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DOUBLE SUMMABILITY FACTOR THEOREMS AND APPLICATIONS

EKREM SAVAŞ AND B. E. RHOADES

(communicated by L. Leindler)

Abstract. Weobtain sufficient conditions for the series
∑∑

amn , which is absolutely summable
of order k by a double triangular matrix method A , to be such that

∑∑
amnλmn is absolutely

summable of order k by a double triangular matrix B . As corollaries we obtain a number of
inclusion theorems.

Let
∑∑

amn be a doubly infinite series with partial sums smn . Denote by A the
doubly infinite matrix with entries amnij, 0 � i � m, 0 � j � n . We define the mn -th
term of the A -transform of a sequence {smn} by

Amn =
m∑

i=0

n∑
j=0

amnijsij. (1)

For any double sequence {umn} we define

Δ11umn = umn − um+1,n − um,n+1 + um+1,n+1.

For any four-fold sequence {amnij} we define

Δ11amnij = amnij − am+1,n,i,j − am,n+1,i,j + am+1,n+1,i,j,

Δijamnij = amnij − am,n,i+1,j − am,n,i,j+1 + am,n,i+1,j+1,

Δ0jamnij = amnij − am,n,i,j+1,

and

Δi0amnij = amnij − am,n,i+1,j.

For any arbitrary double lower triangular matrix A , we shall say that the series∑∑
amn is absolutely A -summable of order k � 1 if

∞∑
m=1

∞∑
n=1

(mn)k−1|Δ11Am−1,n−1|k < ∞. (2)
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Associated with A are two matrices Ā and Â defined by

āmnij =
m∑
μ=i

n∑
ν=j

amnμν, 0 � i � m, 0 � j, � n, m, n = 0, 1, . . . ,

and

âm−1,n−1,i,j = Δ11ām−1,n−1,i,j, m, n = 1, 2, . . . , 0 � i � m, 0 � j � n.

It is easily verified that â00 = ā00 = a00 . Using this notation,

Ymn := Δ11Am−1,n−1 =
m∑

i=0

n∑
j=0

âm−1,n−1,i,jaijλij. (3)

Let B be a doubly infinite matrix with entries bmnij, 0 � i � m, 0 � j � n . B
is called factorable if there exist two lower triangular matrices C and D such that
B = C ◦ D ; i.e., bmnij = cmidnj .

If B is factorable and has an inverse, then the inverse of B , written B ′ has
entries b ′

mnij = c ′
mid

′
nj , where c ′

mi and d ′
nj are the entries of the inverses of C and D ,

respectively.
The purpose of this paper is to establish a summability factor theorem for a pair of

double triangles. We obtain as corollaries some inclusion theorems for special cases of
double triangles.

Theorem 1 of this paper represents the first time that two arbitrary double triangles
have been used in a summability factor theorem. Theorem 1 also represents one of
the most general such summability factor theorems that one can expect to obtain. By
setting each λmn = 1 we obtain a number of inclusion theorems.

THEOREM 1. Let {λmn} be a doubly sequence of constants and let A and B be
doubly infinite triangles, B factorable, satisfying

(i) |bmnmn| = O(|amnmn|) ,
(ii) (bijij − bi+1,j,i,j) = O(bi0i0bi+1,j,i+1,j),

(bijij − bi.,j+1,i,j) = O(b0j0jbi,j+1,i,j+1) ,

(iii)
m∑

i=0

n∑
j=0

|Δij(âm−1,n−1,i,jλij)| = O(|amnmn|) ,

(iv)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δij(âm−1,n−1,i,jλij)| = O((ij)k−1|aijij|k) ,

(v)
m∑

i=0

n∑
j=0

|bi0i0||Δ0j(âm−1,n−1,i+1,jλi+1,j)| = O(|amnmn|) ,

(vi)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δ0j(âm−1,n−1,i+1,jλi+1,j)| = O((ij|aijij|)k−1|b0j0j|) ,

(vii)
m∑

i=0

n∑
j=0

|b0j0j||Δi0(âm−1,n−1,i,j+1λi.j+1| = O(|amnmn|) ,

(viii)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δi0(âm−1,n−1,k,j+1λi,j+1)| = O((ij|aijij|)k−1|bi0i0|) ,
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(ix)
m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i+1,j+1λi+1,j+1| = O(|amnmn|) ,

(x)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i+1,j+1λi+1,j+1| = O((ij|aijij|)k−1) ,

(xi)
m∑

i=0

n∑
j=0

|bi0i0||Δ0j(âm−1,n−1,i,jλij)| = O(|amnmn|) ,

(xii)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δ0j(âm−1,n−1,i,jλij)| = O((ij)|aijij|)k−1|bojoj|) ,

(xiii)
m∑

i=0

n∑
j=0

|b0j0j||Δi0(âm−1,n−1,i,jλij)| = O(|amnmn|) ,

(xiv)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δi0(âm−1.n−1,i,jλij)| = O((ij|aijij|)k−1|bi0i0|) ,

(xv)
m∑

i=0

n∑
j=0

|aijij||(âm−1,n−1,i,j+1λi,j+1)| = O(|amnmn|) ,

(xvi)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i,j+1λi,j+1| = O((ij|aijij|)k−1|b0j0j|−k) ,

(xvii)
m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i+1,jλi+1,j| = O(|amnmn|) ,

(xviii)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i+1,jλi+1,j| = O((ij|aijij|)k−1|bioio|−k) ,

(xix)
m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i,jλij| = O(|amnmn|) ,

(xx)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i,jλij| = O(ij|aijij|)k−1) ,

(xxi)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−2∑
r=0

b̂i−1,j−1,r,jXrj

∣∣∣k = O(1) ,

(xxii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

j−1∑
s=0

b̂i−1,j−1,i,sXis

∣∣∣k = O(1) ,

(xxiii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−1∑
r=0

j−2∑
s=0

b̂i−1.j−1,r,sXrs

∣∣∣k = O(1) .

Then
∑∑

aij summable |A|k implies that
∑∑

aijλij is summable |B|k , where Xmn

is as defined in (5) .

Proof. Let tmn denote the mn -th term of the B -transform of a sequence {smn} .
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Then

tmn =
m∑

i=0

n∑
j=0

bmnijsij, (4)

and

Xmn := Δ11tm−1,n−1 =
m∑

i=0

n∑
j=0

b̂m−1,n−1,i,jaij. (5)

Since B̂ ′ is a double triangle, we may solve (5) for amn to get

amn =
m∑

i=0

n∑
j=0

b̂ ′
m−1,n−1,i,jXij (6)

Substituting (6) into (3) gives

Ymn =
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

i∑
r=0

j∑
s=0

b̂ ′
i−1,j−1,r,sXrs

=
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

(
b̂ ′

i−1,j−1,i,jXij +
i−1∑
r=0

b̂ ′
i−1,j−1,r,jXrj

+
j−1∑
s=0

b̂ ′
i−1,j−1,i,sXis +

i−1∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs

)

=
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

[
b̂ ′

i−1,j−1,i,jXij+b̂ ′
i−1,j−1,i−1,jXi−1,j+b̂ ′

i−1,j−1,i,j−1Xi.j−1

+ b̂ ′
i−1,j−1,i−1,j−1Xi−1,j−1 +

i−2∑
r=0

b̂ ′
i−1.j−1,r,jXrj +

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

+
i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXr,s +

i−2∑
r=0

b̂ ′
i−1,j−1,r,j−1Xr,j−1 +

j−2∑
s=0

b̂ ′
i−1,j−1,i−1,sXi−1,s

]

Using the substitutions μ = i− 1 in the second and nineth sums, ν = j− 1 in the
third and eighth sums, and both substitutions in the fourth sum, we have

Ymn =
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλijb̂
′
i−1,j−1,i,jXij

+
m−1∑
μ=−1

n∑
j=0

âm−1,n−1,μ+1,jλμ+1,jb̂
′
μ,j−1,μ,jXμ,j

+
m∑

i=0

n−1∑
ν=−1

âm−1,n−1,i,ν+1λi,ν+1b̂
′
i−1,ν,i,νXiν
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+
m−1∑
μ=−1

n−1∑
ν=−1

âm−1,n−1,μ+1,ν+1λμ+1,ν+1b̂μ,ν,μ,νXμ,ν

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

( i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj+

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis+

i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs

)

+
m∑

i=0

n−1∑
ν=−1

âm−1,n−1,i,ν+1λi,ν+1

i−2∑
r=0

b̂ ′
i−1,ν,r,νXrν

+
m−1∑
μ=−1

n∑
j=0

âm−1,n−1,μ+1,jλμ+1,j

j−2∑
s=0

b̂ ′
μ,j−1,μ,sXμs.

If we use i and j as the indices in all sums, since âm−1,n−1,m+1,j = âm−1,n−1,i,n+1 =
âm−1,n−1,m+1,j+1 = âm−1.n−1,i+1,n+1 = 0 , we have

Ymn =
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλijb̂
′
i−1,j−1,i,jXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,jλi+1,jb̂
′
i,j−1,i,jXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j+1λi,j+1b̂
′
i−1,j,i,jXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,j+1λi+1,j+1b̂
′
ijijXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλi,j

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j+1λi,j+1

i−2∑
r=0

b̂ ′
i−1,j,r,jXrj

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,jλi+1,j

j−2∑
s=0

b̂ ′
i,j−1,i,sXis

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs.
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Since B is factorable, we have

b̂m−1,n−1,i,j = b̄m−1,n−1,i,j − b̄m,n−1,i,j − b̄m−1,n,i,j + b̄mnij

=
m−1∑
r=i

n−1∑
s=j

bm−1,n−1,r,s−
m∑

r=i

n−1∑
s=j

bm,n−1,r,s−
m−1∑
r=i

n∑
s=j

bm−1,n,r,s+
m∑

r=i

n∑
s=j

bmnrs

=
m−1∑
r=i

cm−1,r

n−1∑
s=j

dn−1,s−
n∑

r=i

cmr

n−1∑
s=j

dn−1,s−
m−1∑
r=i

cm−1,r

n∑
s=j

dns+
m∑

r=i

cmr

n∑
s=j

dns

= c̄m−1.id̄n−1,j − c̄mid̄n−1,j − c̄m−1,id̄nj + c̄mid̄nj

= (c̄m−1,i − c̄mi)(d̄n−1,j − d̄nj) = ĉmid̂nj.
(7)

Thus

Ymn =
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλijĉ
′
iid̂

′
jjXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,jλi+1,jĉ
′
i+1,id̂

′
jjXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j+1λi,j+1ĉ
′
iid̂

′
j,j+1Xij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,j+1λi+1,j+1ĉ
′
i+1,id̂

′
j+1,jXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλi,jd̂
′
jj

i−2∑
r=0

ĉ ′
irXrj

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλijĉ
′
i,i

j−2∑
s=0

d̂ ′
jsXis

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j+1λi,j+1d̂
′
j+1,j

i−1∑
r=0

ĉ ′
i,rXrj

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,jλi+1,jĉ
′
i+1,i

j−2∑
s=0

d̂ ′
jsXis

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλi,j

i−2∑
r=0

j−2∑
s=0

ĉ ′
ir d̂

′
jsXrs.

(8)

Using the facts that C and D are triangles,

n∑
j=k

ĉnjĉ
′
jk = δ k

n , ĉ ′
ii =

1
cii

, and d̂ ′
ii =

1
dii

,
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ĉ ′
i+1,i = − ĉi+1,i

ciici+1,i+1
= − c̄i+1,i − c̄ii

ciici+1,i+1
=

cii − ci+1,i − ci+1,i+1

ciici+1,i+1

d̂ ′
j+1,j = − d̂j+1,j

djjdj+1,j+1
= − d̄j+1,j − d̄jj

djjdj+1,j+1
=

djj − dj+1,j − dj+1,j+1

djjdj+1,j+1
.

It then follows that

ĉ ′
i+1,id̂

′
jj =

cii − ci+1,i − ci+1,i+1

ciici+1,i+1

1
djj

=
1

bijij

(
cii − ci+1,i − ci+1,i+1

ci+1,i+1

)

ĉ ′
iid̂

′
j+1,j =

1
cii

djj − dj+1,j − dj+1,j+1

djjdj+1,j+1
=

1
bijij

(
djj − dj+1,j − dj+1,j+1

dj+1,j+1

)

ĉ ′
i+1,id̂

′
j+1,j =

cii − ci+1,i − ci+1,i+1)(djj − dj+1,j − dj+1,j+1)
bijijci+1,i+1dj+1,j+1

.

(9)

Substituting (9) into (8) gives

Ymn =
m∑

i=0

n∑
j=0

âm−1,n−1,i,j

bijij
λijXij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,j

bijij
λi+1,j

(
cii − ci+1,i

ci+1,i+1
− 1

)
Xij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j+1

bijij
λi,j+1

(
djj − dj+1,j

dj+1,j+1
− 1

)
Xij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,j+1

bijij
λi+1,j+1

[(cii − ci+1,i

ci+1,i+1

)(djj − dj+1,j

dj+1,j+1

)

− cii − ci+1,i

ci+1,i+1
− djj − dj+1,j

dj+1,j+1
+ 1

]
Xij

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j

djj
λij

i−2∑
r=0

ĉ ′
irXrj

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j

cii
λij

j−2∑
s=0

d̂ ′
jsXis

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,j+1

djj
λi,j+1

(djj − dj+1,j

dj+1,j+1
− 1

) i−2∑
r=0

ĉ ′
irXrj

+
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,j

cii
λi+1,j

(cii − ci+1,i

ci+1,i+1
− 1

) j−2∑
s=0

d̂ ′
jsXis

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

i−2∑
r=0

j−2∑
s=0

ĉ ′
ird̂

′
jsXrs.

(10)
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Adding first, third, fifth and nineth terms of (10) gives

m∑
i=0

n∑
j=0

Δij(âm−1,n−1,i,jλij)
bijij

Xij. (11)

Adding terms 2 and 7 of (10) gives

m∑
i=0

n∑
j=0

Δ0j(âm−1,n−1,i+1,jλi+1,j)
bijij

(
cii − ci+1,i

ci+1,i+1

)
Xij. (12)

Adding terms 4 and 8 of (10) gives

m∑
i=0

n∑
j=0

Δi0(âm−1,n−1,i,j+1λi.j+1)
bijij

(
djj − dj+1,j

dj+1,j+1

)
Xij. (13)

Combining terms 10 and 13 of (10) gives

m∑
i=0

n∑
j=0

Δ0j(âm−1,n−1,i,jλij)
djj

j−2∑
r=0

ĉ ′
irXrj. (14)

Combining terms 11 and 15 of (10) gives

m∑
i=0

n∑
j=0

Δi0(âm−1,n−1,i,jλij)
cii

i−2∑
s=0

d̂ ′
jsXis. (15)

Substituting (11) - (15) into (10) gives

Ymn =
m∑

i=0

n∑
j=0

Δij(âm−1,n−1,i,jλij)
bijij

Xij

+
m∑

i=0

n∑
j=0

Δ0j(âm−1,n−1,i+1,jλi+1,j)
bijij

(cii − ci+1,i

ci+1,i+1

)
Xij

+
m∑

i=0

n∑
j=0

Δi0(âm−1,n−1,i,j+1λi,j+1)
bijij

(djj − dj+1,j

dj+1,j+1

)
Xij

+
m∑

i=0

n∑
j=0

(âm−1,n−1,i+1,j+1λi+1,j+1)
bijij

(cii−ci+1,i

ci+1,i+1

)(djj−dj+1,j

dj+1,j+1

)
Xij

+
m∑

i=0

n∑
j=0

Δ0j(âm−1,n−1,i,jλi,j)
djj

i−2∑
r=0

ĉ ′
irXrj

+
m∑

i=0

n∑
j=0

Δi0(âm−1,n−1,i,jλi,j)
cii

j−2∑
s=0

d̂ ′
jsXis
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+
m∑

i=0

n∑
j=0

(âm−1,n−1,i,j+1λi,j+1)
djj

(djj − dj+1,j

dj+1,j+1

) i−2∑
r=0

ĉ ′
irXrj

+
m∑

i=0

n∑
j=0

(âm−1,n−1,i+1,jλi+1,j)
cii

(cii − ci+1,i

ci+1,i+1

) j−2∑
s=0

d̂ ′
jsXis

+
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλi,j

i−2∑
r=0

j−2∑
s=0

ĉ ′
ird̂

′
jsXrs.

(16)

From condition (ii) ,

1
bijij

(
cii − ci+1,i

ci+1,i+1

)
djj

djj
=

1
bijij

(
bijij − bi+1,j,i,j

bi+1.ji+1,j

)

=
1

bijij
O(bi0i0) = O

(ciid00

ciidjj

)
= O

( 1
b0j0j

)
.

(17)

Similarly,

1
bijij

(djj − dj + 1, j
dj+1,j+1

)
= O

( 1
bi0i0

)
. (18)

Using (17), (18) and (7) in (16) gives

Ymn =
m∑

i=0

n∑
j=0

Δij(âm−1,n−1,i,jλij)
bijij

Xij

+ O(1)
m∑

i=0

n∑
j=0

Δ0j(âm−1,n−1,i+1,jλi+1,j)
bojoj

Xij

+ O(1)
m∑

i=0

n∑
j=0

Δi0(âm−1,n−1,i,j+1λi,j+1)
bi0i0

Xij

+ O(1)
m∑

i=0

n∑
j=0

(âm−1,n−1,i+1,j+1λi+1,j+1)Xij

+ O(1)
m∑

i=0

n∑
j=0

Δ0j(âm−1,n−1,i,jλij)
bojoj

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

+ O(1)
m∑

i=0

n∑
j=0

Δi0(âm−1,n−1,i,jλij)
bi0i0

j−1∑
s=0

b̂ ′
i−1,j−1,i,sXis

+
m∑

i=0

n∑
j=0

(âm−1,n−1,i,j+1λi,j+1)(b0j0j)
i−2∑
r=0

ĉ ′
irXrj
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+
m∑

i=0

n∑
j=0

(âm−1,n−1,i+1,jλi+1,j)(bi0i0)
j−2∑
s=0

d̂ ′
jsXis

+ O(1)
m∑

i=0

n∑
j=0

(âm−1,n−1,i,jλij)
i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs

=
9∑

i=1

Ii say.

To prove the theorem it is sufficient, by Minkowski’s theorem to show that
∞∑
n=1

nk−1|Ir|k < ∞, r = 1, 2, . . . 9.

Substituting into (2) and using Hölder’s inequality, (i) , (iii) and (iv) ,
∞∑

m=1

∞∑
n=1

(mn)k−1|I1|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣Δij(âm−1,n−1,i,jλij)
bijij

Xij

∣∣∣∣
k

�
∞∑

m=1

∞∑
n=1

(mn)k−1

( m∑
i=0

n∑
j=0

|bijij|−1|Δij(âm−1,n−1,i,jλij)||Xij|
)k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|aijij|−k|Δij(âm−1,n−1,i,jλij||Xij|k×

×
( m∑

i=0

n∑
j=0

|Δij(âm−1,n−1,i,jλij)|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1×

×
m∑

i=0

n∑
j=0

|aijij|−k|Δij(âm−1,n−1,i,jλij||Xij|k

= O(1)
∞∑
i=0

∞∑
j=0

|aijij|−k|Xij|k×

×
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δij(âm−1,n−1,i,jλij)|

= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1|Xij|k = O(1).

Using Hölder’s inequality, (v) , (vi) and (i) ,

∞∑
n=1

∞∑
n=1

(mn)k−1|I2|k =
∞∑
n=1

∞∑
n=1

(mn)k−1

∣∣∣∣
m∑

i=0

n∑
j=0

Δ0j(âm−1,n−1,i+1,jλi+1,j)
b0j0j

Xij

∣∣∣∣
k
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�
∞∑

n=1

∞∑
n=1

(mn)k−1

( m∑
i=0

n∑
j=0

|b0j0j|−1|bi0i0|
|bi0i0| |Δ0j(âm−1,n−1,i+1,jλi+1,j)||Xij|

)k

�
∞∑

n=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|b0j0j|−k|bi0i0|1−k|Δ0j(âm−1,n−1,i+1,jλi+1,j)||Xij|k×

×
( m∑

i=0

n∑
j=0

|bi0i0||Δ0j(âm−1,n−1,i+1,jλi+1,j)|
)k−1

= O(1)
∞∑

n=1

∞∑
n=1

(mn|amnmn|)k−1×

×
m∑

i=0

n∑
j=0

|b0j0j|−1

|b0j0j|k−1|bi0i0|k−1
|Δ0j(âm−1,n−1,i+1,jλi+1,j)||Xij|k

= O(1)
∞∑
i=0

∞∑
j=0

|b0j0j|−1

|bijij|k−1
|Xij|k

∞∑
m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δ0j(âm−1,n−1,i+1,jλi+1,j)|

= O(1)
∞∑
i=0

∞∑
j=0

|aijij|k−1

|bijij|k−1
|b0j0j|−1|b0j0j||Xij|k(ij)k−1

= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1|Xij|k = O(1).

Using Hölder’s inequality, (i) , (vii) and (viii) ,

∞∑
m=1

∞∑
n=1

(mn)k−1|I3|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣Δi0(âm−1,n−1,i,j+1λi,j+1)
bi0i0

Xij

∣∣∣∣
k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|bi0i0|−k|b0j0j|1−k|Δi0(âm−1,n−1,i,j+1λi,j+1)||Xij|k×

×
( n∑

i=0

n∑
j=0

|b0j0j||Δi0(âm−1,n−1,i,j+1λi,j+1)|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1
m∑

i=0

n∑
j=0

|bijij|1−k|bi0i0|−1|Δi0(âm−1,n−1,i,j+1λi,j+1)||Xij|k

= O(1)
m∑

i=0

n∑
j=0

|bi0i0|−1

|bijij|k−1
|Xij|k

∞∑
m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δi0(âm−1,n−1,i,j+1λi,j+1)|

= O(1)
∞∑
i=1

∞∑
j=1

(ij)k−1|Xij|k < ∞.
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Using Hölder’s inequality, (ix) and (x) ,

∞∑
m=1

∞∑
n=1

(mn)k−1|I4|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,j+1λi+1,j+1Xij

∣∣∣∣
k

�
∞∑

m=1

∞∑
n=1

(mn)k−1

( m∑
i=0

n∑
j=0

|aijij||aijij|−1|âm−1,n−1,i+1,j+1λi+1,j+1||Xij|
)k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|aijij|1−k|âm−1,n−1,i+1,j+1λi+1,j+1||Xij|k×

×
( m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i+1,j+1λi+1,j+1|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1
m∑

i=0

n∑
j=0

|aijij|1−k|âm−1,n−1,i+1,j+1λi+1,j+1||Xij|k

= O(1)
∞∑
i=0

∞∑
j=0

|aijij|1−k|Xij|k
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i+1,j+1λi+1,j+1|

= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1|Xij|k = O(1).

Using Hölder’s inequality, (i) , (xi) , (xii) and (xxi) ,

∞∑
m=1

∞∑
n=1

(mn)k−1|I5|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣
m∑

i=0

n∑
j=0

Δ0j(âm−1,n−1,i,jλij)
b0j0j

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj|k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|b0j0j|−k|bi0i0|1−k

∣∣∣∣
i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣∣
k

×

× |Δ0j(âm−1,n−1,i,jλij|
( m∑

i=0

n∑
j=0

|bi0i0||Δ0j(âm−1,n−1,i,jλij)|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1
m∑

i=0

n∑
j=0

|bijij|1−k|b0j0j|−1×

× |Δ0j(âm−1,n−1,i,jλij)
∣∣∣

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣k

= O(1)
∞∑
i=0

∞∑
j=0

|b0j0j|−1

|bijij|k−1

∣∣∣
i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣k×

×
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δ0j(âm−1,n−1,i,jλij)|
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= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣k = O(1).

Using Hölder’s inequality, (xiii) , (xiv) and (xxii) ,

∞∑
m=1

∞∑
n=1

(mn)k−1|I6|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣
m∑

i=0

n∑
j=0

Δi0(âm−1,n−1,i,jλij)
bi0i0

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣∣∣
k

�
∞∑

m=1

∞∑
n=1

(mn)k−1

( m∑
i=0

n∑
j=0

|Δi0(âm−1,n−1,i,jλij)||bi0i0|−1×

× |b0j0j||b0j0j|−1
∣∣∣

i−1∑
s=0

b̂ ′
i−l,j−1,i,sXis

∣∣∣
)k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|bi0i0|−k|b0j0j|−k|Δi0(âm−1,n−1,i,jλij|×

×
∣∣∣

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣∣k
( m∑

i=0

n∑
j=0

|b0j0j||Δi0(âm−1,n−1,i,jλij)|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1×

×
m∑

i=0

n∑
j=0

|bi0i0|−1

|bijij|k−1
|Δi0(âm−1,n−1,i,jλij)|

∣∣∣
j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣∣k

= O(1)
∞∑
i=0

∞∑
j=0

|bi0i0|−1

|bijij|k−1

j−2∑
s=0

|b̂ ′
i−1,j−1,i,sXis|k×

×
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δi0(âm−1,n−1,i,jλij)|

= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1
j−2∑
s=0

|b̂ ′
i−1,j−1,i,sXis|k = O(1).

Using Hölder’s inequality, (xv) , (xvi) and (xxi) ,

∞∑
m=1

∞∑
n=1

(mn)k−1|I7|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣
m∑

i=0

n∑
j=0

âm−1,n−1,i,j+1λi,j+1(b0j0j)×

×
i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣∣
k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|âm−1,n−1,i,j+1λi,j+1||b0j0j|k|aijij|1−k×
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×
∣∣∣∣

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣k ×
( m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i,j+1λi,j+1|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1×

×
m∑

i=0

n∑
j=0

|aijij|1−k|âm−1,n−1,i,j+1λi,j+1||b0j0j|k
∣∣∣

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣k

= O(1)
∞∑
i=0

∞∑
j=0

|aijij|1−k|b0j0j|k
∣∣∣∣

i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣∣
k

×

×
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i,j+1λi,j+1|

= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1

∣∣∣∣
i−2∑
r=0

b̂ ′
i−1,j−1,r,jXrj

∣∣∣∣
k

= O(1).

Using Hölder’s inequality, (xvii) , (xviii) and (xxii) ,

∞∑
m=1

∞∑
n=1

(mn)k−1|I8|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣
m∑

i=0

n∑
j=0

âm−1,n−1,i+1,jλi+1,j(bi0i0)
j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣∣∣
k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|âm−1,n−1,i+1,jλi+1,j||bi0i0|k|aijij|1−k×

×
∣∣∣∣

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣k( m∑
i=0

n∑
j=0

|aijij||âm−1,n−1,i+1,jλi+1,j|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1×

×
m∑

i=0

n∑
j=0

|aijij|1−k|âm−1,n−1,i+1,jλi+1,j||bi0i0|k
∣∣∣

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣∣k

= O(1)
∞∑
i=0

∞∑
j=0

|aijij|1−k|bi0i0|k
∣∣∣∣

j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣∣∣
k

×

×
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i+1,jλi+1,j|

= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1

∣∣∣∣
j−2∑
s=0

b̂ ′
i−1,j−1,i,sXis

∣∣∣∣
k

= O(1).
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Using Hölder’s inequality, (xix) , (xx) and (xxiii) ,
∞∑

m=1

∞∑
n=1

(mn)k−1|I9|k =
∞∑

m=1

∞∑
n=1

(mn)k−1

∣∣∣∣
m∑

i=0

n∑
j=0

âm−1,n−1,i,jλij

i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs

∣∣∣∣
k

�
∞∑

m=1

∞∑
n=1

(mn)k−1
m∑

i=0

n∑
j=0

|aijij|1−k|âm−1,n−1,i,jλij|×

×
∣∣∣∣

i−2∑
r=0

j−2∑
j=0

b̂ ′
i−1,j−1,r,sXrs

∣∣k( m∑
i=0

n∑
j=0

|aijij||âm−1,n−1,i,jλij|
)k−1

= O(1)
∞∑

m=1

∞∑
n=1

(mn|amnmn|)k−1×

×
m∑

i=0

n∑
j=0

|aijij|1−k|âm−1,n−1,i,jλij|
∣∣∣

i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs

∣∣∣k

= O(1)
∞∑
i=0

∞∑
j=0

|aijij|1−k

∣∣∣∣
i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs

∣∣∣∣
k

×

×
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i,jλij|

= O(1)
∞∑
i=0

∞∑
j=0

(ij)k−1

∣∣∣∣
i−2∑
r=0

j−2∑
s=0

b̂ ′
i−1,j−1,r,sXrs

∣∣∣∣
k

= O(1).

THEOREM 2. Suppose that a double factorable positive sequence {pmn} and a
positive matrix B satisfy

(i) Pmnbmnmn = O(pmn) ,

(ii)
m∑

i=0

n∑
j=0

|Δij(b̂m−1,n−1,i,jλij)| = O(bmnmn) ,

(iii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δij(b̂m−1,n−1,i,jλij)| = O
(
(ij)k−1|bijij|k

)
,

(iv)
m∑

i=0

n∑
j=0

( pi

Pi

)
|Δ0jb̂m−1,n−1,i+1,jλi+1,j| = O(bmnmn) ,

(v)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δ0j(b̂m−1,n−1,i+1,jλi+1,j)| =
(
(ij|bijij|)k−1 qj

Qj

)
,

(vi)
m∑

i=0

n∑
j=0

( qj

Qj

)
|Δi0(b̂m−1,n−1,i,j+1λi,j+1| = O(bmnmn) ,

(vii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δi0(b̂m−1,n−1,i,j+1λi,j+1)| = O
(
(ijbijij)k−1 pi

Pi

)
,
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(viii)
m∑

i=0

n∑
j=0

bijij|b̂m−1,n−1,i+1,j+1λi+1,j+1| = O(bmnmn) ,

(ix)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i+1,j+1λi+1,j+1| = O
(
(ijbijij)k−1

)
,

(x)
m∑

i=0

n∑
j=0

pi

Pi
|Δ0jb̂m−1,n−1,i,jλij| = O(bmnmn) ,

(xi)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δ0jb̂m−1,n−1,i,jλij| = O
(
(ijbijij)k−1 qj

Qj

)
,

(xii)
m∑

i=0

n∑
j=0

qj

Qj
|Δi0(b̂m−1,n−1,i,jλij| = O(bmnmn) ,

(xiii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δi0(b̂m−1,n−1,i,jλij)| = O
(
(ijbijij)k−1 pi

Pi

)
,

(xiv)
m∑

i=0

n∑
j=0

bijij|(b̂m−1,n−1,i,j+1λi,j+1)| = O(|bmnmn|) ,

(xv)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i,j+1λi,j+1| = O((ijbijij)k−1(
qj

Qj
)k ,

(xvi)
m∑

i=0

n∑
j=0

bijij|b̂m−1,n−1,i+1,jλi+1,j| = O(|bmnmn|) ,

(xvii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i+1,jλi+1,j| = O((ijbijij|)k−1(
pi

Pi
)k) ,

(xviii)
m∑

i=0

n∑
j=0

bijij|b̂m−1,n−1,i,jλij)| = O(bmnmn) , and

(xix)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i,jλij| = O((ijbijij)k−1) ,

If
∑∑

aij is summable |N, pmn|k , then
∑∑

aijλij is also summable |B|k, k � 1 .

Proof. With A replaced by B and B replaced by (N, pmn) , condition (i) of
Theorem 1 becomes condition (i) of Theorem 2.

bijij − bi+1,j,i,j =
piqj

PiQj
− piqj

Pi+1Qj
=

piqj

Qj

( 1
Pi

− 1
Pi+1

)

=
pipi+1qj

PiPi+1Qj
= bi0i0bi+1,j,i+1,j.

Similarly,
bijij − bi,j+1,i,j = b0j0jbi,j+1,i,j+1,

and condition (ii) of Theorem 1 is automatically satisfied.
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Conditions (iii) - (xx) of Theorem 1 reduce to conditions (ii) - (xix) of Theorem
2, respectivelly. Since the inverse of (N̂, pmn) is bidiagonal, conditions (xxi) - (xxiii)
of Theorem 1 are trivially satisfied.

COROLLARY 1. Suppose that B = (N, rmsn), A = (N, pmqn) . Then, if

(i) PmQnrmsn = O(pmqnRmSm) ,

(ii)
m∑

i=0

n∑
j=0

|Δij(Ri−1Sj−1λij)| = O(Rm−1Sn−1) ,

(iii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SmSn−1
|Δij(Ri−1Sj−1λij| = O

(
(ij)k−1

( risj

RiSj

)k)
,

(iv)
m∑

i=0

n∑
j=0

pi

Pi
|Δ0j(Ri−1Sj−1λij| = O(Rm−1Sn−1) ,

(v)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SmSn−1
|Δ0j(Ri−1Sj−1λij| = O

(( ijrisj

RiSj

)k−1 qj

Qj

)
,

(vi)
m∑

i=0

n∑
j=0

( qj

Qj

)
|Δi0(Ri−1Sj−1λij| = O(Rm−1Sn−1) ,

(vii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRn−1SnSn−1
|Δi0(Ri−1Sj−1λi,j+1)| = O

(( ijrisj

RiSj

)k−1 pi

Pi

)
,

(viii)
m∑

i=0

n∑
j=0

risj

RiSj
|RiSjλi+1,j+1| = O(Rm−1Sn−1) ,

(ix)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|RiSjλi+1,j+1|

(x)
m∑

i=0

n∑
j=0

pi

Pi
|Δ0j(Ri−1Sj−1λij)| = O(Rm−1Sn−1) ,

(xi)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|Δ0j(Ri−1Sjλi,j)| =

(( ijrisj

RiSj

)k−1 qj

Qj

)
,

(xii)
m∑

i=0

n∑
j=0

qj

Qj
|Δi0(Ri−1Sj−1λij)| = O(Rm−1Sn−1) ,

(xiii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|Δi0(Ri−1Sj−1λij)| = O

(( ijrisj

RiSj

)k−1 pi

Pi

)
,

(xiv)
m∑

i=0

n∑
j=0

risj

RiSj
|Ri−1Sjλi,j+1| = O(Rm−1Sn−1) ,

(xv)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|(Ri−1Sjλi,j+1| = O

(( ijrisj

RiSj

)k−1( qj

Qj

)k)
.
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(xvi)
m∑

i=0

n∑
j=0

risj

RiSj
|RiSj−1λi+1,j| = O(Rm−1Sn−1) ,

(xvii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|(RiSj−1λi+1,j| = O

(( ijrisj

RiSj

)k−1( pi

Pi

)k)
.

(xviii)
m∑

i=0

n∑
j=0

risj

RiSj
|Ri−1Sj−1λij| = O(Rm−1Sn−1) , and

(xix)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|(Ri−1Sj−1λij|O

(( ijrisj

RiSj

)k−1)
.

Then
∑∑

amn summable |N, pmqn|k implies that
∑ ∑

λijaij is summable |N, rmsn|k, k � 1 .

Proof. From (7) it follows that

b̂m−1,n−1,i,j = ĉmid̂nj =
rmsnRi−1Sj−1

RmRm−1SmSm−1
.

Conditions (i) - (xix) of Corollary 1 follow from Theorem 2 by setting B =
(N, rmsn) .

THEOREM 3. Let A be a factorable double weighted mean method, B a factorable
double triangular summability method satisfying conditions

(i)
PmQnbmnmn

pmqn
= O(1) ,

(ii) (bijij − bi+1,j,i,j) = O(bi0i0bi+1,j,i+1,j), (bijij − bi,j+1,i,j) = O(b0j0jbi,j+1,i,j+1) ,

(iii)
m∑

i=0

n∑
j=0

|Δij(Pi−1Qj−1λij)| = O(Pm−1Qn−1) ,

(iv)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δij(Pi−1Qj−1λij)|=O

(
(ij)k−1

( piqj

PiQj

)k)
,

(v)
m∑

i=0

n∑
j=0

bi0i0|Δ0j(Pi−1Qj−1λi+1,j)| = O(Pm−1Qn−1) ,

(vi)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δ0j(Pi−1Qj−1λi+1,j)|=O

(( ijpiqj

PiQj

)k−1
b0j0j

)
,

(vii)
m∑

i=0

n∑
j=0

b0j0j|Δi0(Pi−1Qj−1)λi,j+1| = O(Pm−1Qn−1) ,

(viii)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δi0(Pi−1Qj−1λi,j+1)|=O

(( ijpiqj

PiQj

)k−1
bi0i0

)
,

(ix)
m∑

i=0

n∑
j=0

piqj

PiQj
|PiQjλi+1,j+1| = O(Pm−1Qn−1) ,
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(x)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|(PiQjλi+1,j+1)| = O

(( ijpiqj

PiQj

)k−1)
,

(xi)
m∑

i=0

n∑
j=0

|bi0i0||Δ0j(Pi−1Qj−1λij)| = O(Pm−1Qn−1) ,

(xii)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δ0j(Pi−1Qj−1λij)|O

(( ijpiqj

PiQj

)k−1
b0j0j

)
,

(xiii)
m∑

i=0

n∑
j=0

|b0j0j||Δi0(Pi−1Qj−1λij)| = O(Pm−1Qn−1) ,

(xiv)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δi0(Pi−1Qj−1λij)|O

(( ijpiqj

PiQj

)k−1
|bi0i0|

)
,

(xv)
m∑

i=0

n∑
j=0

piqj

PiQj
Pi−1Qj|λi,j+1| = O(Pm−1Qn−1) ,

(xvi)
∞∑

n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|(Pi−1Qjλi,j+1)| = O

(( ijpiqj

PiQj

)k−1|b0j0j|−k
)
,

(xvii)
m∑

i=0

n∑
j=0

piqj

PiQj
|PiQj−1λi+1,j| = O(Pm−1Qn−1) ,

(xviii)
∞∑

n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|(PiQj−1λi+1,j)| = O

(( ijpiqj

PiQj

)k−1|bi0i0|−k
)
,

(xix)
m∑

i=0

n∑
j=0

piqj

PiQj
|Pi−1Qj−1λij| = O(Pm−1Qn−1) ,

(xx)
∞∑

n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|(Pi−1Qj−1λij)| = O

(( ijpiqj

PiQj

)k−1)
,

(xxi)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−2∑
r=0

b̂i−1,j−1,r,jXrj

∣∣∣k = O(1) ,

(xxii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

j−1∑
s=0

b̂i−1,j−1,i,sXis

∣∣∣k = O(1) , and

(xxiii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−1∑
r=0

j−2∑
s=0

b̂i−1.j−1,r,sXrs

∣∣∣k = O(1) .

Then
∑∑

aij summable |N, pmqn|k implies that
∑∑

aijλij is summable |B|k, k � 1 .

Proof. From (7), and from the proof of Corollary 2 of [1],

âm−1,n−1,i,j =
pmPi−1

PmPm−1

qnQj−1

QnQn−1
.
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Making these substitutions into the conditions of Theorem 1 yields the conditions
of Theorem 3.

Every double summability factor theorem of the type in this paper leads to a double
inclusion theorem by setting each λmn = 1 .

THEOREM 4. Let A and B be doubly infinite triangles, B factorable, satisfying

(i) |bmnmn| = O(|amnmn|) ,
(ii) (bijij − bi+1,j,i,j) = O(bi0i0bi+1,j,i+1,j), (bijij − bi.,j+1,i,j) = O(b0j0jbi,j+1,i,j+1) ,

(iii)
m∑

i=0

n∑
j=0

|Δij(âm−1,n−1,i,j)| = O(|amnmn|) ,

(iv)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δij(âm−1,n−1,i,j)| = O((ij)k−1|aijij|k) ,

(v)
m∑

i=0

n∑
j=0

|bi0i0||Δ0j(âm−1,n−1,i+1,j)| = O(|amnmn|) ,

(vi)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δ0j(âm−1,n−1,i+1,j)| = O((ij|aijij|)k−1|b0j0j|) ,

(vii)
m∑

i=0

n∑
j=0

|b0j0j||Δi0(âm−1,n−1,i,j+1| = O(|amnmn|) ,

(viii)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δi0(âm−1,n−1,k,j+1)| = O((ij|aijij|)k−1|bi0i0|) ,

(ix)
m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i+1,j+1| = O(|amnmn|) ,

(x)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i+1,j+1| = O((ij|aijij|)k−1) ,

(xi)
m∑

i=0

n∑
j=0

|bi0i0||Δ0j(âm−1,n−1,i,j)| = O(|amnmn|) ,

(xii)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δ0j(âm−1,n−1,i,j)| = O((ij)|aijij|)k−1|bojoj|) ,

(xiii)
m∑

i=0

n∑
j=0

|b0j0j||Δi0(âm−1,n−1,i,j)| = O(|amnmn|) ,

(xiv)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|Δi0(âm−1.n−1,i,j)| = O((ij|aijij|)k−1|bi0i0|) ,

(xv)
m∑

i=0

n∑
j=0

|aijij||(âm−1,n−1,i,j+1)| = O(|amnmn|) ,

(xvi)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i,j+1| = O((ij|aijij|)k−1|b0j0j|−k) ,
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(xvii)
m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i+1,j| = O(|amnmn|) ,

(xviii)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i+1,j| = O((ij|aijij|)k−1|bioio|−k) ,

(xix)
m∑

i=0

n∑
j=0

|aijij||âm−1,n−1,i,j| = O(|amnmn|) ,

(xx)
∞∑

m=i+1

∞∑
n=j+1

(mn|amnmn|)k−1|âm−1,n−1,i,j| = O(ij|aijij|)k−1) ,

(xxi)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−2∑
r=0

b̂i−1,j−1,r,jXrj

∣∣∣k = O(1) ,

(xxii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

j−1∑
s=0

b̂i−1,j−1,i,sXis

∣∣∣k = O(1) ,

(xxiii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−1∑
r=0

j−2∑
s=0

b̂i−1.j−1,r,sXrs

∣∣∣k = O(1) .

Then
∑∑

aij summable |A|k implies that
∑∑

aij is summable |B|k , where Xmn is
as defined in (5) .

THEOREM 5. Suppose that a double factorable positive sequence {pmn} and a
positive matrix B satisfy

(i) Pmnbmnmn = O(pmn) ,

(ii)
m∑

i=0

n∑
j=0

|Δij(b̂m−1,n−1,i,j)| = O(bmnmn) ,

(iii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δij(b̂m−1,n−1,i,j)| = O
(
(ij)k−1|bijij|k

)
,

(iv)
m∑

i=0

n∑
j=0

( pi

Pi

)
|Δ0jb̂m−1,n−1,i+1,j| = O(bmnmn) ,

(v)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δ0j(b̂m−1,n−1,i+1,j)| =
(
(ij|bijij|)k−1 qj

Qj

)
,

(vi)
m∑

i=0

n∑
j=0

( qj

Qj

)
|Δi0(b̂m−1,n−1,i,j+1| = O(bmnmn) ,

(vii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δi0(b̂m−1,n−1,i,j+1)| = O
(
(ijbijij)k−1 pi

Pi

)
,

(viii)
m∑

i=0

n∑
j=0

bijij|b̂m−1,n−1,i+1,j+1| = O(bmnmn) ,
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(ix)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i+1,j+1| = O
(
(ijbijij)k−1

)
,

(x)
m∑

i=0

n∑
j=0

pi

Pi
|Δ0jb̂m−1,n−1,i,j| = O(bmnmn) ,

(xi)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δ0jb̂m−1,n−1,i,j| = O
(
(ijbijij)k−1 qj

Qj

)
,

(xii)
m∑

i=0

n∑
j=0

qj

Qj
|Δi0(b̂m−1,n−1,i,j| = O(bmnmn) ,

(xiii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|Δi0(b̂m−1,n−1,i,j)| = O
(
(ijbijij)k−1 pi

Pi

)
,

(xiv)
m∑

i=0

n∑
j=0

bijij|(b̂m−1,n−1,i,j+1)| = O(|bmnmn|) ,

(xv)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i,j+1| = O((ijbijij)k−1(
qj

Qj
)k ,

(xvi)
m∑

i=0

n∑
j=0

bijij|b̂m−1,n−1,i+1,j| = O(|bmnmn|) ,

(xvii)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i+1,j| = O((ijbijij|)k−1(
pi

Pi
)k) ,

(xvii)
m∑

i=0

n∑
j=0

bijij|b̂m−1,n−1,i,j)| = O(bmnmn) , and

(xix)
∞∑

m=i+1

∞∑
n=j+1

(mnbmnmn)k−1|b̂m−1,n−1,i,j| = O((ijbijij)k−1) ,

If
∑∑

aij is summable |N, pmn|k , then
∑∑

aij is also summable |B|k, k � 1 .

COROLLARY 2. Suppose that B = (N, rmsn), A = (N, pmqn) . Then, if

(i) PmQnrmsn = O(pmqnRmSm) ,

(ii)
m∑

i=0

n∑
j=0

|Δij(Ri−1Sj−1)| = O(Rm−1Sn−1) ,

(iii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SmSn−1
|Δij(Ri−1Sj−1| = O

(
(ij)k−1

( risj

RiSj

)k)
,

(iv)
m∑

i=0

n∑
j=0

pi

Pi
|Δ0j(Ri−1Sj−1| = O(Rm−1Sn−1) ,

(v)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SmSn−1
|Δ0j(Ri−1Sj−1| = O

(( ijrisj

RiSj

)k−1 qj

Qj

)
,
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(vi)
m∑

i=0

n∑
j=0

( qj

Qj

)
|Δi0(Ri−1Sj−1| = O(Rm−1Sn−1) ,

(vii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRn−1SnSn−1
|Δi0(Ri−1Sj−1)| = O

(( ijrisj

RiSj

)k−1 pi

Pi

)
,

(viii)
m∑

i=0

n∑
j=0

risj

RiSj
|RiSj| = O(Rm−1Sn−1) ,

(ix)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|RiSj| = O

(( ijrisj

RiSj

)k−1)
,

(x)
m∑

i=0

n∑
j=0

pi

Pi
|Δ0j(Ri−1Sj−1)| = O(Rm−1Sn−1) ,

(xi)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|Δ0j(Ri−1Sj−1)|

(( ijrisj

RiSj

)k−1 qj

Qj

)
,

(xii)
m∑

i=0

n∑
j=0

qj

Qj
|Δi0(Ri−1Sj−1)| = O(Rm−1Sn−1) ,

(xiii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|Δi0(Ri−1Sj−1|O

(( ijrisj

RiSj

)k−1 pi

Pi

)
,

(xiv)
m∑

i=0

n∑
j=0

risj

RiSj−1
|Ri−1Sj| = O(Rm−1Sn−1) ,

(xv)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|(Ri−1Sj|O

(( ijrisj

RiSj

)k−1( qj

Qj

)k)
.

(xvi)
m∑

i=0

n∑
j=0

risj

RiSj
|RiSj−1| = O(Rm−1Sn−1) ,

(xvii)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|(RiSj−1|O

(( ijrisj

RiSj

)k−1( pi

Pi

)k)
.

(xviii)
m∑

i=0

n∑
j=0

risj

RiSj
|Ri−1Sj−1| = O(Rm−1Sn−1) , and

(xix)
∞∑

m=i+1

∞∑
n=j+1

(mnrmsn

RmSn

)k−1 rmsn

RmRm−1SnSn−1
|(Ri−1Sj−1|O

(( ijrisj

RiSj

)k−1)
.

Then
∑∑

amn summable |N, pmqn|k implies that
∑∑

aij is summable |N, rmsn|k, k � 1 .

THEOREM 6. Let A be a factorable double weighted mean method, B a factorable
double triangular summability method satisfying conditions

(i)
PmQnbmnmn

pmqn
= O(1) ,
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(ii) (bijij − bi+1,j,i,j) = O(bi0i0bi+1,j,i+1,j),
(bijij − bi,j+1,i,j) = O(b0j0jbi,j+1,i,j+1) ,

(iii)
m∑

i=0

n∑
j=0

|Δij(Pi−1Qj−1)| = O(Pm−1Qn−1) ,

(iv)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δij(Pi−1Qj−1)| = O

(
(ij)k−1

( piqj

PiQj

)k)
,

(v)
m∑

i=0

n∑
j=0

bi0i0|Δ0j(Pi−1Qj−1)| = O(Pm−1Qn−1) ,

(vi)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δ0j(Pi−1Qj−1)| = O

(( ijpiqj

PiQj

)k−1
b0j0j

)
,

(vii)
m∑

i=0

n∑
j=0

b0j0j|Δi0(Pi−1Qj−1)| = O(Pm−1Qn−1) ,

(viii)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δi0(Pi−1Qj−1)| = O

(( ijpiqj

PiQj

)k−1
bi0i0

)
,

(ix)
m∑

i=0

n∑
j=0

piqj

PiQj
|PiQj| = O(Pm−1Qn−1) ,

(x)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|(PiQj)| = O

(( ijpiqj

PiQj

)k−1)
,

(xi)
m∑

i=0

n∑
j=0

|Δ0j(Pi−1Qj−1)| = O(Pm−1Qn−1) ,

(xii)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δ0j(Pi−1Qj−1)|O

(( ijpiqj

PiQj

)k−1
b0j0j

)
,

(xiii)
m∑

i=0

n∑
j=0

b0j0j|Δi0(Pi−1Qj−1)| = O(Pm−1Qn−1) ,

(xiv)
∞∑

m=i+1

∞∑
n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Δ0j(Pi−1Qj−1)|O

(( ijpiqj

PiQj

)k−1
bi0i0

)
,

(xv)
m∑

i=0

n∑
j=0

piqj

PiQj
Pi−1Qj|| = O(Pm−1Qn−1) ,

(xvi)
∞∑

n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|(Pi−1Qj)| = O

(( ijpiqj

PiQj

)k−1|b0j0j|−k
)
,

(xvii)
m∑

i=0

n∑
j=0

piqj

PiQj
PiQj−1 = O(Pm−1Qn−1) ,

(xviii)
∞∑

n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|(PiQj−1 = O

(( ijpiqj

PiQj

)k−1|bi0i0|−k
)
,
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(xix)
m∑

i=0

n∑
j=0

piqj

PiQj
Pi−1Qj−1 = O(Pm−1Qn−1) ,

(xx)
∞∑

n=j+1

(mnpmqn

PmQn

)k−1 pmqn

PmPm−1QnQn−1
|Pi−1Qj−1| = O

(( ijpiqj

PiQj

)k−1)
,

(xxi)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−2∑
r=0

b̂i−1,j−1,r,jXrj

∣∣∣k = O(1) ,

(xxii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

j−1∑
s=0

b̂i−1,j−1,i,sXis

∣∣∣k = O(1) , and

(xxiii)
∞∑
i=0

∞∑
j=0

(ij)k−1
∣∣∣

i−1∑
r=0

j−2∑
s=0

b̂i−1.j−1,r,sXrs

∣∣∣k = O(1) .

Then
∑ ∑

aij summable |N, pmqn|k implies that
∑∑

aij is summable |B|k, k � 1 .
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