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WEIGHTED INTEGRAL INEQUALITIES OF POINCARÉ TYPE

GEJUN BAO AND YI LING

(communicated by H. M. Srivastava)

Abstract. In this paper, we give some weighted integral inequalities which generalize the well-
known Poincaré inequality. Our results can be used to generate other integral inequalities.

1. Introduction

The multidimensional integral inequality in [1, 4]

λ0

∫
Ω

u2 dx �
∫
Ω
|∇u|2 dx, (1.1)

where Ω is a bounded region in R
2 or R

3 , u ∈ C1(Ω) , u = 0 on ∂Ω and λ0 is the
smallest eigenvalue of the problem{

Δu + λu = 0, in Ω,
u = 0, on ∂Ω,

(1.2)

is known as the Poincaré’s inequality. Many generalized results have recently been
found, such as the following theorem in [5].

THEOREM 1.1. For any fα ∈ C1
0(Ω) and any real numbers pα � 2 satisfying:∑

α
1

pα
= 1 . Then

∫
Ω

∏
α

|fα | dx � 1
n

∑
α

1
pα

(
M
2

)pα ∫
Ω
|∇fα |pα dx. (1.3)

It is the purpose of this paper to obtain some weighted inequalities of (1.1).
Throughout this paper we always assume that Ω =

∏n
i=1[ai, bi] ⊂ R

n is a field
rectangular region, m � 2 and n � 2 is any fixed integers and C1

0(Ω) is the collection
of all real-valued continuously differentiable functions on Ω which vanish on the
boundary ∂Ω of Ω . The n − dimensional Lebesgue measure of a set E ⊆ R

n is
denoted by |E| . We call w a weight if w ∈ L1

loc(R
n) and w > 0 a.e. .
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2. Main results

DEFINITION 2.1. We say that the weight w(x) > 0 satisfies the Aλ
r − condition in

Ω , r > 1 and 0 < λ < ∞ , or that w is an Aλ
r − weight in Ω , write w ∈ Aλ

r (Ω) , if

sup
B

(
1
|B|
∫

B
w dx

)(
1
|B|
∫

B

(
1
w

) 1
r−1

dx

)λ (r−1)

< ∞ (2.1)

for any ball or any cube B ⊂ R
n .

The following generalized Hölder’s inequality will be used repeatedly.

LEMMA 2.1. Let 0 < α < ∞ , 0 < β < ∞ and s−1 = α−1 + β−1 , if f and g
are measurable functions on R

n , then

‖f g‖s,Ω � ‖f ‖α,Ω ‖g‖β ,Ω (2.2)

for any Ω ⊂ R
n .

We also need the following lemmas:

LEMMA 2.2. [6] If w ∈ A1
r , r > 1 , then there exist constants γ > 1 and C

independent of w , such that

‖w‖γ ,Q � C|Q|(1−γ )/γ‖w‖1,Q (2.3)

for any ball or any cube Q ⊂ R
n .

LEMMA 2.3. [4] Let ri � 0 and s > 0 , then(∑
i

ri

)s

� C (s, n)
∑

i

rs
i , (2.4)

where

C (s, n) =
{

ns−1, if s > 1,
1, if 0 � s � 1.

LEMMA 2.4. [5] Let fα ∈ C1
0(Ω) and qα be any real positive numbers with

q :=
∑
α

qα � 2 , then

∫
Ω

∏
α

|fα |qα � 1
n

(
M
2

)q∑
α

qα
q

∫
Ω
|∇fα |q. (2.5)

LEMMA 2.5. [7] Let qα > 0 and cα > 0 , then

∏
α

cqα
α � 1

q

∑
α

qαcq
α , (2.6)

where q :=
∑
β

qβ .
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THEOREM 2.6. Let fα ∈ C1
0(Ω) α = 1, . . . , m. There exists a constant γ > 1 ,

such that if w ∈ A1
r ∩ A

1
n
nk for some r > 1 and k with γ−1

γ > k > 1
n , then

(
1
|Ω|

∫
Ω

∏
α

|fα |w dx

)
� C (mn)(1−γ )/γ

(
M
2

)m∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

)1/n

, (2.7)

where C is a constant independent of fα and M = max{bi − ai, i = 1, . . . , n} .

Proof. Since w ∈ A1
r for some r > 1 , by using lemma 2.2, there exist constants

γ > 1 and C1 > 0 , such that

‖w‖γ ,Ω � C1|Ω|(1−γ )/γ ‖w‖1,Ω. (2.8)

Let s > 1 , and t = sγ
γ−1 . Then 1 < s < t and s

t + t−s
t = 1 . By using lemma 2.1 and

lemma 2.4, we have

∫
Ω

∏
α

|fα |w dx �
(∫

Ω

∏
α

|fα | t
s dx

) s
t (∫

Ω
w

t
t−s dx

) t−s
t

� C1|Ω| 1−γ
γ ‖w‖1,Ω

(∫
Ω

∏
α

|fα | t
s dx

) s
t

� C1|Ω| 1−γ
γ ‖w‖1,Ω

(
1
n

(
M
2

) tm
s ∑

α

1
m

∫
Ω
|∇fα | tm

s dx

) s
t

= C1|Ω| 1−γ
γ

(
1

mn

) s
t
(

M
2

)m

‖w‖1,Ω

(∑
α

∫
Ω
|∇fα | tm

s dx

) s
t

.

(2.9)

Since s
t < 1 we have C

(
s
t , m
)

= 1 . Note that ns − t = s
(
n − γ

γ−1

)
> 0 and

s
t = 1

n + ns−t
nt , by using Hölder’s inequality and lemma 2.3, we have

(∑
α

∫
Ω

(|∇fα |m)
t
s dx

) s
t

� C
(s

t
, m
)∑

α

(∫
Ω

(|∇fα |m)
t
s dx

) s
t

=
∑
α

(∫
Ω

(|∇fα |m)
t
s dx

) s
t

=
∑
α

(∫
Ω

(
|∇fα |mw

1
n w− 1

n

) t
s

dx

) s
t

�
∑
α

(∫
Ω
|∇fα |mnw dx

) 1
n
(∫

Ω

(
1
w

) t
ns−t

dx

) ns−t
nt

.

(2.10)
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Since 1 < nk < n (γ − 1) /γ = ns/t , by using theorem 2.4 in [8], we know that

w ∈ A
1
n
nk ⊂ A1/n

ns/t . Therefore

(∫
Ω

w dx

)(∫
Ω

(
1
w

) t
ns−t

dx

) ns−t
nt

=
(

1
|Ω|

∫
Ω

w dx

)(
1
|Ω|

∫
Ω

(
1
w

) t
ns−t

dx

) ns−t
nt

|Ω|1+ γ−1
γ − 1

n

� C2|Ω|1+ γ−1
γ − 1

n

(2.11)

Substituting (2.10) and (2.11) into (2.9) implies that

∫
Ω

∏
α

|fα |w dx � C

(
1

mn

) γ−1
γ
(

M
2

)m

|Ω|1− 1
n
∑
α

(∫
Ω
|∇fα |mnw dx

) 1
n

. (2.12)

That is

(
1
|Ω|

∫
Ω

∏
α

|fα |w dx

)
� C (mn)

1−γ
γ

(
M
2

)m∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

) 1
n

. (2.13)

The proof of theorem 2.6 is completed. �

We now prove other weighted inequalities.

THEOREM 2.7. Let fα ∈ C1
0(Ω) α = 1, . . . , m. There exists a constant γ > 1

such that if w ∈ A1
r ∩ A

s
n
n
s −1 for some r > 1 and γ = n

s > 2 , then

(
1
|Ω|

∫
Ω

∏
α

|fα |sw dx

) 1
s

� C (mn)
s−n
ns

(
M
2

)m∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

) 1
n

, (2.14)

where M = max{bi − ai, i = 1, . . . , n} .

Proof. Since w ∈ A1
r for some r > 1 , by using lemma 2.2, there exist constant

γ > 1 and C1 > 0 such that

‖w‖γ ,Ω � C1|Ω| 1−γ
γ ‖w‖1,Ω. (2.15)

Note that 1
s = 1

n + n−s
ns and 0 � n−s

ns < 1 , then C
(

n−s
ns , m

)
= 1 . By using lemma 2.2,



WEIGHTED INTEGRAL INEQUALITIES OF POINCARÉ TYPE 255

2.3 and 2.4, we have(∫
Ω

∏
α

|fα |sw dx

) 1
s

�
(∫

Ω

(
w

1
s

)n
dx

) 1
n
(∫

Ω

∏
α

|fα |
ns

n−s dx

) n−s
ns

� C1|Ω| 1−γ
sγ ‖w‖1/s

1,Ω

(
1
n

(
M
2

) nsm
n−s ∑

α

1
m

∫
Ω
|∇fα |

nsm
n−s dx

) n−s
ns

= C1|Ω| 1−γ
sγ ‖w‖1/s

1,Ω (mn)
s−n
ns

(
M
2

)m
(∑

α

∫
Ω
|∇fα |

nsm
n−s dx

) n−s
ns

� C1|Ω| 1−γ
sγ ‖w‖1/s

1,Ω(mn)
s−n
ns

(
M
2

)m∑
α

(∫
Ω
|∇fα |

nsm
n−s dx

) n−s
ns

.

(2.16)

Since n
s > 2 , then n − 2s > 0 and n−s

ns = 1
n + n−2s

ns . By using Hölder inequality, we
have(∫

Ω
(|∇fα |m)

ns
n−s dx

) n−s
ns

=
(∫

Ω

(
|∇fα |mw

1
n w

−1
n

) ns
n−s

dx

) n−s
ns

�
(∫

Ω
|∇fα |mnw dx

) 1
n
(∫

Ω

(
1
w

) s
n−2s

dx

) n−2s
ns

.

(2.17)

Note that w ∈ A
s
n
n
s −1 , then

(∫
Ω

w dx

) 1
s
(∫

Ω

(
1
w

) s
n−2s

dx

) n−2s
ns

= |Ω| 2
s− 2

n

⎛
⎝( 1

|Ω|
∫
Ω

w dx

)(
1
|Ω|

∫
Ω

(
1
w

) s
n−2s

dx

) n−2s
n
⎞
⎠

1
s

� C2|Ω| 2
s− 2

n .

(2.18)

Substituting (2.17) and (2.18) into (2.16), we obtain(∫
Ω

∏
α

|fα |sw dx

) 1
s

� C|Ω| 1
s− 1

n (mn)
s−n
ns

(
M
2

)m∑
α

(∫
Ω
|∇fα |mnw dx

) 1
n

. (2.19)

That is(
1
|Ω|

∫
Ω

∏
α

|fα |sw dx

) 1
s

� C (mn)
s−n
ns

(
M
2

)m∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

) 1
n

. (2.20)
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We complete the proof of theorem 2.7. �

THEOREM 2.8. Let fα ∈ C1
0(Ω) α = 1, . . . , m. if 1 < s < n

2 and w ∈ A1
n
s −1 ,

then there exists a constant C , independent of fα , such that(
1
|Ω|

∫
Ω

∏
α

|fα |sws/n dx

) 1
s

� C (mn)
s−n
ns

(
M
2

)m∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

) 1
n

, (2.21)

where M = max{bi − ai, i = 1, . . . , n} .

Proof. Since 1
s = 1

n + n−s
ns and 0 < n−s

ns < 1 , then C
(

n−s
ns , m

)
= 1 . By using

lemma 2.1, 2.3 and 2.4, we have(∫
Ω

∏
α

|fα |sws/n dx

) 1
s

�
(∫

Ω

(
w

1
n

)n
dx

) 1
n
(∫

Ω

∏
α

|fα |
ns

n−s dx

) n−s
ns

�
(∫

Ω
w dx

) 1
n
(

1
n

(
M
2

) nsm
n−s ∑

α

1
m

∫
Ω
|∇fα |

nsm
n−s dx

) n−s
ns

�
(∫

Ω
w dx

) 1
n
(

1
mn

) n−s
ns
(

M
2

)m

C

(
n−s
ns

, m

)∑
α

(∫
Ω
|∇fα |

nsm
n−s dx

) n−s
ns

=
(∫

Ω
w dx

) 1
n

(mn)
s−n
ns

(
M
2

)m∑
α

(∫
Ω
|∇fα |

nsm
n−s dx

) n−s
ns

.

(2.22)

Note that 1 < s < n
2 , we have n − 2s > 0 and n−s

ns = 1
n + n−2s

ns . By using Hölder
inequality, we get

∑
α

(∫
Ω
|∇fα | nsm

n−s dx

) n−s
ns

=
∑
α

(∫
Ω

(
|∇fα |mw

1
n w

−1
n

) ns
n−s

dx

) n−s
ns

�
∑
α

(∫
Ω
|∇fα |mnw dx

) 1
n
(∫

Ω

(
1
w

) s
n−2s

dx

) n−2s
ns

.

(2.23)

Since w ∈ A1
n
s −1 , we have

(∫
Ω

w dx

) 1
n
(∫

Ω

(
1
w

) s
n−2s

dx

) n−2s
ns

=

⎛
⎝( 1

|Ω|
∫
Ω

w dx

)(
1
|Ω|

∫
Ω

(
1
w

) s
n−2s

dx

) n−2s
s
⎞
⎠

1
n

|Ω| 1
s− 1

n

� C|Ω| 1
s− 1

n .

(2.24)
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By (2.22), (2.23) and (2.24), we obtain(∫
Ω

∏
α

|fα |sws/n dx

) 1
s

� C|Ω| 1
s− 1

n (mn)
s−n
ns

(
M
2

)m∑
α

(∫
Ω
|∇fα |mnw dx

) 1
n

. (2.25)

That is,(
1
|Ω|

∫
Ω

∏
α

|fα |sws/n dx

) 1
s

� C (mn)
s−n
ns

(
M
2

)m∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

) 1
n

. (2.26)

We completed the proof of theorem 2.8. �

COROLLARY 2.9. Let f ∈ C1
0(Ω) . There exists a constant γ > 1 such that if

w ∈ A1
r ∩ A

1
n
nk for some r > 1 and k with γ−1

γ > k > 1
n , then

(
1
|Ω|

∫
Ω
|f |mw dx

)
� C m

1
γ n

1−γ
γ

(
M
2

)m( 1
|Ω|

∫
Ω
|∇f |mnw dx

) 1
n

, (2.27)

where M = max{bi − ai, i = 1, . . . , n} .

Proof. This follows from theorem 2.6, by setting fα = f for all α . �

COROLLARY 2.10. Let fα ∈ C1
0(Ω) α = 1, . . . , m. There exists a constant

γ > 1 , such that if w ∈ A1
r ∩ A

1
n
nk for some r > 1 and k with γ−1

γ > k > 1
n , then⎛

⎝ 1
|Ω|

∫
Ω

∑
β

∏
α �=β

|fα ||∇f β |w
n(m−1)+1

mn dx

⎞
⎠

� C m
m−mγ−1

mγ n
(1−γ )(m−1)

mγ

(
M
2

)m−1∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

)1/n

,

where M = max{bi − ai, i = 1, . . . , n} .

Proof. By using Hölder inequality, we have∫
Ω

∑
β

∏
α �=β

|fα ||∇f β |w
n(m−1)+1

mn dx

=
∑
β

∫
Ω

∏
α �=β

(
|fα |w 1

m

)
|∇f β |w 1

mn dx

�
∑
β

⎛
⎝∏

α �=β

(∫
Ω

(
|fα |w 1

m

)m
dx

) 1
m
(∫

Ω
|∇f β |mw

1
n dx

) 1
m

⎞
⎠

=
∑
β

⎛
⎝∏

α �=β

(∫
Ω
|fα |mw dx

) 1
m
(∫

Ω
|∇f β |mw

1
n dx

) 1
m

⎞
⎠ .
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By using corollary 2.9 and Hölder inequality, we get(∫
Ω
|∇f β |mw

1
n dx

) 1
m

� |Ω| 1
m (1− 1

n )
(∫

Ω
|∇f β |mnw dx

) 1
mn

, (2.28)

and(∫
Ω
|fα |mw dx

) 1
m

�
(

C1|Ω|1− 1
n (mn)

1−γ
γ

(
M
2

)m

m

(∫
Ω
|∇fα |mnw dx

) 1
n
) 1

m

.

Therefore, by using lemma 2.5 we have∫
Ω

∑
β

∏
α �=β

|fα ||∇f β |w
n(m−1)+1

mn dx

�
∑
β

C|Ω| 1
m (1− 1

n )(m−1) (mn)
(1−γ )(m−1)

mγ

(
M
2

)m−1

m
m−1

m |Ω| 1
m (1− 1

n )×

×
∏
α

(∫
Ω
|∇fα |mnw dx

) 1
mn

= C|Ω|1− 1
n

(
M
2

)m−1

m
m−1
mγ n

(1−γ )(m−1)
mγ

∏
α

(∫
Ω
|∇fα |mnw dx

) 1
mn

� C|Ω|1− 1
n

(
M
2

)m−1

m
m−1
mγ n

(1−γ )(m−1)
mγ n

∑
α

1
mn

(∫
Ω
|∇fα |mnw dx

) 1
n

= C|Ω|1− 1
n

(
M
2

)m−1

m
m−mγ−1

mγ n
(1−γ )(m−1)

mγ
∑
α

(∫
Ω
|∇fα |mnw dx

) 1
n

.

That is⎛
⎝ 1
|Ω|

∫
Ω

∑
β

∏
α �=β

|fα ||∇f β |w
n(m−1)+1

mn dx

⎞
⎠

� C m
m−mγ−1

mγ n
(1−γ )(m−1)

mγ

(
M
2

)m−1∑
α

(
1
|Ω|

∫
Ω
|∇fα |mnw dx

)1/n

.

The proof of corollary 2.10 is completed. �

REMARK 2.2 Further interesting integral inequalities of the weighted Poincaré-
type could be obtained from the results above, For instance, by letting m = 2 in the
corollary 2.10, we have(

1
|Ω|

∫
Ω

(|f ||∇g| + |g||∇f |) w
n+1
2n dx

)

� C

(
M
2

)
(2n)

1−γ
γ

(
1
|Ω|

∫
Ω

(|∇f |2n + |∇g|2n
)
w dx

) 1
n

.
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and by taking f = g in the last expression, we get

(
1
|Ω|

∫
Ω
|f ∇f |wn+1

2n dx

)
� C

(
M
2

)
(2n)

1−γ
γ

(
1
|Ω|

∫
Ω
|∇f |2nw dx

) 1
n

. (2.29)
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