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FUZZY RANDOM KOROVKIN THEORY AND INEQUALITIES

GEORGE A. ANASTASSIOU

(communicated by R. U. Verma)

Abstract. We introduce and study the fuzzy random positive linear operators acting on fuzzy ran-
dom continuous functions. We establish a series of fuzzy random Shisha—Mond type inequalities
of L9 -type 1 < g < oo and related fuzzy random Korovkin type theorems, regarding the fuzzy
random g -mean convergence of fuzzy random positive linear operators to the fuzzy random unit
operator for various cases. All convergences are with rates and are given via the above fuzzy ran-
dom inequalities involving the fuzzy random modulus of continuity of the engaged fuzzy random
function. The assumptions for the Korovkin theorems are minimal and of natural realization,
fulfilled by almost all example fuzzy random positive linear operators. The astonishing fact is
that the real Korovkin test functions assumptions are enough for the conclusions of our fuzzy
random Korovkin theory. We give at the end applications.

1. Introduction

Motivation for this work are [1], [4], [5], [8], [3], [1 1] and [16]. This type of work for
fuzzy stochastic processes is new to our knowledge. We introduce the concept of fuzzy
random positive linear operator and we prove our results for a very large general class
of such operators. Most of the summation and integration operators fall into this class.
To do that we are greatly helped by the fuzzy Riesz representation theorem developed
in [5]. The surprising fact is that the basic assumptions of real Korovkin theory for
the test functions 1, id, id*> carry over here and they are the only ones needed. Of
course a natural realization condition is required in the fuzzy random setting to prove
the fuzzy random ¢g-mean convergence. But first we establish a series of fuzzy random
Shisha—Mond type inequalities for various important cases. These contain the fuzzy
random modulus of continuity of the involved function.

So this paper is basically the study with rates and quantitavely for the fuzzy random
g -mean convergence of a sequence of very general and abstract fuzzy random positive
linear operators to the fuzzy random unit operator. Linearity and positivity here are
the analogs of the real case. Finally we give applications to fuzzy random Bernstein
operators.

Mathematics subject classification (2000): 26E50, 28E10, 41A17, 41A25, 41A36, 47540, 60H25,
60H99.

Key words and phrases: fuzzy random positive linear operator, fuzzy random Korovkin theory and
inequalities, fuzzy random Shisha—Mond inequality, fuzzy random modulus of continuity, fuzzy stochastic
process, fuzzy random function.
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2. Background

We start with

DEFINITION 1. (See [18]) Let u:R — [0, 1] with the following properties:

(i) isnormal,ie., Ixo € R; pu(xg) = 1.

(i) pw(Ax+ (1 —A)y) = min{u(x),u(y)}, Vx,y € R, VA € [0,1] (u is called a
convex fuzzy subset).

(iii) W is upper semicontinuous on R, i.e., Vxo € R and Ve > 0, 3 neighborhood
Vixg): u(x) < u(xo) + &, Vx € Vix).

(iv) The set supp(u) is compactin R (where supp (i) := {x € R; u(x) > 0}).
We call u a fuzzy real number. Denote the set of all u with R .
E.g., X{XO} € Ry, forany xp € R, where X{XO} is the characteristic function at

X0 -
For 0 <r <1 and u € R define [u]" := {x e R: u(x) > r} and

)’ :={xeR:ulx) >0}

Then it is well known [12] that for each r € [0,1], [u]” is a closed and bounded interval
of R. For u,v € Rz and A € R, we define uniquely the sum u & v and the product
A @u by

v =u"+p", [Aou =Al", Vrel0l],

where [u]" + [v]" means the usual addition of two intervals (as subsets of R ) and A [u]"
means the usual product between a scalar and a subset of R (see, e.g., [13]). Notice
l1ou=wuanditholds udv=v®@u, AQu=u®A. f0<r <rp <1 then
W) C [u]"". Actually [u]" = [, ul”], where u"” < u', u"”, u” e R, vr € [0,1].

Based on [12] we can then identify any u € Rz with the parametrized representation
{(u(r),u(f)) | 0 < r < 1}. Wedenote u <v iff u” < v and u‘;) < v(l), for all

r € [0,1]. Define

D:Rs xRr — R,

by

D(u,v) := sup max{|u”) — |, ) — |},
rel0,1]

where [v]" = [v@, v(l)} ; u,v € Rr. We have that D is ametricon Rz . Then (Rz, D)
is a complete metric space, see [17], with the properties

Du®w,v@w)=D(u,v), Vu,v,weRyg,
Dk ®u,k®v) = |k|D(u,v), Vu,ve Rz, Vk € R,
Du®v,wde) <D(u,w)+D(v,e), Vu,v,w,e € Rg.

We need the following lemmas.
LEMMA 1. (See [7]) Forany a,b € R:ab > 0 and any u € Rx we have

Da@a®u,b®u) <|a—>b|-D(u,d), (1)

where 6 € Ry is defined by 6 := X .
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LEMMA 2. (See [7])

(i) If we denote o := X{O} , then 0 € Ry is the neutral element with respect to @,
ie, uPo0=0Pu—=u, Yu € Rr.

(if) With respect to 6, none of u € Rr, u # o has opposite in Ry

(iii) Let a,b e Ria-b>0,andany u € Ry, we have (a+b)Ou=a0QudbOu.
For general a,b € R, the above property is false.

(iv) Forany A € R andany u,v € Rr, wehave A © (u®v) =AQudA O v.

(v) Forany A,y € R and u € Ry, wehave A © (UG u)=(A-u)©u.

(vi) If we denote ||u||F := D(u,0), Yu € Ry, then || - ||z has the properties of a
usual norm on Rx, i.e.,

lull 7 = 0 iffu= 0,4 ©ullr =[A]-|u]z,
lu@ vllz < llullz+ VllF, llullz = lVllF < D(u,v).

Notice that (Rz, &, ®) is not alinear space over R, and consequently (Rz, ||| )
is not a normed space.
We need the following definitions.

DEFINITION 2. (See also [11, Definition 13. 16, p. 654]). Let (X, B, P) be a prob-
ability space. A fuzzy-random variable is a B -measurable mapping g: X — Rr, i.e.,
for any open set U C R, in the topology of Rr generated by the metric D, we have

g ' (U)={s€X; g(s) e U} e B. (2)

The set of all fuzzy-random variables is denoted by Lz(X,B,P). Let g,, g €
Lr(X,B,P),neN,and 0 < g < +oc0. We say,

<« q—mean”

gn(s) T g(s),

lim [ (D(g(s),8(s)))"P(ds) = 0. (3)

n—-+o00 X

DEFINITION 3. (See [11, p. 654, Definition 13. 17].) Let (7,7) be a topological
space. A mapping [:T — Lz(X,B,P) will be called fuzzy-random function (or
Sfuzzy-stochastic process) on T. We denote f (¢)(s) =f(z,5), t €T, s € X.

REMARK 1. (See [11, p. 655].) Any usual fuzzy real function f: T — R can be
identified with the degenerate fuzzy-random function f (¢,s) =f(¢), Vi € T, s € X.

REMARK 2. (See [11, p. 655].) Fuzzy-random functions that coincide with proba-
bility one, for each t € T, will be considered equivalent.

REMARK 3. (See[11,p.655].) Let f,g: T — L#(X,B,P). Then, f $g and kOf
are defined pointwise, i.e.,

(f @g)t,s) =f(t,s) ®gt,s),
(kOf)t,s)=kof(t,s), t€T, s€X, keR.
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DEFINITION 4. (See also [11, Definition 13. 18, pp. 655-656].) For a fuzzy-random
function f:[a,b] — Lz(X,B,P), we define the (first) fuzzy-random modulus of
continuity

1/q
(%) =su 9(f (x, s s s) |5 x a x—y| < ,
1 (f’S)Lq— p{(AD (f( s )7f(y’ ))P(d ))7 7y€[ 7b}7‘ y|<5} (4)

0<0, 1<g<oo.

DEFINITION 5. Here, 1 < g < oo. Let f:[a,b] — Lz(X,B,P) be a fuzzy
random function. We call f a (q -mean) uniformly continuous fuzzy random function
over [a,b] iff Ve >0 38 > 0: whenever |x —y| < 3, x,y € [a, b], implies that

[ (0095 (s) ") < e 5)

We denote itas f € Co%([a,b]).
We need
PROPOSITION 1. Let f € C4%([a,b]). Then, Q (f O)pa < 00, any § > 0.

Proof. Let & > 0 be arbitrary, but fixed. Then, there exists 8 > 0: |x — y| < &
X,y € |a,b] which implies

/X(D(f(x,s),f(y,s))) P(ds) < & < occ.

That is, Ql (f 80)ra < &’'? < 0o. Letnow 8 > 0 arbitrary, x,y € [a, b], such that
x—y <96. ChoosenEN nd > 0 andset x; :=x+ (i/n)(y —x), 0 <i<n
Then,

D(f X, S) )
D(f f(xr,s ) +D(f(x1,s),f(x2,s)) +-~-+D(f(x,,,1,s),f(y,s)).

Consequently,

</X(D(f(x’ $).f (v, S)))qP(ds)) 1/q
g

1/q
< ( / (06 s>7f<xhs>>)qp<ds>) oot ([0 (1,510 0050)"Pta))
(f 00) 14 nso 7 < 0,
since |x,-fx,-+1\ < (1/n)|x—y| < (1/n)8 < &, 0 < i < n. Therefore, Q (f 0)ra

£/q<oo. O

PROPOSITION2. Let f,g:[a,b] — Lx(X, B, P) befuzzy random functions, [a,b] C
R. The following hold.

(i) Q (F)(f 5)Lq be nonnegative and nondecreasing in 6 > 0.
(if) limgs)o (1)1 (f O)a = g}—>(f70)m =0,if f € ngR([a,bD.
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(iii) ng)(f, o + 52)Lq < QSF>(f, 51)Lq + QSF>(]€, 52)Lq, 51, 5 > 0.
(iv) QP (F,n8)a <nQP)(f,8)14, 6§ >0, neN.
) QP A8) < [A1QV(F, 8)e < A+ DR (F,8)14, A >0, § > 0, where

[] is the ceiling of the number.

(vi) ng)(f ®g,0) < Qiﬂ(f,ﬁ)m —|—Qi}->(g,6)Lq, 0 > 0. Here, f & g is a fuzzy
random function.

(vii) ng)(f7 ra is continuous on R, for f € C%Q([a,b}).

Proof. The proof is obvious. [

PROPOSITION 3. (See [3]) Let f,g be fuzzy random variables from X — Ry.
Then, we have the following.

(i) Let ¢ € R, then ¢ ®f is afuzzy random variable.
(i) f @ g is afuzzy random variable.

For the definition of general fuzzy integral we follow [14] next.

DEFINITION 6. Let (Q,%,u) be a complete o -finite measure space. We call
F:Q — Rz measurableiff V closed B C R the function F~!(B): Q — [0, 1] defined
by

F7Y(B)(w) := supF(w)(x), allw € Q
XEB
is measurable, see [9], [14]. ©

Notice here that the concept of measurability is different than the B -measurability
of Definition 2.

THEOREM 1. ([14]) For F:Q — Rz, F(o) = {(F"(0), F{(0)) |0 < r< 1},
the following are equivalent.

(1) F is measurable,

(2) vrelo,1], F, FE:) are measurable.
Following [14], given that for each r € [0,1], F, F(p are integrable we have
that the parametrized representation

{(/F“)du,/F@du) |0<r<1}
A A

is a fuzzy real number for each A € .
The last fact leads to
DEFINITION 7. ([14]) A measurable function F: Q — Rz,
F(o) = {(F(0).F{(0) [0 < r <1}
is called integrable if for each r € [0,1], F (ir) are integrable, or equivalently, if F (Jf)
are integrable. In this case, the fuzzy integral of F over A € X is defined by

/qu:={</F“>du,/F$)du) |0<r<1}.
A A A

By [14], F is integrable iff @ — ||F(w)||+ is real-valued integrable.
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We need also
THEOREM 2. ([14])) Let F,G:Q — Rz be integrable. Then
(1) Let a,b € R, then a® F + b ® G is integrable and for each A € X,

/(a@FEBb@G)du:aQ/FdMQBb@/Gdu;
A A A

(2) D(F,G) is a real-valued integrable function and for each A € X,

D(/Aqu,/AGdu> < /AD(F,G)du.

H/quH </\|F\|fdu-
A Va A
We need

DEFINITION 8. Let U open or compact C (M,d) metric space and f:U —
Rr. We say that f is fuzzy continuous at xy € U iff whenever x, — xp, then
D(f (x,),f (x0)) — 0. If f is continuous for every xo € U, we then call f a fuzzy
continuous real number valued function. We denote the related space by Cx(U).
Similarly one defines Cx([a,b]), [a,b] C R.

DEFINITION 9. Let L: Cx(U) — Cx£(U), where U is open or compact C (M, d)
metric space, such that

In particular,

L(Cl Of@Bc®g) =cOLf)Dc @L(g), Vep, e € R.

We call L a fuzzy linear operator.
We give the following example of a fuzzy linear operator, etc.

DEFINITION 10. Let f:[0, 1] — Rz be a fuzzy real function. The fuzzy algebraic
polynomial defined by

BONW =3 (A0 —orter (1), weep
will be called the fuzzy Bernstein operator. Here Y. " stands for the fuzzy summation.
We also need
DEFINITION 11. Let f,g: U — Rz, U C (M, d) metric space. We denote f > g,
iff f(x) = g(x), Vx € U, iff £ (x) > ¢V (x) and £ (x) > g (x), Vx € U, Vr €
0,1].iff £ > ¢V and £ > g, vr € [0,1], where [f (x)]" = [F" (x), £ (x)].
We give
DEFINITION 12. Let L: Cx(U) — Cx(U) be a fuzzy linear operator, U open or

compact C (M, d) metric space. We say that L is positive, iff whenever f, g € Cx(U)
are such that f - g then L(f) > L(g), iff

L)y = (Lg)y
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and
LN = W), vrelo),
Here we denote

L)) = (@), we)P], vrelfol.

An example of a fuzzy positive linear operator is the fuzzy Bernstein operator on the
domain [0, 1], etc. For more see [4], [5], [8].

‘We mention

Assumption 1. (See [5]). Let L be a fuzzy positive linear operator from Cx(K),
K compact C (M,d) metric space, into itself. Here we assume that there exists a
positive linear operator L from C(K) into itself with the property

L) = L), (6)

respectively, forall r € [0,1], Vf € Cx(K).

Again, as an example, we mention the fuzzy Bernstein operator and the real
Bernstein operator fulfilling the above assumption on [0, 1], etc.

We apply the following Fuzzy Riesz Representation Theorem.

THEOREM 3. (See [5]) Let L be a fuzzy positive linear operator from Cx(K) into
itself as in Assumption 1, K compact C (M, d) metric space. Then for each x € K
there exists a unique positive finite completed Borel measure W, on K such that

(Lf)() = / F(Om(dr), Yf € Cr(K).

3. Auxilliary material

In proofs we apply

REMARK 4. Let f:[a,b] — L£(X,B,P), [a,b] C R be a fuzzy random function.
Then by Proposition 2(v) we get
=l

ng)(f, |x =y < {T-‘ Qgﬂ(fﬁ)m, Vx,y € [a,b]any § > 0.  (7)

The main function space we are going to work on in the paper is defined as follows.

DEFINITION 13. Let (X, B, P) be a probability space, [a,b] C R, and the fuzzy
random function f: [a, b] x X — R such that f (¢, ®) is fuzzy continuous in t € |a, b]
uniformly with respectto ® in X . Le. Y& > 0 30 > 0 such that whenever [x—y| < §;
X,y € [a,b], then

D(f (x,0),f(y,w)) <& VYoeX
We denote the space of all these functions by C%([a, b]).

One can easily see that if f € C%;([a,b]) then for each @ € X we have that
f(, o) € Cx([a,b]) and f is g-mean uniformly continuous in ¢ € [a,b], i.e. f €
€Y (la,b]), any 1 < g < +o0, see Definition 5.

We mention
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DEFINITION 14. Let L*: C%([a, b]) — C%g([a, b]) such that
L*(Cl ®f1 Dy @fz) = @L*(fl) D o @L*(fz), VCl,Cz € R.

We call L* a fuzzy random linear operator on C%y([a,b]).
The following motivate our work.

EXAMPLE 1. (See [11], p. 656). For f:[0,1] — L#(X,B,P), the fuzzy random
polynomials defined by

BE(f)(x, 0) == ;0 (Z)xk(l —xrkef (Sw) ,x€0,1], weX

will be called a Bernstein-type. Clearly B (1) (x, ) is a fuzzy random linear operator,

neN.

We have
THEOREM 4. (See [11], p. 656) For f:[0,1] — Lz (X, B, P) we have the estimate
3 1
DB (f)(x, 0).f (x,0)) Pdw) < _Q(f)(f;_) 7 g
[ D7) 0. (v 0)plde) < 507 (102 ) ®)

Vx € [0,1], n € N. If, moreover, f satisfies the condition
im Q) (f,8)., =0
51?(} 1 (f7 )Ll )

then

uniformly with respect to x € [0, 1].

We mention

DEFINITION 15. Let L*: C%4([a,b]) — CY%g([a,b]) be a fuzzy random linear
operator. We call L* a positive fuzzy random linear operator iff whenever we have
f,8 € C%([a,b)]) suchthat f = g,ie. f(x,0) = g(x,w) forall (x,w) € [a,b] x X
then L*f »-L*g, ie. (L*f)(x,m) = (L*g)(x,w) for all (x,w) € [a,b] x X, iff

L)V (x,0) > (L78) ! (v, ) and
LA x,0) > (L*g) " (x,0), Vrel0,1], Y(x,0) € [a,b] x X.
Here we denote

L*(F)(x, o)) = (L) (x, 0), LF)V (x, 0)], Vrel0,1], ¥(x,») € [a,b] x X.

An example of a positive fuzzy random linear operator is B () (x, m), etc.

We give the useful

REMARK 5. Let L be a fuzzy positive linear operator from Cx([a, b)) into itself.
We assume that there exists a positive linear operator L from C([a, b]) into itself with
the property

Ly =Lrl), 9)
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respectively, Vr € [0,1], ¥f € Cz(|a,b]). Then by Theorem 3, V¢ € [a,b] there
exists a unique positive finite completed Borel measure (4, on [a, b] such that

(LF) (1) = /[ J RS ¥F < Crlla.b), (10)

Consequently for f € C%([a,b]) and since f(-,w) € Cx([a,b]), Vo € X, we get
that

L(f (o)) = [ b]f(s, o) (ds), Vi€ la,b], Vo €X. (11)

Of course here by (9) we have

LU o)) @) = LD (o) @), Vielab), Yo €X, Yre[0,1].  (12)

We call
my = W([a,b]) = 0. (13)
By setting
M(f)(t, ) = L(f (-, ) (1), (14)
that is
M(f)(t, 0) = . b}f(s, o) (ds), (15)

from Theorem 2 (1) we have that
M1 Of ®c208)(1,0) =1 @ M(f)(1, 0) & 2 © M(8)(t, ), (16)

V(t,w) € [a,b] x X, Vf,g € C¥x([a,b]), Vci,c2 € R.

Let Crg([a,b]) := {f:]a,b] x X — Rz such that f (¢, ) is fuzzy continuous in
t € [a,b] and B-measurablein @ € X}. Additionally we assume here that M(f )(¢, o)
is B-measurablein w € X. Then

M(f) € Crr(la,b]), Vf € Crg(la,b)).

Thatis M is a fuzzy random linear operator from C%g([a,b]) into Crg([a,b]). Thus
by (12) we have

MDDt o) = LI Co)) L0 = LED L 0) ). (17)

Let f,g € C%([a,b]) such that f 3 g iff £ > ¢ and 17 > ¢\, vr € [0,1].
Then

and

(F7 ¢ ) (1) = LV (- 0)) ().

L
Thatis (M(f))" > (M(g))"”) and (M(£))? = (M(g))?, Vr € [0,1]. Hence M isa
positive fuzzy random linear operator.
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For example we notice that

PG w =3 (7)o —ateor(Lo) <o, 9

k=0

Vx € [0,1], Yo € X, Vf € C%4([0,1]), the last fulfills all the above theory. So fuzzy
operators like L, M are quite common, e.g. summation, integral operators in the fuzzy
sense, therefore we study their approximation properties next.

Clearly, by Theorem 5 of [5], any positive linear operator L from C(|a,b]) into
itself induces a unique positive fuzzy linear operator L acting on Cx([a,b]), which
in turn generates by (14) a unique positive fuzzy random linear operator M acting on
CYx(la, b)), so the class of M ’s is very rich.

4. Main results

We will use the following

PROPOSITION4. Let (X, B, P) be aprobability space, [a,b] C R, f € CY([a,b]).
Let L a fuzzy positive linear operator from Cx([a, b)) into itself for which there exists
a positive linear operator L from C(|a, b)) into itself such that

(Lg) = L(g?). (19)

respectively, ¥r € [0,1], Vg € Cx([a,b]). We consider the positive fuzzy random
linear operator M acting on C%,(|a,b]) defined by

M)t o) :=L(f(-,0)) (), VY(,0)€ la,b] xX, Vf € CY%([a,b]). (20)

We assume that M(f )(t, ) is B-measurablein @ € X. Thatis M(f) € Crg([a,b]).
Then

D(M(F)(t, w).f (1, ) < /[ D0 (5,01 6. 0)) e o

+ |m; — 1D(f (1, w),6), V(1,w) € [a,b] X X,

where W, is as in (10) and m, asin (13).

Proof. We observe that the B-measurable function [See Remark 13. 39, p. 654,

[11]]

DM(f)(1, w).f (1, ®)) = D( f(&w)ut(dS),f(f,w))

[a,b]
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= D( f(S,(D)‘bLt(dS),/ f([,(l)),blt(ds)> +D(f(t7(1)) ®mtaf(taw))
la,b] la,b]
< (by Theorem 2(2) and Lemma 1)
/[b] D (5,0, (1, ) pu(ds) + Im: — 1|D(F (1, ), 6).

Here notice that

F(t,0) @ mi= {(m(f (1,0)”,mi(f (1, 0))) |0 < r <1}

_{( (f(t7w)):d“f’/ (f(t7(1)))(+r)d“t> |0<r<1}
[a,] [a,b]

= f(t7w)ut(ds)' U
[a.6]

By Remark 2 of [5] we trivially see that
m, = L(1)(t) >0, Vt€ la,b]. (22)
We give our first main result.

THEOREM 5. Assume all terms and assumptions of Proposition 4 and

/D(f(t,w),é) dP(w) < oo, Vt€ [a,b].

Then

/XD(M(f)(t,w),f(t,w))dP(w) <L) - 1] (/XD(f(t,w),a)dP(w)>

(23)
n (i(l)(r) n \/Z<1><r>) QP (F (L — 0P ()),,. Vi€ [ b,
and
- ( /X DM (1, ), f(t,w))dP(w))
< |IL(1) = 1||00121£ </D(f t,w),ﬁ)dP(co)) (24)

+IZ) + /L)@ (£ L = ) 1) -

Proof. Integrating (21) we get

/XD(M(f)(t,co),f(t,w))dP(w)

< / ( /[ LPUe w»f(nw))m(ds)) dP(w) + |m, — 1] ( / D(r(, w)ﬁ)dP(w))
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(by D > 0 and the facts that D(f (s, ), f (,)) is continuousin s € [a, b], by Lemma
1 of [2], also it is a real random variable in @, by Remark 13. 39 of [11], p. 654 and
thus by Proposition 3.3(i) of [3] it is jointly measurable in (s, @), and then being able
to use Tonelli—Fubini’s theorem, p. 104 of [10] and thus see both double integrals make
sense)

- [, (26 orseonaro ) w +n -1 ( [ 06 0. o)arw)
(h>0)

<[ (r.550) wta@spelm=il ([ D .0).00ap) Gy )

< Qg}-)(f7h)L1 /M {%ﬂ w(ds) + |m, — 1| </XD(f(t,w),5)dP(w))

< my — 1| (/XD(f(t,a)),a)dP(w)) + (/[u’b} (1 + STt'>ut(ds)> QP )y

= |m, — 1] (/XD(f(t,co),a)dP(w)) + (mt + %/[b] s — t|,ut(ds)> QP (f k)L

(by Cauchy—Schwarz inequality)

1/2
< |m,1</XD(f(t,a)),5)dP(a))>+ m,+%\/ﬁ, (/ (s;)2ut(ds)> QP ()

[a,0]

(by choosing U
hi= (/ (s — t)zu,(ds)> — (L =)0 >0,
[a0]

for > 0 it is enough to assume w,([a, b] — {¢}) > 0)

~ . 1/2
< m =11 ([ D 10.0).0)ap(@) ) + (n+ vimal” (7. € - 90) ),
by using (22) we have established (23). One can easily see that if

L((- =) (1) =0

then again (23) is valid. Clearly by Remark 13.39, p. 654, [11] D(f (r, w), ) is a real
random variable in w € X, for each ¢ € [a,D].
Next we notice that

ID(f (x, @), 0) = D(f (v, @), 0)] < D(f (x, ), f (y,®)) Vx,y € [a, D], Vo €X.

Hence Ve >0 38 > 0 such that whenever x,y € [a, b] with |x — y| < & then

/XD(f(x,w),é)P(dw)—/XD(f(y,w),ﬁ)P(dw)‘</XD(f(x,w),f(y,w))P(dw)gs,
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because f € C%4([a,b]) by f € C%4([a,b]). Therefore the function

F(x) ::/XD(f(x,w),a)P(dw),

is continuous in x € [a,b] and hence is bounded, i.e. ||F(x)||cc < oo, making (24)
valid. [

We need the following
PROPOSITION 5. All here as in Proposition 4 and

/(D(f(t,w),é))"P(dw) <00, q>1, Vt€[a,b].

Then
1/q

([ w6100 0 ap@) < im-i ([ (D(f(aw)ﬁ))‘?(dw))l/q
o </u (1 - 's%)qdws)) l/qgif)mm, h>0, ¥t € [a,b] .

Proof. Let g > 1 then by (21) we have

(/XD(M(f)(t, w)’f(fvw))qdp(w)>l/q

1/q

< (/X (/W)]D(f(s,w),f(t,w))u,(ds)>qP(dw)> +0 =: (%),

0 = |m; — 1| (/X(D(f(t, w),&))qP(dw)>l/q. (26)

Let p > 1 such that 117 =+ é = 1. Hence by Holder’s inequality we have

(¥) < m,l/” (/X (/[a’b] D"(f(s, w),f(t,w))u,(ds))P(dw)) " +6

(by Tonelli-Fubini’s theorem as in the proof of Theorem 5)

—mi/r ( /[ , ( [ w))P(dw)>ur(dS)> e

(let h > 0)

where

1/q

. q
<m? / QP (r, s =1, u(ds)| +6
(a,b] h L4

@, s —1[\* v ()
<m; P / (1 + T) u,(ds) Ql (f,h)Lq + 0. O
[a,b]
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We examine two cases and we give
THEOREM 6. Here we assume all as in Proposition 5.
1) Let g € N—{1}. Then
1/q
([ o0 )0.0).5 ) Pla)
b'¢

<120 -1 ( 090

(27)
1/q
7 1-1 qa\ 7 -5 57 7 q 1/q
FEm) (Z (H)ewm )sz (1=
Yt € [a, b).
2) Let g > 1 real. Then
1/q
( T(M(f)(t, w), ))P(da)))
1/q
<L -1l / 1/ (1.0),0)P(a0) (28)
+2' 79 (L)) T +D)QT (7, (LA - =19))()'9) .,
Vt € [a, D).
When g € N — {1} then (27) is sharper than (28). Furthermore we have
3) Let g € N—{1}. Then
1/q
s ( /X D9 (M(F ) (1, ), f(t,w))P(dw))
~ 3 1/q
< LD e s ([» (f(t,w»o)P(dw)) (29)
q 1/q
-t I
A ( > (F) e ) P~
k=0 0o
4) Let g > 1 real. Then
1/q
wn ([ 20165011 0.0)) Pia) )
1/q
L(1) — u a 0 (30)
<L =1l o ([ D7(r00), )P(dw))
+21*‘1'HZ(1)H;$IIL( + 1|21 (£, (L) -~ @) 119),,,-

When g € N — {1} inequality (29) is sharper than (30).
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Proof. 1) We notice that

[ (Y = (S5 ()5 e

k=0

qg—1
q\ 1 !
- ; (k) h* /[a.b] |s — t[*dui(s) + ha /[a.b] o)

Alsowe see for k=1,...,g— 1 that

k/q
_k
/ |s — tffdu(s) < mtl ! (/ |s — t|‘1du,(s)>
[a.b] [a.b]
Hence

—\?
/ <1+|S ) due(s)
[a.0] h
k/q

q—1
g\ 1 1-% / 1/
<m+ > — —1)d — —1)%d
m; + > (k) ra ({a’b] |s — #]9du,(s) +h‘1 » |s — #|%du(s)

(by choosing 1/a
b= ( / sr|qdut<s>>
[a,b]
- 1
= ((L(I- =1))®) """ > 0) G31)
= Z (Z)mt !
k=0
L.e. we got that
) g <3 (Dt
1+ duy(s) < m,
/[;Lb] < h T( ) ; k t

Hence proving (27) with the use of (25). The inequality (27) is true easily if our choice

is easily
hl = / |s — #)du,(s) = 0.
[a.b]

2) The function x? is convex for x > 0, g > 1. Therefore

ST it I N T o
( * 7 < * h> 0.

2 2 ’

Ie. q
—t — |4
<1+|S—> <2071 (1+shq| ) Vs, t € [a, bl.
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1 1/q
_ 4q T
(/ <1+u> duz(S)> <2'7i (/ (1+s d )duz(S)>
h ha
0. 0.
1/q

e Is — t9du(s)
= t hq [mb] “’f

1/q
h:= (/ |s — t|‘1d,ut(s)> > 0)
[a,0]

= Zl_é(mt + 1)1/11.

(by choosing again

Le. we got that

‘S—l‘| a Y 1
</ (“T) WS)) <2170 (m+ )V,
[a.b]

Using (25) and the last estimate we obtain (28). Again if our above choice is & = 0
then (28) is still valid.
When g € N — {1} and m, > 0 we would like to prove that

q Lk 1/q
(Z@m a) <2'7(m + ), (32)

k=0

hence (27) is better than (28). Notice that (32) is trivially true when m, = 0.
Equivalently we need valid

4 _k
Z@’”fl T2 e+ 1)

k=0
=

q
5 itz om
k=0

By calling z := m; ' > 0, equivalently we need true

q
Z (i)zk/q <27 (1 +72)
k=0
=
(142791 <277 (1 4 2).

The last is true by the convexity of z7, z > 0, g € N—{1}. If m, = 0, then both (27)
and (28) are trivially the same.
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It is easy to derive (29) and (30) from (27) and (28), respectively. Clearly
DI(f (t,w), ) is areal random variablein @ € X, Vr € [a,b]. Additionally, we notice
that Ve > 0 38 > 0 such that whenever x,y € [a, b] with |x — y| < § then

’(/XDq(f(x,w),é)dP(w)>l/q _ (/XDq(f(%w),é)dP(w))l/q

1/q
< ([rreworsmonr)  <e byr e o).
Hence proving that the function y
q
6= ([ 0 o) 0r@))
X

is continuous in x € [a, b]. Therefore |G|/ < oo, making the inequalities (29), (30)
valid. [

Similar general results using a different initial estimate follow.

LEMMA 3. Let f:|a,b] — Lr(X,B,P) be fuzzy random function, 1 < q < oo,
0 > 0. Then

Y
7 o < (145525 ) 00,00, vyelasl (3

Proof. We have by (7) that

S (R (4)

Let |x —y| > &, thus |xgy| > 1. Then

R.H.S. (34) < (1+ (x gzy)z) QI (F,8)14.

Let |x —y| < § then

N2
Q7 =y < 7. 8)u < (1 + Y ) Q7 (f. 8)us. O

Now, we present

THEOREM 7. Assume all terms and assumptions of Proposition 4 and

/D(f(t,w),a)dp(w) < o0, Vt€la,bl.
Then "

1 /XD(M(f), (t,0).f (t,0))dP(w)
< |L(1)(1) — 1 (/XD(f(t,w),é)dP(w)) (35)

+EM@) + DR (£, (B - 0D @)'?) | vee fabl,

L!



80 GEORGE A. ANASTASSIOU

and
2) sup /D(M(f)(t,a)),f(t,a)))dP(w)
t€a,b] JX
[ — su 0 (36)
< IL() 1umte[£] ( o), >dP<w>)
+ L) + 1@ (7, 1L = 0D OI1E2) 1

Proof. Initially from the proof of Theorem 5 we have

D(M(f)(t, 0).f (t,®))dP(w)

<1l ([ ¢ o). 0ar@) + [ 97 ls =~ hun
X [a,0]

(let h > 0)

2WW*<AmﬂW”@”W0+<AJFJhﬁ)M g P h)
~ -1l /}(D(f(r,w>,5>dp<w>)+<mz+,; s r)%(ds)) o7

taking

1/2
= ( / (s - r)zmdo) = (L= 1)) >0
[a,b]
= -1l ([l (0).0)ap(@)) +om 12 (7.
Vt € [a, b]. That is proving (35).

The above choice (37) of & if A = 0 makes again (35) valid. Inequality (36) is
now clear. [J

—

~
—
—
-~
=
[S)
N
—
-~
=
SN—
[
~
S
N———
=

Finally we get the very useful

THEOREM 8. Assume all terms and assumptions of Proposition 4 and

/DU@@ﬁMﬂ@<m,V%MJ}
X

Then

1) /XD(M(f)(t,w),f(t,w))dP(w)

<L) — 1] ( / D w)ﬁ)dP(w)) -
+ min  (L(1 1xm4mnm+n}x

o (r. (L 20))"?),,, Vi€ [ab],
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and

2) sup ( /X D)1, 0).1 (1 w))dP(w))

t€(a,b]

<1 1l sup ([ Dlr(10).0)ar(o))

t€(a,b)

+min{|£1 )+ /L)oo, |E(1) +1||oo}><

DL = 0PI -

Proof. Obvious from Theorems 5 and 7. [J

(39)

The corresponding results for g > 1 follow.

THEOREM 9. Here we assume all as in Proposition 5. Let g € N — {1}. Then

) (/XD(I(M(}C)(I,w),f(t’w))dp(w)>1/q

< L)1) — 1] (/(D(f 1 0).5)dP(@ >1/q

+ L)' (Z (Z)((i(l))( n)" 5) x

x QP (F, (L — 021)(1)'/%) . V1 € [a,b)].
And also holds
2) 1/q
sup </XD(M(f)(t,a)),f(t,co))qu(a))>

t€(a,b)

<L) = 1| oo sup] (/XDq(f(nw)ﬁ)dP(w)y/q (41)

t€fa,b

q l/q
H ) P~ 0@ 1) .
k=0 o

() (

Let g > 1 real. Then
3)

1/q
([ oot )0.0).50.0)) ap())
1/q
< \f,(l)(t) —1| (/X(D(f(t ), ))‘IdP( )) (42)
+2 L)L) O+D QT (F, (L= (1)),

Vit € [a,b]. And also holds
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Y sup </XD(M(f)(t,w),f(t,w))qu(w)>l/q

t€(a,b]

1/q
< IL(1) — 1]l sup ( / D‘f(f(r,w),a)dP(w)) (43)

t€(a,b]

1 -1
2179 L(1)]|oo 7 1L(1) + 1] 0 (f I(L NONL)

When q € N — {1} then inequality (40) is sharper than (42) and inequality (41) is
sharper than (43).

Note. Later we will see that inequalities (40)—(43) and/or inequalities (27)—(30)
can be used to prove “g-mean” convergence with rates of a sequence of M ’s to unit

operator /.

Proof. Initially from the proof of Proposition 5 we get

l/q
( [ o015 w))qdmw))
< 0 D(f (s,w), , (d dP
< +</</H (F (s, 0).£ w))u(l)) (w))
(0 as in (26))

1 1/q
< O0+m 1 (/[ ](Qg}-)(f7 s — I)L")qdﬂt(s)>
a,b

(let h > 0)
by B3, iy =02\ N
< oem (/[Hﬁ](w ) dut(s)> QPF ) =: (£).

h2

1/q

1) Let g € N— {1} . We observe that

[ - (505 )
e q: <Z> % (/[u,b] S t)deM,(s)> + % (/[u’b] (s — t)zqd.ur(s)> .

k

For k=1,...,g— 1, £ > 1 and by Holder’s inequality we have

k/q
_k
[ = oauts) <m ( / (st)zqdur(s)> .
la,b] la,b]
Hence

[, (= i) i < 32 (3) e </u (s r)zqduxs)) k/q
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( by choosing

= ((L((- = /1)) "™ > 0) (44)
q q 175
()

That is

x QU (F (L = 02)(0)'/) 1 € [a,b).

That is establishing (40). When the choice (44) of A = 0 then again (40) is trivially
valid.
2) Letnow g > 1 real, then again by convexity of x?, x > 0 we have

VAN — )%
(1+(S f)) <24—1<1+(S ) )7 h>0, Vs, € a,b)].

h? h2a
Hence
1/q
-1 s—1)H
(&) <0+m 2 ( /[ ](1+< — )du:@)) 7 (F s
a,b
- | 1/q
Lol
=0+2""m, ? erﬁ/ (s — 0du,(s)| Q7 h)a
[a.b]

(leth > 0 as in (44))
042 Y95 (F h) g
=6+ 2" 1 (L)1) T (L) () + VYT (7, (L — 0)))(1)1%) ,,

Vt € [a, b]. That is proving (42).

When the choice (44) for 2 = 0 then inequality (42) is trivially valid. Inequal-
ities (41) and (43) derive easily from (40) and (42), respectively, and they are valid,
similarly, as inequalities (29) and (30). The comparison of inequalities is the same as
in Theorem 6.

Finally we derive

THEOREM 10. Here we assume all as in Proposition 5. Let ¢ € N — {1}. Then
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- o (35 (9o )

k=0
><m1n{Q1 (f((i(| GRS
Q7 (F, (L = 0)(1)") .}, ¥t € [a,b]

And also holds
2) , 1/q
s ([ 200001 00 apto ))
1/q
< |IL(1 _l”oo su ( w))
q 1/q

+ |IL(1 ||oo<z<> > X
X mln{Q (f | ()HLQ)LW

e )Hlﬂq)m}'

Let g > 1 real. Then )
3 Va
: (f D(M(f)(t,w%f(nw))qu(w))

1/q
<@ - 11 [ (¢ ¢ 0).6))aP(e >)

X
+ 2179 (L)) (L ><>+1>l/qx
xmm{sz V(S (L( - =) (1))
QP (£, ((L(- — 1) ><>>1/24)U,,}, Vi € [a,b].
And also holds

4 sup (/XDQ(M(f)(t,w),f(t,w))P(dw))l/q

t€a,b)

1/q
<L) 1 s ( / D%f(nw),o)P(dw))
+2lH L >||iﬁ\|Z< 1)+ 1] Yo%
xmin{sz (fH —) (O]9,

U NEC = P @IRE) -

(46)
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When g € N — {1} then inequality (46) is sharper than (48) and (47) sharper than
(49).

Proof. By Theorems 6 and 9. [
We give

COROLLARY 1. All here as in Proposition 4 and

/Dz(f(t,w),é)dP(w) < oo, Vte€la,bl.

1) ) 1/2
( / D (M), w»f(nw))P(dw))
1/2

D*(f (1, w), 5)P(dw)) (50)
+ (L) L)) +2LW)@) + 1)
(L(

2)

t€fa,b

1/2
< |IE(1) = 1]|oo sup (/XD2(f(t,w),5)P(dw)> (1)

t€(a,b]
+ L)L) + 2202 + 1|27 (£, 1L NOIL) -

Proof. By Theorem 6, inequalities (27) and (29). O

All inequalities produced in this article are of Shisha—Mond type (see [16]) in the
fuzzy-random sense. We will derive next some Fuzzy-Random Korovkin Theorems
regarding the spaces of functions

Kyl ]) = {7 € Challa.t): | D7(7(1.0).0)ap(0) < 0. Wi € fat]}.
X
where 1 < g < co. We observe that if 1 < k < oo such that k£ < ¢ then
Kfl([a>b]) g Kk([d,b])

For the above purpose we need to put together the following assumptions and
settings.

Assumption 2. Let (X, B, P) be aprobability space, [a,b] C R, f € C%4([a,b]).
Let {L, }»en be asequence of fuzzy positive linear operators from Cx([a, b)) into itself
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for which there exists a corresponding sequence of positive linear operators {L},cn
from C([a, b)) into itself such that

(Lg)Y = Lu(s), (52)

respectively, Vr € [0,1], Vn € N, Vg € C#([a,b]). We then consider the sequence

of positive fuzzy random linear operators {M, },en from C%,([a,b]) into Cxr([a,b])
defined by

M, (F) (1 @) := Lu(f (-, 0))(2), (53)

V(t,w) € [a,b] x X, Vn € N, Yf € CY%(la,b]). Here I is the fuzzy random
unit operator, i.e. 1(f)(t,w) = f(t,w), Y(t,w) € [a,b] x X. We assume also that
{L,(1)}nen is bounded.

From Theorem 8 we have

COROLLARY 2. Here all are as in Assumption 2, and

/D(f(t,co),a)dP(w) < oo, Vt€la,b).
X
Then

1) /XD(Mn(f)(t, w),f (1, a)))dP(a))
< L0 - 11 [ b (0).0)ar())
min { (£,00 + L00). @00 +1)

x Q7 (F (Lu((- = ) (@)'?) 1, Vi€ [ab], VneN,
and

2) sup (/XD(Mn(f)(t,w),f(t, co))dP(co))

t€(a,b)

<UL = 1l sup ( / D(f (10).0)aP(w))

t€la,b

+min{|L )+ A/ Ln(1) || o, || La (1 +1|oo}><

I ()H”Z)Ll, Vn e N.
From Corollary 1 we get

COROLLARY 3. Here all are as in Assumption 2, and

/Dz(f(t,w),é)dP(co) < oo, Vt€la,bl.
X
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Then
12
) </XD2(M,1(f)(t,w),f(t,co))P(dco)>

12
<L) -1 ( / Dz(f(nw)ﬁ)P(dw)) (56)

+ (La (D)) (La(1) (1) + 2(La(1) (1)) + 1)
x QP (Lal(- = 02))(0)"/?) 0 Ve € [a,b], Vn € N.
And also holds

/
2) sup (/XDZ(Mn(f)(t,w%f(hw))P(dw))l 2
/
< ILa(1) — 1‘|°°,§‘[Z€,] (/XDz(f(nw)ﬁ)P(dw))l 2 (57)

FILa (IS IL (1) + 2(La(1))12 + 11
x QT = ) (OL) oy Vn €N

Note. One sees from [16] that
[(Ea((-=1)) ()] o SNLa () () =7 [l o +2€ | L () (1) =t o+ | La(1) (1)~ 1|, (58)

where ¢ := max(|al|,|b|), Vn € N. Then one from the above fuzzy random Shisha—
Mond type inequalities (55) and (57) derives the following basic fuzzy random Korovkin
Theorems, see also [15].

THEOREM 11. Here all are as in Assumption 2. Furthermore assume that

L,(1) %1, L,(id) % id, L,(id*) % id®,

as n — oo, where u means uniformly and id is the identity map. Then

”1320’/XD(Mn(f)(t,w),f(;,w))dp(w)H =0, Vf € Ki([a,b]).  (59)
Le. N
M,(f) (1, 0) = [ (1.o). (60)

“1-mean”

uniformly, ¥f € K,([a, b)), that is uniformly M, — I, as n — oo, on K ([a,D]).
Proof. Using (55), (58) and Proposition 2(if). O
We continue with the second basic fuzzy random Korovkin theorem.

THEOREM 12. Here all are as in Assumption 2. Furthermore assume that

L,(1) % 1, L,(id) % id, L,(id*) % id*, asn — oo.
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Then

lim

n—oo ‘

[2000) 000 o)pao)| <0, v Raer). o)

Le. -
M, (f) (1, 0) == f (1, 0), (62)

“2-mean”

uniformly, ¥f € Ky(|a, b]), that is uniformly M, — 1, as n — oo, on Ky(|a,b]).
Proof. From (57), (58) and Proposition 2(if). O
The related general fuzzy random Korovkin theorem follows.

THEOREM 13. Here all are as in Assumption 2, q > 2. Furthermore we assume
that

(i) Zn(l) — 1,

and }
(ii) limn—>ooH(Ln(|'_t|q))(t)”oo:07 (63)
(i) lim [|(Zy(- = %9)(0)]loc = 0.

Then

tim | [ 0000005 60D Pa0)| =0 eKan). o4
Le. !

M, (f)(t,0) 5 f (1, o), (65)

uniformly, ¥f € K,([a, b)), that is uniformly M, YT as n— 00, on K,([a,b]).
Proof. By (30) or (43) and Proposition 2(ii) . In fact (i)’ implies (ii). So one
canuse (i) or (ii)’ aslong as it is easier to be verified. O

The case m, = L(1)(t) = 1, Vt € [a,b] is a very important and common one.
Then all results of the paper simplify a lot as follows.

PROPOSITION 6. All here as in Proposition 4 and m, = 1, ¥Vt € [a,b]. Then

D(M(F)(t, ). (1 w)) < /[ DU (0.4 (1, 0)) ), ¥0.0) € Lo, 8] X, (66
where L, is as in (10).

Proof. We notice that the B-measurable function

D(M(f) (1, ).f (1, ®)) @D( £ (s, ) (ds), f(r,wmf(ds))

la,b] la,b]

< (by Theorem 2(2)) /[b]D(f(s,w),f(t,w))u,(ds). O
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Thus we obtain

THEOREM 14. All here as in Proposition 6. Then
D [ DM 0)f (o)) dP(@) <297 (1L E(C = 7)0) ),y (6)

Yt € [a, b],
and

2) sup /D(M(f)(nw),f( ))dP(w P NLC=0) (L) - (68)

t€la,b] JX

Proof. By integrating (66), the proof follows, in a simpler way, as the proof of
Theorem 5. O

Also we have

PROPOSITION 7. All here as in Proposition 6, g > 1. Then

(/X(D(M(f)(t, w)’f(t7w))qu(w))l/q

1/q
— ¢\ ?
< (/ <1 + |ST) dur(s)> Qg]:)(f,h)m, h >0, Vt € [a,b].
[a,b]

Proof. Using (66) in exactly the same but simpler manner as in the proof of
Proposition 5.

(69)

We present

THEOREM 15. All here as in Proposition 6, g >/ 1. Then
1) e
([ o0 )0.0).5 ) Pl

<207 (7, ((L(| - —1])) (1)), Vit € [a, D],

(70)
and , 1a
) sup (/XD‘f(M(f)(t,w),f(t,w))P(dw))

t€a,b)
OAIC2 DO -
Proof. We use (69) and it follows smnlarly as the proof of Theorem 6. [

(71)
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We also give

THEOREM 16. Here all as in Proposition 4, m; = 1, Vt € [a,b] and q > 1. Then

1) . 1/‘1
([ o0 )0.0).5 .0 (@) -
< 29@ (fa ((i( - t)zq)(t))l/zq)m’ Vi € [a, b}’
and
1/q
o= (/XD‘“MW“@%J‘“’w>>d"<w>> m

P DONL) 1o

Proof. Similar to the proof of Theorem 9. [
We derive

THEOREM 17. Here all as in Proposition 4, m; = 1, Vt € [a,b] and q¢ > 1. Then
1) 1/q
([or0)00)s 0)ar@))
X

<2min{ Q) (1, (L(| - ~1%))(1))) ,,
Q1 (L= 0P)(0)1) ), Vi€ [a,B),

(74)

and

2) sup ( /X DIM(f)(1, 0),f (t, w))dP(w)) v

t€(a,b)
< 2mm{g<f> (f ||<~<| = D)(0)]14),,.

VI = 0P @ 12, )-

Proof. From Theorems 15 and 16.

(75)

We have

COROLLARY 4. All here as in Proposition 4, m; = 1, Vt € [a,b]. Then

1) 5 1/2
([ 220 )0.0).5 ) Pl )
<207 (7, ((L((C — 02)0))V?) o, V1€ [a,b),
and
2) “ ) 1/2
= ( / D (M(f)(nw»f(nw))P(dw)) -

I DNONL) -

Proof. By Theorem 15, g =2. O

COROLLARY 5. Here all as in Assumption 2, m; = 1, Vt € [a,b]. Then
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) /X D(M, () (t.0).f (1. ®))dP(w)

(78)
<227 (F, (Lal(- = 0))(0)'?) 10 Vi€ [a,b], Vn €N,
and
2 su n y s s
) reﬁ] (/XD(M (F)(t, @), f (1 co))dP(w)) -
P ENEAC = PDON) . ¥neN,
Proof. By Theorem 14. [
COROLLARY 6. Here all as in Assumption 2, m; = 1, Vt € [a,b]. Then
1) 12
(/XD2(M”(f)(t,co),f(t,w))P(dco)) (80)
<29 (F, (Ll — 02)0))V?) o, V1 € [a,b], Vn €N,
and ) 12
su 2

P IE PN . VneN.
Proof. By Theorem 15, q:2. O

We give now the following fuzzy random Korovkin Theorems for the case of
L(1)(t) =0, Vt € [a,b].

THEOREM 18. Here all are as in Assumption 2. Furthermore assume that

L,()(t) =1, Vt€[a,b], L,(id) % id, L,(id*) % id*, asn— oc.

Then
tim || [ D0a)0.0) 5 0. 0)ap@)| =0, € Chyllat). 62
Le. ) .
M) @) S 1 o), (83)

“1-mean”

uniformly, Nf € C%g(la,b]), that is uniformly M, — I, as n — oo, on
Chr(la, b]).

Proof. Using (79) and (58) and Proposition 2(ii). O
We continue with

THEOREM 19. Here all are as in Assumption 2. Furthermore assume that

L,(1)(t) = 1, Vt € [a,b], Ly(id) % id, L,(id*) - id*, asn — oo.
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Then
tim || [ 020000005 6.0 Paw)| =0, € Cyllatl). 64
Le. ) i
M (f)(t.0) S f (1), (85)

“2-mean”

uniformly, Nf € C%gp(la,b]), that is uniformly M, — I, as n — oo, on

CY%(la,b]). Notice here that M,
Theorem 18.

“2 -mean” “1-mean”

I implies M, 1, uniformly, i.e.

Proof. Using (81) and (58) and Proposition 2(ii). O
Finally we present

THEOREM 20. Here all are as in Assumption 2, L,(1)(t) = 1, Vt € [a,b] and
q > 2. We assume further that

(i) tim [|(Ea(] - 1) (1)l =0,

(i) lim, o0 H(Z‘n( - t)zq)(t)Hoo =0. (86)
Then
tim || [ 200,005 0. 0) Paw)| =0 5 € Chlar). )

Le.
M (f)(t,0) " f (1, ), (88)

uniformly, Nf € C%g(la,b]) that is uniformly M, " meg” I, as n — 00, on

C%R([m b]) .
Proof. By (71) or (73) and Propositoin 2(ii). O

REMARK 6. !

1) Notice here from (87), that M, Tamen implies M, Tty uniformly for
any 1 <k < g < oo on C¥%y([a,b)).

2) In the case of m, = 1, Vt € [a, b], all presented results here did not require
the condition

/Dq(f(t,co),a)P(dw) < oo, Vtela,b], 1<qg< oo,
X

as they did the earlier ones for general m, > 0.

3) One can do related research for other domains other than [a, b], e.g. [0, +00),
multivariate domains in R¥, k > 1 and K compact convex subset of a metric space.
Of course not all results can pass through there.
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5. Application

We consider here the fuzzy random Bernstein polynomials

B () (x, 0) = Z (Z)ﬁ(l —xhof (Sw) ,

k=0
Vx € [0,1], Vo € X, Vf € CY4([0,1]), Vn € N, see (18). We apply first here (79)
for
M,(f)(1,0) = BY)(F)(t, ), Y(t,0) € [a,b] x X,
and L, = B, the real Bernstein operator

Bu(g)(x) = Z (Z)xk(l )it (S) . Weec(0,1]), Vxel0,1], ¥n e N,

k=0
Clearl
- Bn((' - t)z)(t) = t(lrj t), e [0, 1]
Hence . X " _ . ’ .
[Ba((- = 1) )(t)H S n e N.

Notice also that (B ( ))( )=1,Vte0,1].
Clearly here B (f )(¢, ) fulfill Assumption 2. Thus by (79) we obtain

w ( / (B (s )J(uw))dP(w))

tef0,1

(89)
f ) . Vf € C4x([0,1]), Vn € N.
w0 ) e
Similarly, from (81) we obtain
1/2
sup / D3 (571,00, (1.0))aP(w) )
t€0,1] X (90)
, . Vf e C%([0,1]), VneN.
20 (r.577) el(0.1)
Finally, from (75) for ¢ > 2 we obtain
1/q
sop ([ Dq(BS,f>(f)(t,w)J(nw))dP(w))
refo,1] \Jx o1)
2min{9 (f I(Bu(l - =)D 1E7)
Vs <)||1/2‘1)Lq,} Wf € Cz((0,1]), Vn €N.
In particular, 1f fis addltlonally of Lipschitz type, i.e.
| Prix.0)s00)Pldo) < 0k -3l 00, Vuye ol (92
X

then
P 8),<0-8, §>0, (93)
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and ) 1 0
Q —) <—=, VneN. 94
1 (f’ 2\/E>L1 2\/ﬁ ne ( )

“ () o
te[og] </XD(Bn (f)(t,w),f(t,w))dP(w)) < Nk Vn €N, (95)

Vf € C%x([0,1]) which is of Lipschitz type (92).
Inequality (95) improves the corresponding inequality from (8), since over there
we only get

30
x?&}i] (/XD(BP(f)(x,w),f(x,w))P(dw)) < NG Vn € N. (96)

Hence
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