘sn|k

n=1

m
1) Z nék(nann)k_lann‘kn‘k_l |A"| ‘sﬂ|k

ann nsn

1)~ n® ayn|An] sn*
n=1
= 0(1),
as in the proof of I;

Setting & = 0 in the theorem yields the following corollary:

COROLLARY 1. Let {X,} be an almost increasing sequence and {B,} and {A,}
sequences satisfying conditions (i) — (iv) of Theorem 1. Let A be a triangle satisfying
conditions (v) — (viii) of Theorem 1.

If
(ix) ZZ[ 1 n‘sn‘k = O(Xm)’
then the series . ayA, is summable |Alg, k > 1.

COROLLARY 2. Let {p,} be a positive sequence such that
P, :=>"}_yPx — o0, and satisfies
(v) np, < O(P,).
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m+1 » Vék
. Sk n
Vi n\—/———| = 0(— ) .
o 2 =0

Let {X,} is an almost increasing sequence, {f,} and {A,} sequences satisfying
conditions (i) — (iv) of Theorem 1.
If

(vii) o0 n%*sult = O(X),

then the series . a,A, is summable

N,p,8li, k> 1 for 0< S8 < 1/k.

Proof. Conditions (i) — (iv) and (vii) of Corollary 2 are, respectively, conditions
(i) — (iv) and (xi) of Theorem 1.

Conditions (vi), (vii) and (viii) of Theorem 1 are automatically satisfied for
any weighted mean method. Condition (v) of Theorem 1 becomes condition (v) of
Corollary 2, and conditions (ix) and (x) of Theorem 1 become condition (vi) of
Corollary 2.

It should be noted that, in [3], an incorrect definition of absolute summability was
used. Corollary 2 gives the correct version of Ozarslan’s theorem.
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