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DOUBLE SUMMABILITY FACTOR THEOREMS AND APPLICATIONS
EKREM SAVAS AND B. E. RHOADES

(communicated by L. Leindler)

Abstract. 'We obtain sufficient conditions for the series Y > amn , which is absolutely summable
of order k by a double triangular matrix method A, to be such that > > ampAmy is absolutely
summable of order £ by a double triangular matrix B. As corollaries we obtain a number of
inclusion theorems.

Let Y > aun be a doubly infinite series with partial sums s,,, . Denote by A the
doubly infinite matrix with entries @,,;, 0 < i < m,0 < j < n. We define the mn-th
term of the A -transform of a sequence {s,,,} by

n

Apn = Z AmnijSij- (1 )

m
i=0 j=0
For any double sequence {u,,,} we define

AUn = Upn — Um+1n — Umpt+1 T Umt1n+1-

For any four-fold sequence {a,;j} we define

A\ Qnij = Qpnij — Qi1 i — Ampt i T milatl,ijs
Aijamnij = Ampij — Amn,i+1,j — Amn,ij+1 + Amni+1j+1,
AOjamnij = Amnij — Am,n,ij+1,

and

Az'Oamnij = Umnij — Amp,i+1,j-

For any arbitrary double lower triangular matrix A, we shall say that the series
>3 @mn is absolutely A -summable of order k& > 1 if

oo

Z (mn)* A A—1 -1 [F < o0 (2)

m=1 n=1
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Associated with A are two matrices A and A defined by

67mm'jzzzamnuw 0<i<m70<j><n7m>n:07l>“~7

and p=tvs

Am—1p—1ij = M1Gu-1,1—1,ij, mn=12,...,0<i<m0<j<n

It is easily verified that ag = agy = ago . Using this notation,
m n
Yo == AAp—1p—1 = Z Z&m—l,n—l,iﬂiﬂy- (3)
i=0 j=0

Let B be a doubly infinite matrix with entries b,,;,0 < i< m,0<j<n. B
is called factorable if there exist two lower triangular matrices C and D such that
B=Co D; i.e., bmm'j = cmidnj .

If B is factorable and has an inverse, then the inverse of B, written B’ has
entries b, = ¢,,d,;, Where c,,; and d,; are the entries of the inverses of C and D,
respectively.

The purpose of this paper is to establish a summability factor theorem for a pair of
double triangles. We obtain as corollaries some inclusion theorems for special cases of
double triangles.

Theorem 1 of this paper represents the first time that two arbitrary double triangles
have been used in a summability factor theorem. Theorem 1 also represents one of
the most general such summability factor theorems that one can expect to obtain. By
setting each A,,, = 1 we obtain a number of inclusion theorems.

THEOREM 1. Let {Au,} be a doubly sequence of constants and let A and B be
doubly infinite triangles, B factorable, satisfying
() |bmnmn‘ = 0(‘amnmn|);
(i))  (byij — bit1jij) = O(biviobis1jit1,);

(bijij — bij+1,ij) = O(bojoibij1ijs1),

(l”) ZZ|AZJ am—ln—lzJ 1])| - (|amnmn‘))

i=0 j=

oo oo
(iv) Z Z (- |A,J(am,1,, LijAi)| = ((lj)k_l‘aijiﬂk)’

m=i+1 n=j+1
n

v) Z Bioio||Aoj (@m—1,n—1,i+1,Ai+17)] = O(

~.

).

i=0 j=0
o0 oo
0i) S Sl VM B 10111 2510)] = OGilags) " B,
m=i+1 n=j+1
m n
(vii) Z |b0j0j\|Aio(flm71,;171,iJ+1)Lij+1| = O( ),
i=0 j=

oo

(vii) ) Z<mn|amm\>k*1|Aio<amfl,nfl,kﬁ1m)|:o<<zj|aiﬁj|>“|b--

m=i+1 n=j+1

).




(xxid)
(xiii)

(xiv)

(xevid)

(eviii)

(2xix)

()

(2exi)

(xxii)

(exiii)
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m n
Z |aiﬂj‘|&m 1,n— li+l,j+lli+l.j+l| = O(|amnmn‘)x
i=0 j=0

oo oo

Z Z mn|amnmn 1|&m—l,n—l,i+l,j+lli+l.j+l| = 0((1.]‘511111‘)](_1);

m
Z |b1010HA0] An—1n—1,ij l])‘ - (

),

Z Z ()~ 1807 (@ —1.0—1425)| = O((i)lais )" bojos])

m=i+1 n=j+1

> bojoillAi0@n—10-1.:725)| = O(@mmnl ),

i=0 j=0

0> (mnfamm) Ao (@ 1a-1ii2g)| = O((iflag))* " bos

m=i+1 n=j+1

m n
SO lall@n—1n-1ije1 ki) = O(

i=0 j=0

).

).

oo
DD ) am— i1l = Oilai) " bojoil ),

m=i+1 n=j+1

m n
Z Z |aijij||@m—1.n—1,i+1,Ai+14] = O(

i=0 j=0

),

IS )
Z Z (mn|amnmn‘)k71|&m—l,n—l,i+l,jli+l.j‘ = 0((ij‘aijij‘)k71|biuio‘7k);

m=i+1 n=j+1

m n
Z Z |aiJ'in&m—l,n—l,iJAiJ" = O(|amnmnl),

i=0 j=0

oo
Z Z (m”|‘1mnmn‘)k71|‘A1m*1,n*1,i,iz‘ij‘ = O(lj|aijij|)k71)’

m=i+1 n—j+1

>3

i=0 j=0

i=0 j=0

Z Z(lj)k_l Z Z l;ifljfl,r,sxrs '

MO W)

=y )
Y hijanXg| = 0(1),
=0
1 .

-1 Zbiflljfl,i,sxis = 0(1)’
s=0

i—1 j—2
= 0(1).

r=0 s=0
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Then %" a; summable |A|c implies that )Y a;jA; is summable |B|i, where X,
is as defined in (5).

Proof. Let t,, denote the mn-th term of the B-transform of a sequence {s,;} -
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Then m n
ton = § § bmnijsij7 (4)
i=0 j=0
and m n
an = Alltmfl,nfl = § § bmfl,nfl,i,jaij- (5)
i=0 j=0

Since B’ is a double triangle, we may solve (5) for a,,, to get

Amn = Z Z bm—l n—1 1,/X (6)

i=0 j=0

Substituting (6) into (3) gives

m n

mn—zzam lnflz,}AUZZbI—IJ 1r3X

i=0 j=0 r=0 s=0
m n
_E E ~ P! E
Am—1,n— II:IA'U (btl,; lt,]XlJ + bzfl,] lr,]
i=0 j=0
Jj— i—1 j—2
+ @/ + /
1 0,8 lb 171 rf
J—1 J—1
r=0 s=0
m n
= a i | B! Xij+b! +b/ X;j
- m—1n—1ijMj | Vi—1j—1,ij20 i—1j— 1171,] —1j i—1j—1,ij—1%ij—1
i=0 j=0
i—2
+bz—l,}—lz—l,}—1X 1j—1 + E :bl—lj lrJXVJ + E :bz—l,/—lst
r=0
i—2 j—2 i—2 j—2
Y 7~ 7~
+ bifmfl,r,sxr,sJFE bifl,jfl,r,jflxr,iflJrE biiyj_1im15Xi-1s
r=0 s=0 r=0 s=0

Using the substitutions g = i — 1 in the second and nineth sums, v =j — 1 in the
third and eighth sums, and both substitutions in the fourth sum, we have

m n
A 7~
Ymn = § E am—l,n—l,i,/lijbi—l,/—l,i.inj
i=0 j=0
ﬂ]*
+ E E am— 1,n—1 ,y+1,/)“y+1,/by,/ lu,/XMJ
u=—1 j=0

m n—1
~ 7~
+ E E amfl,nf1,i,v+1xi,V+1bi—l,v,i,VXiV

i=0 v=—1
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m—1 n—1

+ g E &m—1,n—1,u+1,v+lku+l,v+lbu,v,u,vXu,v

u=—1v=—1
m i—2 j—2
ZZ }: ’ E: / p
+ amfln 1,ij y( b —1j—1,rj r]+ b —1j— X1Y+ZZbZ—IJ 1r3X>
i=0 j=0 r=0 s=0
m n—l1 -2
!
+ E g am—ln 11V+1A1V+1 § blflvrv rv
i=0 v=—1
Y
+ E E a,,,,l,, Lu+1j ;4+1,1§ bu,/—l;uxﬂf
u=-—1 j=0 =0

If we use 7 and j as the indices in all sums, since Gym—11—1m+1j = Gm—10—1Lin+1 =
Am—1p—1m+1j41 = Gm—t.a—1i+10+1 = O, we have

n

m
A T
Yo = E E am—l,n—l,iJ)Lijbi—l.j—l,i,/Xij
i=0 j=0

m n

N T
+§ E am—1n—iv1jAiv1Di 1 X

i=0 j=0

§ amfln ll,]+lz‘l,}+lb1_1.]11] ij

+
Ms

I\
S

=

N 7
E Am—1 01,1+ 1 Air1 105X
j=0
n -2

E &m—ln—lljll] E bz—l,/—lr,/X
2 : 2 :A/
Am—1,n— ll,]A’l,] b 1,/—113X”

i=0 j=0

s

I\
S
K‘
o

=

+
Ms

m n -2

N 7!
E Am—1,n— 11,]+1xz,1+1 E bzfl,/r,] rj

i=0 j=0

E &mfln 1i+1, z+1,}§ bz,} lzleY

i=0 j=0

- -
MSM

n i—2 j—2

+ m_ln_lljlllzzé/ 1j— quer-

j=0 r=0 s=0

3
3

=

(=]
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Since B is factorable, we have

bm—l,n—l,i,}' = bm—l n—1,ij — bm n—1,ij — bm—l.n i + bmnij

m—1n—1 m n—1

- § E bmfln lrs— § § bmn Lrs— E E bmflnrv“i’E E bmnrr
r=i s=j r=i s=j r=i s=j r=i s=j
m—1 m—1

= Zcm—l rzdn 1,s Zcmrzdn 1,s Zcm—l rzdns+zcn1rzdns

= Em—lAidn—l.j - Emidn—l,j - Em—l,i nj + _midnj

= (CTmfl,i - CTmi)(d:lfl,j - nj) = émi nj-
Thus

/\ Al 71
Ymn = Am—1n—1 IJA’ ndjj

0
m n
+ E E An—1n—1 H»l,]A'H»l,]CH»l zd X

m
A~ NS
g E Am—1n—1,ij+1A1j+1 551 Xij

i=0 j=0

_|_

=

m
A N ikl
+ E Am—1n—1iv1jr1 A1 j11C 1 di X

i=0 j=0
m n i—2
A/z : Al
+ m—ln—l RN zjdjj er (8)
i=0 j=0 r=0
m n Jj—=2
+ E E a _1,1_1,]AUC” E
i=0 j=0
m n i—1
j : ~ N
+ Am—1,n— 11,]+1)ft,]+1 i1, E (& rX"J
i=0 j=0
m n j—2
P A/ 31
+ An—1n—1,i+1 }fiJrl iCivl1.i d~sX,;
JMHLCig, i
i=0 j=0 s=0
m n i—2 j—2
P N
+ E Qm—1.0—1,jMij Cird; Xy
i=0 j=0 r=0 s=0
Using the facts that C and D are triangles,
o — 1 d dl=
cnjc]k Cii = o an i =
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o Civli _ Ciyli— Cii _ Cij — Citl,i — Citl,itl
i1 = = - =
CiiCit+1,i+1 CiiCit+1,i+1 CiiCit+1,i+1
5 diny o diay—dy  dy —dij— din
ity = T = = — .
dJJdJJrl.JJrl djjdj+l,/+l dJJdJJrl.JJrl
It then follows that
ol gr_ Cii T Citli T Civlin) L1 (Cii — Citl,i — Ci+1,i+1)
i1, = - =
o CiiCit Li+1 dj b Citl,it1
argr = L di—diy—dpje L (djj—dHlJ_ j+1,/+1> )
i1 = =
ey djjdji1,j+1 bijij djs1j+1
o/ ~ci — Cirti — Ciprivt)(dy — i1y — divrjisn)
t+lt +1 - .
s bijiiCiv1i+1djs1 41

Substituting (9) into (8) gives

m n a
m—1,n—1,ij
Yinn E A,,]XU
i=0 j= UU
L~ cii — ¢
m—1n—1,i+1j i — Citl,i
+ Z T’L‘w(% - 1>Xff
i=0 j=0 ijij Cit1,i+1
m no o
Am—tn—1ij+1 5 dij — dj1,
+ E —p M\ T T L)X
i—=0 j=0 ijij J+1j+1
m no o
am—1n—1i+1+1 5 Cii — Cix1,i\ (djj — djtr1
+ T il — g
0 j—0 ijij Citl,i+1 i+ 1,j+1
Ci —Cirli  dj —djy1,
- - +1|X;
Citl,it1 dj+1,j+1
am 1,n—1,ij
5 9)PLETLT Z &,
i=0 j=0
am 1n—1,i
5 P)PLLSLSLTH Z
i=0 j=0
m n a i—2
m—1,n— lz,/+l 41, N
JFEE d- u+(7*1 E CirXj
i=0 j=0 2l dj+1j1 =0
m n a e Jj—2
m—1,n—1,i+1 i+1,i 51
+ o i ( - 1) s Xis
i—0 j=0 ii Cit1,i+1 —0
m n i—2 j—2
~ N
+ § Am—1n—1 l,]A’lJ c,rd]ers

(10)
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Adding first, third, fifth and nineth terms of (10) gives

ZZ t]am 1,n— IZJAU)XU

i=0 j=0 UU

Adding terms 2 and 7 of (10) gives

Aoj(m—1n—1,i+1Air17) [ Cii — Ci1,i
>y —— ) X;.

i—0 j—=0 l]l] Cit1,i+1

Adding terms 4 and 8 of (10) gives

m

rarden biji djs1j41

Combining terms 10 and 13 of (10) gives

2
AO] am 1,n—1 ,JA,,]) j
>y D&,
i=0 j=0 r=0
Combining terms 11 and 15 of (10) gives
m n i—2
Aio(Gm—1.0—11) 5
Z 1 m—1,n—1,ij/Vij dj;Xis-
Cii —
i=0 j= s=0
Substituting (11) - (15) into (10) gives
m n
(a i
fon = 33 By,
i=0 j=0 UU
AO} am 1,n—1 t+1,]zll+l,}) Cii — Cit+1,i
533 (=),
i—0 j—0 1/1/ i+1,i+1
- a Aijt1)
10 m—1,.n—1,ij+17Yi j+1 ' /+l,/
£y (d=dur)y,
i—0 j=0 ljlj J+1j+1

n
Z Ajp am 1n—1 l,]+1z‘lj+1) (djj - dj+1j>X“
y-

m
Jrzz Clm 1,n— 11+1J+1A'1+1,]+1) Cii—Citl,i dJJ d/+1,;
b;;
=0 ijij

dJ+1J+1

=0 Cit1,i+1

m n i
Aoj(@m—1 p—1,ijAij) .
Py i) S,
=0

(11)



DOUBLE SUMMABILITY FACTOR THEOREMS AND APPLICATIONS

(@ Aijn) (di —d —
m—1,n—1,ij+1/Vij+1 S/ RS Wi j : N
+ § § djj ( ) C”,er

d;
i=0 j=0 J+1j+1 —0
m n N 2 j—2
(@m—1n—1,i+1 it 1) [ Cii — Cit1i .
+ Cii C;: . jSXiS
i=0 j=0 i i+1,i+1 —0
m n i—2 j—2
Py N
+ Qm—1n-1,ijMij i X,
i=0 j=0 r=0 s=0

From condition (if),

1 (Cii — Ci+1,i) dj 1 (bw - bi+1,j,i,j)
bijij \ Civriv1 ) dj by \ ' bit1jit1,

_ LO(biOiO) _ O(CiidOO) _ O(L

biji ciidjj bojo

Similarly,
L (L) o L)
biij N djy1j11 bioio /)
Using (17), (18) and (7) in (16) gives

n
Ay am 1,n— ll,]A‘lj)
Xl]

pim

A m—1in—1, A‘l
+o(l ZZ 0 (dm—1n—1i+1) m)XU

11
j= ijij

i=0 j=0 0]0}
m n
ZZ Ay Clm 1n— 11,]+1A'1,]+1)
U
i—0 j—=0 1010
m n
1)2 E (@m—1n—tiv1jr1div1ie) X
i=0 j=0
m n i—2
AO] am 1,n— ll.]A'lj) I;/ X
E E E i—1j—1,rjori
i=0 j=0 UIOJ r=0
m n ~ j—1
Aio(@m—1.0—1.0) 5
—Ln—1y, I
+ O(1) E b — bi_yj—1,i5Xis
i=0 j=0 i0i0 =0
m n i—2
Al
+ (am 1n—1 1,/+1A'1,/+1)(b0101) CirXr/

133

(16)
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m n Jj—=2
E E 31
+ am 1.n—1 t+1,]xz+l,})(b1010) d]YX,;
i=0 j=0 s=0
m n i—2 j—2
A ~y
+ O(l) E (am—l n—1 IJA’IJ) bt*l,}fl rsXVA
i=0 j=0 r=0 s=0

To prove the theorem it is sufficient, by Minkowski’s theorem to show that

o0
an_l\Mk <oo, r=12,...9.

n=1

Substituting into (2) and using Holder’s inequality, (i), (iii) and (iv),

oo oo k
sznk 1|Il|k sznkl

m=1 n=1 m=1 n=1

U am 1,n— lzdly)

bj T by i
ijij

0o 00 m n k
DI VLI 09) S TRIIMIRIERI)

i=0 j=0

m n

oo oo
<Y ) Y S el A (@11 | X <

m=1 n=1 i=0 j=0
" A k—1
X (Z \Aij(am—l,n—l,i,//lij)\)
i=0 j=0
[SSINe'S)
= 0(1) Z(mn|amnmn‘)k71 X
m=1 n=1

i) Ay (@ — 10— 1,175 1 X"

[eS)
=0(1) Y > Jay| Xy
i=0 j=0
[eS) [eS)
X Z Z (mn|amnmn|)k71|Aij(&mfl,n71,i,jlij)‘
m=i+1 n=j+1
SIS
> Xyl = o).
i=0 j=0

Using Holder’s inequality, (v), (vi) and (i),

DD ) Hnf =Y (mn)t

n=1 n=1 n=1 n=1

m n
Z AOJ am 1,n—1 l+l,]ll+1.])X
ij
i—0 j bOJOJ

=0

k
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oo oo k
< ZZ (ZZ bo;ob Ybioiol Aoj(flm_l,n—l,i+1,J~)ki+1J)|XU.|)

i0i0 |

n=1 n=1 i=0 j=0
o0 o0 m n
<Y D ) Y S kool [ioiol ' H 1A (@m— 11 i1 i )| Xyl
n=1 n=1 i=0 j=0
m n k—1
X (Z bi0i0|Aoj'(flm—l,n—l,iﬂ,//lwl.j))
i=0 j=0
oo oo
SN (mnfammm| ) x
n=1 n=1
m n ‘b0~0|_1
X o |0 (@m—10—1,i+1 A1) || Xi*

= = 1ol bioio [

oo o0 ‘b()'()‘|71 oo 0o - R
I)ZZ |b,-j],-jj|k*1‘Xij‘k Z Z (mn‘amnmn‘)k 1‘Aoj(am—l,n—l,iHJ}LiH,/)|

i=0 j=0 m=i+1 n=j+1

||~ he
ZZ |b’”|k l\bojojl [bojor X1 (i)
i=0 j=0 vy

oo

oo
(i) Ix31" = o(1).
1:0 j=0

Using Holder’s inequality, (i), (vii) and (viii),

k s 1k k—1 Aj am 1,n— lz,}+IAfzJ+1) :
5SS = 37 X
m=1 n=1 m=1 n=1 thzO
oo oo m n
<Y D ) Y S bl F bl A0 (@n— 1 i i) 1 XX
m=1 n=1 i=0 j=0

k=1
|bojoj| | Aio (@m—1a—1 j+1Aij41) >

n n
>< (
i=0 j

—0

o0 o0 m n
DD (mlamama Y0 il ™ bioiol ™ 1Ai0 (@111 A1) 11X <
m=1 n=1 i=0 j=0

m n

Z |bioiol ™' | « ZOO Zoo k—1 -
1) E W|XU| (mn‘amnmn‘) |Ai0(amfl,nfl,i,fklxi,}lrl)|
iij

i=0 j=0 m=i+1 n=j+1

DY )Xl < oo

i=1 j=1
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Using Holder’s inequality, (ix) and (x),

ZZ(mn)kfl‘L“k ZZ mn k 1

n

m
E E A 1,n— lz+1,}+lxz+l,1+1Xy

m=1 n=1 m=1 n=1 i=0 j=0
S SIS m n k
<D (mn)! (Z > lagigllal ™ am-1n-1iv101 A0 1741 X,-j>
m=1 n=1 i=0 j=0
[SSINetS) m n
Z Z (mn)* ! Z Z |l ¥ @1 1141 A gt [| Xl X
m=1 n=1 i=0 j=0

k1
|aijij\ |Gm— 10— 1,101 A 141 |)

[SSINe'S) m n
Z Z mn|amnmn| Z Z ‘az;y| ‘&mfl,nfl,i+1,j+lxi+l,j+l ‘ |Xy|k
m=1 n=1 i=0 j=0

0o oo
Z|aljl]‘l k|ij|k Z Z mn|amnmn l|&m—l,n—l,i+l,j+lli+l.j+l‘
i=0 j

m=i+1 n=j+1

= 0() Y 3 )Xl = o).

Using Holder’s inequality, (i), (xi), (xii) and (xxi),

[S NS m n A (Cl i—2
Z mnk 1\15 ZZ mnk ! Y mbln ) Z b;_ 1j— 1rJXrJ|k
m=1 n—1 m=1 n—1 i—0 j—=0 0/0i
co oo m n i—2 k
<D m) YN booil bl | D by X X
m=1 n=1 i=0 j=0 r=0
m n k—l
X | Agj (@m—1,n—1, j A ( Z |bioio] [ Ao (@m—1.n—1,:jij) )
i=0 j=0
oo oo m n
1)ZZ(mn‘amnmnDk_lZZ|bijij|l_k‘bojoj|_lx
m=1 n=1 i=0 j=0
‘Aoj(am Ln— llJ ij Zbl 1j—1,rj
r=0
o0 o0
|bojoj| ~
I)ZZ JJ‘k 1’2171 Lji=1rj X
i=0 J:o biji r=

X Z Z(mn‘amnmn‘)k_l|A0j(&m—1~,n—1~,i~jlij)‘

m=i+1 n=j+1
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i—2

oo oo 1 k
I)ZZ ‘Z i—1j—Lrjori =0(1).
i=0 j=0 r=0
Using Holder’s inequality, (xiii), (xiv) and (xxii),
oo 0o m n Cl j k
D ICHRIAES 9 LR S IR TS SRS
m=1 n—1 m=1 n—1 i—0 j—0 bioio 5=0
oo oo m n
< ZZ(mn)k_l<Z |A10 am 1,n—1,ij lJ)Hb1010|

m=1 n=1 i=0 j=l

'

oo oo m
< Z Z(mn)kfl Z Z |bioiol ™| bojoj| Ao (@m—1.0— 1,4 jqf| X

m=1 n=1 i=0 j=0

j—2 k—1
(ZZbOJOJ|AtO Am—1n— lz,sz;)|)

Z)/
0 i=0 j=0

X |bojoj| [ bojoj| ~ ‘sz Lj—1,i,5%is

X

i—1j— llY

§=|

DY (mnlapmml) !

m=1 n=1

m n |b ‘
i0i0
XE E |bll‘k 1|A10 Clm Ln— 11:/ ij “E bl 1j—1,is
i=0

j=0
oo o0
|bioio] ~" % X
l)z |byii| <~ 1Z|bt Lj— IHX”‘ X
i=0 j=0 vy

&S] [e%S)
X Z Z(mn|amnmn‘)k71|Ai0(&m—l,n—l,i,jlij)‘

m=i+1 n=j+1

oo oo

:0(1) ljk 12|b1 1j—1,is lS|k:0(1)'

i=0 j=

Using Holder’s inequality, (xv), (xvi) and (xxi),

Z Z(mn)k71|17|k = Z Z(mn)kfl Z Z am—1,n—1,i,i+1ij+1(bojo;)

m=1 n=1 m=1 n=1 i=0 j=0

i—2
i~
x E bi1j1.,jXij
r=0
o0 m n

o0
<Y Y ) Y fam 1A |bojoy lag|' %

m=1 n=1 i=0 j=0

k
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i—2 ' m n 1
Zb/_u_l,r.jer\ x (ZZI“WI&m—l,n—l,iﬁl/liﬁll)

X
i=0 j=0

[SSINe)

D> (mnlamm) "

m=1 n=1

m n i—2 1
S0 gl M me e Zage oo DBy Xe

i=0 j=0 r=0

oo o0 k

1—k
ZZ‘GWA i— 1,] lr,] X
i j=0

Iy
(=
~.

X Z Z (ml’l‘amnmn‘)k71 |&m*17”*1,i,}‘+lﬂfi,j+1‘

m=i+1 n=j+1
E bl 1j— 1r,}X

Using Holder’s inequality, (xvii), (xviii) and (xxii),

oo o0

=0(1) (i)
i=0 j=0

k
= 0(1).

0o oo m n Jj—
Z mnk 1‘18‘k ZZ mnk lzzam 1,n— ll+1,} l+1,} tOzOZ i—1j— 1,3
m=1 n=1 m=1n=1 i=0 j=0 s=0
[SSINetS) m n
< Z Z(mn)k_l Z Z 10— 1i1 21l | Bioio| ez |~
m=1 n=1 i=0 j=0
- ~ k—1
sz 1j— lle”‘ Zz‘aljleam ILn—1,i+1, l+1,]|)
s=0 i=0 j=0
0o oo
= 0(1) Z Z(mn|amnmn|)kil X
m=1 n=1
m n j—2
X ‘aijij‘17k|5lm—1,nfl,i+1ﬂi+1ﬂ |bi0i0\k’ Z bil_l.j_lji,sxis
i=0 j=0 5s=0
co oo k
I)ZZ‘QUU‘ |b i— 1J lléX X
i=0 j=0
oo

X Z Z mn|amnmn| B |am 1n—1,i+1, 1+l,/‘

m=i+1 n=j+1

oo oo
=0(1) ()"

i=0 j=0

k
= 0(1).

th 1j— lth

k
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Using Holder’s inequality, (xix), (xx) and (xxiii),

m n i—2 j—2 k
)B) SCILIITID ) DL ) S) SIS 3) S RIS
m=1 n=1 m=1 n=1 i=0 j=0 r=0 s=0
0o oo m n
<D )Y agyl' im0 ¥
m=1 n=1 i=0 j=0
i—2 j—2 m n 1
X bl yj Xl (sziﬂﬂflm—l,n—l,i.jlij)
r=0 j=0 i=0 j=0
SSRGS
= 0(1) Z Z(mn‘amnmnbkil X

m=1 n=1
m n i—2 j—2 X
1—kj 4 i~
X Z @i~ |am—1.n— 1.1, biyj1rsXrs
i=0 j=0 r=0 s=0
oo 00 i—2 j—2 k
ZO(I)ZZ‘QWA =k 1/ 1j— lrs X
i=0 j=0 r=0 s=0
[eS)
X Z Z mn‘amnmn| ‘&m—l,n—l,i.jliﬂ
m=i+1 n=j+1
oo o0 i—2 j—2 k
= 0(1) k ! l/ l,jfl,r,erS = 0(1)
i=0 j:O r=0 s=0

THEOREM 2. Suppose that a double factorable positive sequence {pu,} and a
positive matrix B satisfy

(l) Prinbpumn = 0(pmn);

(ii) Z Z |Aij(l;m—1~,n—1~,i~J')Lij)| = O(bmnmn)’

i=0 j=0
(lll) Z Z (mnbmnmn)k_l|Aij(l;m—l,n—l,i.J'A'ij)| = O((l])k_l|bljlj‘k) ’
m= i+1 n—j+l
. Pi
(lV) ZZ ( )|A0J m—1,n—1,i+1,j 1+1J‘ - ( mnmn);
i= 0 Jj= 0

_ ~ .. 19
(v) Z Z(mnbmnmn)k A (bm—1n— i1 A1) = ((U\biﬁj\)k 1—]>,

m=i+1 n=j+1 QJ

(Vl) Z Z (%]]) ‘AiO(l;m—l,n—l,i.J'+1A'i,j+l‘ = O(bmnmn))
- o

i=0 j=

.. — - 2 . —1Pi
i) Y > () Ao (Bt 1450120 41)) :O((Ubijij)k 1]7),

m=i+1 n=j+1
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3
B

(Vlll) bijij|@m—l,n—l,i+l,j+lli+l.j+l| = O(bmnmn) ’
i=0 j=0

() > > () bt Aisr | = 0<(ijbijij)k_l),

m=i+1 n=j+1
m n

(.X) Zzpl ‘AOJ m—1,n— IIJA’IJ‘ - ( mnmn);

10]0

. _ 2 .. 19
(Xl) Z Z (mnbmnmn)k l|A0jbm—l,n—l,i,/'afij‘ = O((l.]bljlj)k l_j) ,

m= i+1 n—j+1 Q]

(.Xll) ZZ |A10 m—1,n— lz,/AU‘ (bmnmn);

10]0

- » .. —1Pi
()Clll) Z Z (mnbmnmn)k 1|Ai0(bm—l,n—l,i,/'lij)‘ = 0<(l-]b1]1])k IIT) ’

m=i+1 n=j+1

(.XiV) Z Zbiﬁ]|(@m—l,n—l,i,/#lli.jJrl)‘ = 0(‘bmnmn|);
i—0 j=0

1% .. 1,9
@) D> ) Bt nrij1 At | = Oy (),

m=i+1 n=j+1 Qj
n

),

m
(xvi) Z bijiflbm—1n—1,i11,Ai+15] = O(|b
i=0 j=0

oo oo i
113 .. — i

Z Z (mnbmnmn)k 1|bm71,nfl,i+l,jli+l,j‘ = 0((Ubl]l]|)k 1(_)k);
m=i+1

(xevid) P,

n=j+1
n

(XWH) Z Z biﬁjmmfl,nfl,i,jxij” = O(bmnmn) 5 and
i=0 j=0

(XiX) Z Z (mnbmnmn)k71|Z7m71,nfl,i,jxij| = 0((ijbiﬁj)k71)’

m=i+1 n=j+1

If Y23 ay is summable |N,pyy,

K, then YY" a;Ay is also summable |Bli,k > 1.

Proof. With A replaced by B and B replaced by (N,p,,), condition (i) of
Theorem 1 becomes condition (i) of Theorem 2.

b — b ,..:piqj_ﬂzlﬁ(i_L)
vy Tt PiQ; P10 0 Py
_ PiPin1g

P P i0i0Yi L 1:]
i l+1Q]

Similarly,
bijij — bijt1,ij = bojojbiji1,ij+1
and condition (ii) of Theorem 1 is automatically satisfied.
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Conditions (iif) - (xx) of Theorem 1 reduce to conditions (ii) - (xix) of Theorem

2, respectivelly. Since the inverse of (N, p,.,) is bidiagonal, conditions (xxi) - (xxiii)
of Theorem 1 are trivially satisfied.

(vi)

(vii)

(viii)

COROLLARY 1. Suppose that B = (N, rsy),A = (N,pmqn). Then, if
PanrmSn = O(IJm('IanSm)y

Z Z |A;j(Ri—1Sj—1A;)| = O(Rm—1Sn—1),

i= Oj 0
mnrmsn) k=1 YmSn k1 TiS] k

m=i+1 n=j+1 RmRm—ISmSn—l RiSj

ZZP‘ OJ( i—19j—1 l]‘ - ( m—1 nfl),

i= Oj 0o !

MnT sy \ k=1 TinSn jrisi\k=1 g
By(RiSi-12ql = (%) &),
Z Z ( RmS ) RmRmflSmSn71| OJ( et J‘ RiSj Qj

m=i+1 n=j+1

ZZ(%)‘AM i—18j-1Aj| = O(Ru—18,-1),

10]0
oo

mnrmsn) -1 FmSn ijrisi\* 1 p;

Bo(RisSi- ki) = 0((2) 2
,721’121 ( RmS RmRnflSnSnfl‘ ' ( S )‘ RiSj Pi
m

r;S;
ZZ L ‘RSA1+1J+1‘ = ( m— ISn—l)’

10]0
oo

My Sy \ F—1 F'mSn
> Z ( ) RR..SS _I‘RiSj/li+1J+1|

m=i+1 n—j+1

ZZPZ ‘AQ} i— ISJ 1},,])‘ - ( mflSnfl);

10]0

My Sy \ F1 'mSn ijriS' k—14(j
Bo(Ri1Si)| = ((B2) L),
> Z( ) wr s MRSkl = ()G

m=i+1 n—j+l

ZZ q] |A10 i— IS] lxy)| - ( mflsnfl)y

10]0

MNT S, \ k1 TS ijrisiNk—1 p;
Ao(Ri_1Si—1 )| = 0((—1) —),
Z Z ( RmS ) RmRmflSnSnfl‘ O( S J)| R;S; Pi

m=i+1 n—j+l il

ZZ e ‘Rl 1SA’IJJrl| - ( m— lSn—l);

10]0

MNT S, \ K1 FinSn ijrisiNk=1 7 g \k
w52 ().
Z Z ( R,S, ) RmRmflSnSnfl‘( 1 J+1‘ ( RiSj Qj

m=i+1 n=j+1

).
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" s
(XVi) Z Z —L ‘R SJ IA’I+1J| - ( m— lSn—l);

.. = mnrySn k-1 T'mSn ijris' k-1 Di k
ws it -0l(22) (2
SURDIDD ( RS, ) Rk 18,5, RSl = O R:S; P;

m=i+1 n=j+1

iS,
(xviii) ZZRSJ\R, 1Si-12ij] = O(Rp—1S.—1), and

10]0

mnr. s\ k=1 ros ijrisi\ k-1
. mon mon Ri* S Ai‘ o0 ( IJ) )
(xix) Z Z ( ) RmRm—ISnSn—l‘( 15j-12410( R:S;

m=i+1 n=j+1

Theny Y ayn summable [N, puqy|x impliesthat > Ayay is summable |N, rypsy|c, k = 1

Proof. From (7) it follows that

~

A5 rmSnRiflsjfl
bm—l,n—l,i,}' - Cmidnj -

RmRmf 1 SmSmf 1

Conditions (i) - (xix) of Corollary 1 follow from Theorem 2 by setting B =
(N, FuSn) -

THEOREM 3. Let A be a factorable double weighted mean method, B a factorable
double triangular summability method satisfying conditions

Panbmnmn
j) —mEnZmmmn o1y,
O = g~ O
(i) (bijij — bi1i) = O(bioiobis1ji+1)s (Bijig — bijirij) = O(bojoibij,ijer),

(iii) Z |A;j(Pi—1Qj—1Ai)| = O(Pu—10n—1),

i=0 j=0
. — MNP gy \ K1 Pmdn .nk—1( Piqj k
iv ( ) Aij(Pi—1Qj- 1Ay :0( ij (— )
( ) mZZiJrln;l Pan Pumlenanl| J( %=1 J)| ( ) Pin) )
) Z Zbi0i0|A0j(Pi71ijlli+1,j)‘ =O(Pn-10n-1),
i=0 j=0
. g mnpm‘]n)k71 Pm4n ((Up qj) )
Vi Aoi(Pi—10i—1Ais1;)|=0 b
( ) m—ZiJrln;l< PnQy PuPu—10:0n—1 | OJ( IQJ ! +1J)‘ P Q] 0/0j
ii) > > byl An(Pic1Qj-1) i1 | = O(Pp-100-1),
i=0 j=0

oo oo ..

mnpmdn )kil Pmqn Ypiq; k=1

viii ( Aio(Pi—10j-14ij1 20(( ) b'O'o),
( ) m;rl n§l Pan Pumlenanl | ! ( ' ! W )‘ Pin -

(ix) ZZ D4 \Pin/li+1.j+1| = O(Py-10n-1),

i=0 j=0




(xxid)
(xiii)

(xiv)

(oexid)

(xxii)

(exiii)

DOUBLE SUMMABILITY FACTOR THEOREMS AND APPLICATIONS

Mnpmdqn

pmqn

o] oo (
m=i+1 n=j+1

P m Qn

s

Pum, 1 Qnanl

|(PiQjAis111)| = O((

Z Z |bioio] |Aoj(Pi—1Qj—1Ai)| = O(Pu—10n—1),

i=0 j=0

Pm{qn

IPIC

Pum—lQnQn—l

ypiq
‘AOJ( i— lQJ IA’U)|0((PQJ
iYj

Z Z |bojos||Aio (Pi—1Qj—14ij)| = O(Pmu—10n—1),

Pm{qn

m=i+1 n=j+1
i=0 j=0
o0 o0
>y (M
P
m= i+1n =j+1 mOn

Pum—lQnQn—l

|Aio(Pi—10j— 1/1’])|0((

ZZ D Pz 19j[Aiji1]| = O(Ppu—10n-1),

i=0 j=0
> mnpmgn )k_l Pmdn ijpin
Pi10jAiji1 :0((
n:j+1 ( Pan Pum—lQnQn—l ‘( e )‘ PIQJ
m Pigi
Z P ¢ ‘PQ] I)Lerl,}‘ - ( mlenfl);
i=0 j= l
o~ (MNP ) N ijpigj
Pi0-1iy)] = O
n:jZJrl ( an Pumlenanl ‘( ! - J)‘ Pin
~x Pidj
Z P ! ‘Pl lefllij‘ = O(melanl);
i=0 j=0
- mmvmqn)k*1 Pdin ((ijpiqj k-1
Pil1Qi1A)| =0
n:jZ‘Jrl ( Pan Pumlenanl ‘( lQJ ! J)| Pin
0o o i—2
S b x| = on
ZZ(’J) Z i—Lj-1Xr| = O(1),
i=0 j=0 r=0
oo oo j—1
SO TG bicjovisXis _0( ), and
i=0 j=0 s=0
oo oo i—1 j—2
s \k—1 k 1
ZZ(U) Z —1,j— lrs rs ( )
i=0 j=0 r=0 s=0

ijpiq;
P:Q;

ipigj
PiQ;

143

")

) bOjOj) ,

) \bi0i0|),

) b 7).

)k_l |bioio] )

),

Then Y. >~ a;j summable |N,puqy|i implies that > > a;A; is summable |B|x, k > 1

An—1n—1,ij =

Proof. From (7), and from the proof of Corollary 2 of [1],

PmPic1 qnQj—1
Pum—

1 QnQn—l .
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Making these substitutions into the conditions of Theorem 1 yields the conditions
of Theorem 3.

Every double summability factor theorem of the type in this paper leads to a double
inclusion theorem by setting each A, = 1.

THEOREM 4. Let A and B be doubly infinite triangles, B factorable, satisfying

(l) |bmnmn‘ = 0(‘amnmn );
(it)  (biij — bix1jij) = O(biviobis1it17), (bijij — bijr1,j) = O(bojoibijr1,ijr1)

m n
(”l) E E |Aij(&mfl,n71,i,j)| = 0(|amnmn ),
i=0 j=0
oo oo

(iv) Z Z (m”|‘1mnmn‘)k71|Aij(&m*17n71,i,i)| = 0((lj)k71‘aijij|k)’

m=i+1 n=j+1

m n
(V) Z Z |bi0i0‘|A0j(&m71,nfl,i+l,j)‘ = 0(‘amnmn );
i=0 j=0
o 0o
(vi) Z Z (mn|amnmn‘)k71|A0j(;1m71,n—1,i+l,j)‘ = 0((ij‘aijij‘)kil|b0jﬂj ),
m=i+1 n=j+1
m n
(V”) Z Z |b0j0j‘|Ai0(&m71,nfl,i,j+l‘ = 0(‘amnmn );
i=0 j=0
o 0o
viil mn|Qppmn|)” i0 (Almfl,nfl,k,]ﬁrl = ij Ajjij “bioiol)
(viii) (| @y )~ | Ao )| = O((iflagy )~ bioio])
m=i+1 n=j+1
m n
ix Ajjij (Almfl,nfl,iJrl,jJrl = Amnmn| ) »
(ix) |yl | =0 )
i=0 j=0
o 0o
(x) Z Z (mn|amnmn‘)kil|&m—1,n—l,i+1,/'+l‘ = 0((ij‘aiﬁj‘)kil)’
m=i+1 n=j+1
m n
(Xl) Z Z |bi0i0‘|A0j(&m—l,n—l,i,j)‘ = 0(‘amnmn|);
i=0 j=0
o S}
(i) Y > mnlammm) A0 (@m—1n-165)] = O((@) |y~ bojoi])
m=i+1 n=j+1
m n
(xii) Z Z |bojojl [Aio(@m—1.1—1j)] = O|dmumnl)
i=0 j=0

(xiv) Z Z (mn|amnmn‘)k_l|Ai0(&m—l~n—l,i,/)‘ = 0((ij‘aiﬁj‘)k_l|bi0i0‘)’

m=i+1 n=j+1

m n
(xv) Z Z |agij||(@m—1.n—1,+1)| = O(|@mmmnl)

i=0 j=0

o0 oo
i) 0 (malammnl) T am—1a- i1 ] = Ol ) [bool ™),

m=i+1 n=j+1
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m
(xvii) Z |aiJ'in&m—l,n—l,i+l,/" = O(|amnmn|),

Il
(=}
~

0
oo oo
(rviii) Z Z (mn|amnmn‘)k_l|2lm71,n—1,i+l,j‘ = 0((lj|aijij‘)k_l|bioi0‘_k))

m=i+1 n=j+
n

(xix) Z |iij || —

oo
(xx) Z Z (mn|‘1mnmn‘)k_l|‘A1mfl,nfl,i,i| = 0(’7|“UU|)k_l)’

m=i+1 n=j+1

—_

O(|amnmn‘),

oo 0o i—2

(2xxi) Z Z(ij)k_l Zz’}i—l.j—l,r.jer ‘ =0(1),
i=0 j=0 =0
o oo Jj—1

(xexif) Z Z(ij)k*1 ZBi—lJ—l,i,ins ‘ = 0(1),
i=0 j=0 5=0
0o oo i—1 j—2

(exiii) Z Z(ij)k*1 Z Zi)ifljfl,r,sxrs ' =0(1).
i=0 j=0 r=0 s=0

Then Y Y a; summable |A|; implies that )% a;; is summable |B
as defined in (5).

x, where X, is

THEOREM 5. Suppose that a double factorable positive sequence {pu,} and a
positive matrix B satisfy

(l) Prinbpumn = 0(pmn);

(”) Z Z |Aij(l;mfl,n71,i,j)| = O(bmnmn)y

i=0 j=0
(l”) Z Z (mnbmnmn)k71|Aij(l;m—l,n—l,i.j)| = O((U)k71|blﬂ]‘k) ’
m=i+1 n—j+l
(lV) ZZ (pl>|AOJ m—1,n— 11+1,/‘ - ( mnmn))
i= 0 Jj= 0
~iA(h q
(v) Z Z (M)~ B0y (b1 141 = ((U\bw|)k IQ])
m=i+1 n—j+l 2
(Vl) Z ( )‘AIO m—1,n— 11J+1| - (bmnmn):
i= 0 Jj= 0
(vii) Z Z (MnDn) [ Aio (b1 - 1.041)| = 0((ijbijij)k71%);
m=i+1 n=j+1 !

(Vlll) Z Zbijij|2n1—l,n—l,i+l,j+l‘ = O(bmnmn);

i=0 j=0
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Z Z (mnbmnmn)k_l|@m—l,n—l,i+l,j+l‘ = 0<(l]bljlj)k_l) ,

m= i+1 n—j+l
Pi
(.X) ZZ ‘AOJ m—1,n— IIJ‘ - ( mnmn);
i= 0 Jj= 0
. — 2 .. 19
(xi) Z Z(mnbmnmn)k HAopbim—1.-14j] 20((Ubiﬁj)k 1—’)
m=i+1 n—j+l QJ
R qi
(Xll) ZZ J|A10 m—1,n— lz,}‘ - ( mnmn)y
i=0 j= 0
- — ~ .. _1Di
(x”l) Z Z (mnbmnmn)k 1|Ai0(bm71,nfl,i,j)‘ = 0((ljbyzj)k IF),
m=i+1 n=j+1 !
i) > > bigl (bu1-1641)] = O bl )
i=0 j=0

oo o0

—11 .. —1, 9
(XV) Z Z(mnbmnmn)k 1|bm71,nfl,i,j+l‘ :0((l]byy)k 1(_J)k,

m=i+1 n=j+1 Qj
m n

(XVi) Z Zbijij|én1—l,n—l,i+l,j‘ = O(|bmnmn‘)x

i=0 j=0
o0 oo

(xvii) Z Z (mnbmnmn)k_l|Em—l,n—l,i+l,/‘ = O((l]bljlj‘)k_l(%)k)’
m=i+1 n=j+1 !
n

()CVii) Z Zbijijwm—l,n—l,i,jﬂ = O(bmnmn): and

i=0 j=0
9]
(Xix) Z Z (mnbmnmn)k_l|bm—l,n—l,i,j| = O((ijbijij)k_l);
m=i+1 n=j+1

If Y2 3" ay is summable |N,pyyl , then > Y a;; is also summable |B|,k > 1.

COROLLARY 2. Suppose that B = (N, r$,),A = (N, puqn). Then, if
(l) PanrmSn = O(IJm('IanSm)y

(if) ZZ |A;(Ri—1Sj-1)| = O(Rp—1Sn—1),

10]0

mnrySn I'mSn IS k
) Z Z( ) Ry S8,y 2 Rim1Si-] :0((J)k 1(R-SJ.) )

m= t+1n—j+1 L)

(lV) Zzpl ‘AOJ i— 1Sj 1‘— ( m— ISn—l),

10]0

mnr,Sy FmSn ijrl.s. k—1 q
(RSl = 0((58) &),
(V) Z Z ( RmSn ) R Rm ISmSn 1| OJ( o 1| RiSj Qj

m=i+1 n=j+1
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3

n n

)\Azo i—1Si—1] = O(Ry—1S,—1),
1:0 Jj=

. mnrySn T'mSn i.ViS' k=1 i
(vi) Z( ) |Aip(Ri—1Sj-1)| = 0((J J) [i),

m= t+1n—j+1 RmR ISnSn—l RISJ Pi
riSj
(viii) Z ! \RS| O(Rp—1Sn—1),
i= 0 j=0
mnry,Sy k-1 T'mSn ijris' k=1
' s1=0((7s) )
(ix) ; ;1( ) RuRy— 18,8, 1‘ | RS
m n pi B
(x) 7 180i(Ri-18;-1)| = O(Ry-1Su-1),
i=0 j=0 '
. = > mnrySy k=1 'mSn ijris' k—14j
s (518
() > > ( RS, ) RR s RS ((s) o
m=i +1 n=j+1
(xii) Z |Azo i—1S8i-1)| = O(Ru—18n-1),
i=0 j
o = = mnrySy k=1 'mSn l]rls k=1 Pi
it s 10((222)" ).
(i) le;lg;l( ) RuRmasisy o B=S-10((Rs) )
. " riS;i
(XZV) ZZ / |Ri_1Sj|:O(Rm_1Sn_1),
i= 0 Jj= 0
mnrmsn -1 'mSn l]r,S k=1 qj k
s0((zs) (3) )
. riSj
(xvi) ZZ e \RSJ 1| = ORp—18-1),
i=0 j=0
.. mnrySy -1 'mSn l]r,S k=1 Di k
rs-0(gs)  (5)):
(ovid) mzliln;l( ) RoRo15iss | (RSl ( R:S; P;
ris,
(xviii) ZZR.SJ' IRi—1Sj—1| = O(Ru—1Sn—1), and
i=0 ]—0
mnrmsn k=1 'mSn ijris' k=1
: Reasialo((221) ).

Theny > amy summable |N, pmqn|c implies that Y, >~ a;is summable |N, rysy|c, k > 1

THEOREM 6. Let A be a factorable double weighted mean method, B a factorable
double triangular summability method satisfying conditions

Panbmnmn
i) —— =0(1),
® DPmdn M)



(vi)

(vif)

(viii)
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(bijij — bit1jij) = O(biviobis1ji+1y),

(biij — biji1ig) = O(bojoibij1,ij+1),

Z | ij l le 1)|— ( mlenfl)y

i j=0

i=0
i i (mnpm n)k_l PmYn ‘A(P \0; 1)‘ _ 0((lj)k71(piqj )k)
m=i+1 n—j+1 Pan Pum—lQnQn—l e ! PlQJ ’

Z Zbi0i0|A0j(Pi71Qj71)‘ = O(Py—10n-1),
=0 j=0
o0 o0 1

MNPy, n)k_ Pmdn
Agj(Pi_10i—1)| =
Z Z ( Pan Pum—lQnQn—l‘ Oj( IQJ 1)

m=i+1 n=j+1
m

Z Zb0j0j|Ai0(Pi71Qj71)‘ = O(Pp-10n-1),

i=0 j=0

— = (MNP )"—1 Pmn
Aio(Pi— i— =
Z Z ( Pan Pum—lQnQn—l ‘ 0( IQJ 1)

m=i+1 n—j+1

/N
/N
iy
s
LS
N———
ol
<
<
N———

N
/N
iy
s
L2
N———
>
<
(=)
N———

- Pid
ZZ PQJ ‘PtQ]‘ = O(melanl);
i= 0 Jj= 0 J

> 2 O e e ~o((55))

m=i+1 n=j+1

>SS 1A(Pi-1Qj-1)| = OPu-1Qar).

i=0 j=0

mnpm‘]n)k_l Pmqn (ijpiqj)k_l )
Ay(Pi1 Q)| O( (P41 by ),
:Z. Z ( Pan Pum—lQnQn—l ‘ Oj( IQJ 1)‘ ( Pin o

Z Zb0j0j|Aio(Pi—1Qj—1)\ = O(Pp—10n-1),

i=0 j=0

— = (MNPwn )"—1 P ( ( iipiq) )"‘1
Agi(Pi-1Qj-1)|O( (5=~ )  bioio)
Z Z ( Pan Pumlenanl ‘ Oj( IQJ 1)‘ Pin 00)

m= i+1 n—j+1

Z £ 5 P10l = O(Pa-10m1),

=0 j
k-1
(mnmeIn) Pm4n |(Pi_10))| = 0<(l]p qj)k l|bojoj\ )

Mg

et 1 Pan Pumlenanl Ple

m n Pigi

Z P ]PQJ 1= (Pm—lQn—l))

i=0 j=0 J

i (mnpmqn)k—l Pmqn ‘(PQ = O((Upiqj')k—l|b_o'0|_k)
X an Pumlenanl = Pin . ’

n=j+1
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(xix) Z pQ] Pi10j-1 = O(Ppu—10n-1),
o (MPuu\*' pugn ijpigj k-1
o ( ) Pi10j11 = 0 ,
( ) :Z an Pumlenanl ‘ ! | Pin) )
oo 0o i—2 R &
(eed) DN @D bieryXg| = 0(1),
i=0 j=0 =0
0o o0 j—1 k
(exid) > > @D birj1iXe| =0(1), and
i=0 j=0 5=0
oo oo - i—1 j—2 . X
(oexiii) Z Z(ij) - Z Zbi—lj—l,r,sxrs =0(1).
i=0 j=0 r=0 s=0

Then " a; summable |N,puqn|i implies that Y > a; is summable |B|i,k > 1
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