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SOME SCALES OF EQUIVALENT WEIGHT CHARACTERIZATIONS
OF HARDY’S INEQUALITY: THE CASE ¢ < p

LARS-ERIK PERSSON, VLADIMIR STEPANOV AND PETER WALL

(communicated by S. Saitoh)

Abstract. We consider the weighted Hardy inequality

( /0 >~ < /0 “r (t)dt>q u(x)dx> v <cC < /0 >~ f”(x)v(x)dx) v

for the case 0 < g < p < oo, p > 1. The weights u(x) and v(x) for which this inequality
holds for all f(x) > 0 may be characterized by the Mazya-Rosin or by the Persson-Stepanov
conditions. In this paper, we show that these conditions are not unique and can be supplemented
by some continuous scales of conditions and we prove their equivalence. The results for the dual
operator which do not follow by duality when 0 < g < 1 are also given.

1. Introduction

The Hardy inequality

( /OOO ( /0 s (f)dt)qu(x)dx) " <C ( /0 oofp(x)v(x)dx> 1/,,’ 1)

has attracted a lot of interest from the early discoveries of G. H. Hardy even before 1920
and the interest has even increased during the last years (see e.g. the books [2], [6], the
recent review work [3] and the references given there).

Let us mention first that for the case 1 < p < g < oo a necessary and sufficient
condition on the weights u(x) > 0 and v(x) > 0 for (1) to hold for all f(x) > 0 is
either well-known Muckenhoupt condition

—~

Ay = sup Ul/q(t)Vl/”’(t) < oo (2)
0<t<oo

or the following two alternatives which can be found in [7, Theorem 1] (see also [2,
Theorem 1.1]):

0<t<oo

t 1/q
AEJIS) = sup (/ qu> V=UP(r) < o0, (3)
0
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or

e / 1/pl /
Afg ‘= sup </ ur dV) U~V (1) < o0, (4)
t

0<t<oo

where p’ =p/(p — 1),p # 1 and for simplicity we suppose, that
0<Ux):= / u()dr < oo, 0 < V(x):= / =7 (1)dt < oo forall x > 0. (5)
X 0

Moreover, it was recently discovered that these conditions are not unique and can be
replaced by the scales of conditions [1] depending on a continuous parameter s > 0 of

the form
| * e\
Al(w>(s) ‘= sup (/ uv "y ) V(1) < o0, (6)
0<t<oco t
ro 1/pr
AP (s):= sup U () < / 0 (5“>dV) < 00, 7)
0<t<oo 0
corresponding to (2) and
. t (L 4s) 1/q
AE;S)(S) ‘= sup (/ uv o ) V=) < oo, (8)
0<t<oo 0
or
2 o0 Tl 1/17
AEJS)(S) ‘= sup (/ ur <5“>dV> U™*(1) < oo, 9)
0<t<oo t

relating to (3) and (4), respectively.
The main result of [1] reads:

C~ A (s) = AR (s) = Apd(s) = AR (s), (10)

where C is the best constant in (1), with the constants of equivalence depending only
on p,q and s.

In this paper from the same point of view we study the case 0 < g < p < oco,p >
1,9 # 1. Denote 1/r:=1/g—1/p. In this case it is known, see [4], [5], [7] and [8], that
(1) holds for some finite constant C > 0, if and only if one of the following quantities
is finite: the Mazya-Rozin constant

Bug = ( /O b Urle(x)vrie' (x)u(x)dx) . < o0, (11)

or the Persson-Stepanov constant

Bpg = ( /0 h { /0 Xu(t)Vq(t)dt} R— dx> " oo (12)

Moreover for the best constant C in (1) it yields that

C%BMR %BPS- (13)
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Our main result in this paper is to prove that similar to the case 1 < p < g < o0
the conditions (11) and (12) above are not unique and can be extended by some scales
of conditions. However, there is a substantial difference with the case 1 < p < g < o0,
because of no duality exists for 0 < g < 1 < p < oo. Therefore, we formulate the
results for the Hardy inequality with the dual operator too.

The paper is organized as follows: In order not to disturb our discussions later on
some notations and other preliminaries are collected in Section 2. The discussed main
result (see Theorem 1) can be found in Section 3 while the corresponding main result
for the dual operator is formulated in Section 4. Finally, Section 5 is reserved for a
concluding remark of independent interest.

2. Preliminaries

If no misunderstanding can occur we some times delete the integration variable,
e.g. we write [ uV? instead of [ u(t)V4(r)dr. Moreover, for positive constants A
and B we write A < B (A >> B) whenever there exists a finite constant ¢ independent
on weight functions u and v suchthat A < ¢B (cA > B). Ifboth A < B and B < A
it yields that A = B (c.f. e.g. (10) above).

Suppose, 0 < g < p < oo,p > 1,q # 1. It is known ([8], Remark on p. 93), that
under the condition (5) the Mazya-Rozin constant has an equivalent form

00 , 1/r
Bug = (/ urlayrla dV) : (14)
0

and

r q
Blr = IjBMR- (15)

Similarly, a counterpart to the Persson-Stepanov constant is

Bps 1= (/OOO {/Oxu(t)Vq(t)dt] " V"/‘IdV(x)> l/r. (16)

Moreover, (see [7])
q

p
and
a ([ .\ q
Bl = . (/ qu) V=P (00) + I;B}S if 0 < V(o0) < 0. (18)
0
For s > 0 we define the following functionals:
oo oo r/p 1/r
Bk (s) = ( / [ / w1l ‘Y)] VAl =) (1)u(r) dt) o (19)
0 '

1/r

Bik(s) = ( /0 h [ /t h uvq(l/P’—s)}r/q a0 dv(r)> : (20)
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B (s) = (/OOO Uotuv‘f(l/l"“)]r/p u(t) VAP )= () dt) l/r, (21)

1/r

B (s) = ( /0 " { /0 t uvq<w’+s>] QR dV(t)> . (22)

Then, similar to (15), (17) and (18) we have

r r

[Bik()] = as [Bixs)] (23)

r

B ()] =as [BG)] i V(co) = o (24)

and

[IBSS) (s)} g % (/OOO qu(l/p/“>>r/q V™"(00) +gs {Bgs)(s)} r’ (25)

if 0 < V(00) < 0. Also note, that

1 1

1 1
Byx(=) = Bur, Bir(=) = Bur (26)
)4 )4
and | |
B&?(;) = Bps, Bé?(;) = Bps. (27)

3. The main result

THEOREM 1. Let 0 < g < p < o0, | <p < o0 and q # 1. Then the Hardy
inequality (1) holds for some finite constant C > 0 if and only if any of the constants

IB%I(V};(S) or Bgfg (s) is finite for some s > 0. Moreover, for the best constant C in (1)
we have

C ~ By (s) ~ By (s). (28)

REMARK 1. In view of the equalities (26) and (27) the equivalence (13) follows
from (28).

Proof. We mainly consider four cases. First we prove that
B\, (5) ~ By (29)

Case 1: Lets > 1/p’. If s = 1/p/, then IB,%(I/p’) = Bur by (26). Let
s > 1/p’. Then ya/e'=s) g decreasing, so that ]BMR(S) < Bur. Since Byr ~ Bpg
by (13), then for the reverse, we show that Bps < ]Bij(t,H)e (s). First we write

t t t 13
/ WV — / VA =) yals+1/p) / Vals1/p) d<_ / qu(l/p’—s>>
0 0 0 X
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[ integration by parts]

—ats1/p) [ ([ =) v v
—g(s+1/p) /0 t { ( / t qu(l/”’S)) vq<s1/f>+€q/f’(x)} {v-sir()}avin

[by Holder’s inequality withr/q,p/q and € € (0, 1)]

<q(s+1/p) ( /0 t ( / tuvq<1/P’S>>r/q v”1+€f/f>(x)dv(x)> " X
X ( /0 t Vg(x)dV(x)>q/p
< % ( /0 t ( /X " uV‘IWP’—S))r/q V’S_lJr”/p(x)dV(x))q/r vi=ealp(p).

Applying this estimate, we find

[Bg]” = /0 h ( /0 t qu> " V=rla(0) dv(s)

[a(s + 1/p))*
< (1 —¢)lr

/ / (/ v _”>WV”‘””/P<x>dV<x>V<l‘€>’/P<r>v-’/‘1<r>dV(r)

[changing the order of integration]

_ lats+1/p))"
(1 —¢g)/p

X /0 OO( /X OZV‘IWP’—S))r/qv"‘—””/l’(x) ( /x Oov—l—”/l’(z) dV(t)) dv(x)

< % /Ooo (/xoo uV‘f“/P"S))r/q VPl (x)dV(x)
_ IM [BU)( )}r.

 er(l—g)r MR

Taking € = 1/2, and using the equivalence of B](é;e (s) and Bz(éz)e (s) we obtain

e < P2 T [y )
rqs

) = oo the result follows by (17). If 0 < V(oc0) < 00, then to finish
this case we estimate directly the first term in (18). Write as before

/ qu<</ (/ qu(l/p’—S)) Vq(s_l/’>(x)dV(x)
0 0 X

and in case V(oo
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[by Holder’s inequality]

Hence,
oo r/q 1 r 1 L r
([T} vt < [siaeo)] = - [Biks)]
0
and the required upper bound Bps < Bz(él)e (s) follows from (18).

Case 2: 0<s<1/p". Now ]Bgz(v;z)e (8) = Byg holds true and it only remains to
show the reverse. To this end we note that

[ [yt a-v)
t

t
[integration by parts]

< U(t)Vq(l/”’*”(t) +Fq(1/p'—s) /OOU(x)Vq(l/p’fs)ﬂ(x) av(x).

t

This implies

r ) ) , r/q
{Bﬁiﬁe@)} = /0 ( / uy1i/p ”) Vel ) dv() < I + D.
t

We have - y
/ r/q
L ::/ U {Vq“/p ﬂ)} vrelay = Bug-
0

For the second term we write first for some € > 0

/O<> yya/r'=9)=1 gy — /OO {Uvq(l/p'—S)—q/r+€q/p} {V—q/p—w/p} dv

t t

[by Holder’s inequality]

0o , a/r 00 q/p
< (/ Ur/qu(l/p —s)—l+£r/pdv) (/ V—l—sdv>
t t

oo q/r
e (/ Ur/qu(l/P'S)Her/pdV) Vealr(p).

t

Then

e o0 p r/q
L= / </ UV‘I(I/P S)ldv) Vrsfl(t) dV(I)
0 t

< E—r/p /00 (/00 Ur/qu(l/pl—s)—lJrEr/pdV) V—Er/p+rs—l(t) dV(l)
0

t

_ E—r/p /OO Ur/q(x)Vr(l/p/—s)—l+6r/p(x) (/X Vr(s—E/P)—ldV> dV(.X)
0

0
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Let € be so small that s — &/p > 0. Then
1 > '
h=——"—— [ UV aV = By
Tl —e/p)erl / e

Summarizing the above estimates we conclude
W] (1) P
{BMR(S)} =4qs [BMR(S):| <L Byg = ;Bzrvm
and (29) is proved.
Now we show that 1
Bps ~ BYy (5). (30)
Case 3 : s > 1/p. If s = 1/p, then the equality is valid by (27). Let
s > 1/p. Then V46=1/P) is increasing and IE’S;,IS) (s) < Bps. For the reverse we show

that C < IB%SS) (s) for the best constant of (1) and the result will follow by (13). Let
Jo fPv < oo.Put o:=s—1/p >0 and suppose first that V(co) = oo. Write

I:= /OOO </Oxf)qu(x) dx = /Ooo (/Oxf>qu(x)Vq+°‘q(x)VqD‘q(x) dx
— g1+ a) /000 (/Oxf>qu(x)V‘”°‘q(x) (/m y-a-ag-1 dv> dx
—ati+o) [Ty ([ [) wvreawar) ave)
cavea (o) o) ([ oo

[applying Holder’s inequality with p/g and r/g]

<q(l+a) (/OOO (/Otf)p V”(t)dV(t))q/p x
X ( /O b ( /0 t uvq+aff) " V"”‘“’(r)dV(r))
<q(1/p'+ )@ ( / mfpv) " [536s)]"

< ‘I(l/l’;;)z%p’)qm [BSS)(S)F (/OOOfpv)q/p.

q/r

Hence,
g1 /p’ + )V )P
S Bpg
CON
If 0 < V(o0) < oo, then we use the fact that

(5)-

VI (x) = q(1 + o) {V‘“O‘;‘Ww) + /xoo vyl dV}
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/0“ (/Oxfy”(x)dx =Io+q(1 + ).

We have shown that Iy < Bby(s) (Ji°fPv ) P For the upper bound of I, let
{x} C (0,00), k < N < oo such that

and obtain

Xk
/f:2", k<N
0
/f<2NH> AN+1 = O©
0

o oo I/p ,
/ f < </ fpv> VP (00) < o0,
0 0

then such N € N exists. We have

B ([

Since

k<N
< ZZ k+1 / uvq+aq
k<N
Y a/p % ar
<41y / frv / dv / uvatea
k<N X—1 X—1 Xk
older’s inequality wit , T
by Holder’s inequality with p/q q
a/p . r/p! - rla\ 97
=) (2 ( / dv> ( / v>
k<N k<N Xk—1 Xk
o a/p ’ . " r/p q/r
<4 </ f”v) ZVr/” (xk)/ / uVatea u(x)VI+t®(x) dx
0 ng Xk X

00 a/p oo x , r/p , , alr
44 </ f”v) / </ uva/p +s>) u(x) VI ) =sr oy yr(Ups) () dx
0 0 0
00 q/p . g
< 49V (0) (/ fpv) [B;S)(s)} .
0

Thus, C < IB%SS) (s) and by (13) the required equivalence Bps ~ ]Bg,lg (s) for s > 1/p
is proved.
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Case 4 : Let 0 < s < 1/p. Now we have ]B%gg (s) > Bps. For the reverse we
show that ]Bg,lg (8) < Byg = Byr ~ Bps. Write

t t 13
/ Vi) _ / yall/p+9) () d(_ / u)
0 0 X

[integration by parts|

—atwp'+s) [ ([u) v wavs

—atufp+s) [ { ([ ) v Ly} aves

for some € € (0,1) which we determine later. Now Holder’s inequality with the
parameters r/q and p/q gives that

1 t o\ "4 , ar a/p
< (/ (/ u) yr(t/p *S—l/‘f*E/p)(x)dV(x)) (/ V‘%’V)
0 X 0

t q/r
< ( / Ur/qu<1/p’+s—1/q+e/p>dv> yli=ealn p).
0
Using this estimate, we obtain

Bﬁfs)(s) < /OO Ur/q(t)Vr(l/P/Jrsfl/quE/P)(t) (/Oo V1r(s(1e)/p>dv> dv(r).
0 '
If 0 < s < 1/p, then there exists € € (0, 1) such that s — (1 — €)/p > 0 so we have

B (s) < / Ul av = Byg
0

and if V(co) = oo, then the result follows by (13), (15) and (24). If 0 < V(o0) < 0,
then as before we find

/Oo wVI ) = g(1/p + ) /Oo yvai'=1qy
0 0

:q(l/p’+s)/ {ovar} {yasai=itay
0
oo , (1/7’ oo (I/P
< (/ urlayrla dV) (/ V’”_ldV> .
0 0

[ 1/q
V™*(00) (/ uya/p “)) < Bur.
0

Thus, ]Bg,lg (s) < Byg because of (25) and the equivalence (30) follows. Now (13),
(29) and (30) prove (28). O

Hence,
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4. The main result for the dual operator

It was mentioned in the introduction, that in the case 0 < ¢ < 1 < p < oo there
is no duality for the Hardy inequality (1). However, the related inequality with the dual

operator
</ooo (/m g>q“<x) dx>l/q <¢C ( s g”V>W (1)

can be treated by the same method as (1). Inthe case 1 < g < p < oo it brings
alternatives to (28). To formulate the results we need to complement our notation.
Suppose for simplicity, that

0 < U.(x) ::/ u<oo, 0<Vix) ::/ VP < o0, x>0,
0 X

o0 , l/r
s ([ vt
0

Bip = (/OOO vl d(—v*))l/r,
Bjg i= (/Ooo [/m uvg] r/pu(x)vzf’/”(x) dx>
Bl = (/OOO Uoo uV,‘Z} " V*_r/q(x)d(V*(x))> l/r,

with (15), (17) and (18) valid with replacement of B by B* and B by B*, respectively.
For s > 0 we now define a new portion of functionals

S o ’ r/p , Ir
B (s5) = (/0 {/ w10 S)} /e “H”(t)u(t)dt) :
t
1/r

By (s) = (/OOO [/Otuvf(l/l”f)rq Vf—l(t)d(—V*(t))> ,
B0 (s) = (/OOO U,Oo MVZ(I/P/+S):|r/p W) VI = dr) Vr

() (/O‘X’ V, OO ”Vz(l/p’ﬂ)]r/p Ve rs_l(l)d(—V*(t))>l/r

with (23) and (24) valid with B* and B* instead of B and B and (25), (26) and (27)
are also true with natural modification for V,(0) = co and 0 < V,(0) < co. Thus we
arrive at the following dual version of Theorem 1:

1/r

and

and

THEOREM 2. Let 0 < g < p < 00, 1 < p < 0o and q # 1. Then the Hardy
inequality (31) holds for some finite constant C > 0 if and only if any of the constants
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IBX,,(}? (s) or B;gl)(s) is finite for some s > 0. Moreover, for the best constant C in
(31) we have

C~ B (s) ~ B (s). (32)

Inthecase 1 < g < p < oo the Hardy inequality (1) is equivalent to the following

([ ) e[ oo

and is characterized by Theorem 2. If we compose related constants for (33), we obtain
the following new characterizations for the initial Hardy inequality (1):

COROLLARY 3. Let 1 < g < p < 0. Then the inequality (1) is characterized by

C ~ By (s) ~ Bpg(s),

where oo t, r/p’
Bizk(s) = (/ [/ ur (l/q_s)dv] U™ (1)u(r) dt)
0 0

1/r

and
[e%) ) , r/p , l/r
BR(s) := ( / { / U‘f(l/p“)dv] U"(l/”“)_"(f)dV(f)> :
0 t
Observe that 1
@l = L [r@ ]
[BMR(S)} _sp’ [BMR(S)] ’
where
[ee] t , r/ql 1/V
Bigk(s) 1= / U U”“/q“)dV} P Va9 (1) v (1)
0 0
and

[ER 0] =as [BR0)] . v =
[BRw)] =1 ( /O g+ dV> ) + 53)] 0 < v <o,

B (s) == ( /0 h [ /t - U‘I(l/”’“)dV] " U= (1)u(r) d;) l/r.

Analogously, using Theorem 1 for the inequality

([ () avan) " <[ otumra)”

dual to (31), we obtain the following four additional characterizations of (31).

where
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COROLLARY 4. Let 1 < g < p < co. Then the inequality (31) is characterized by

*(2 *(2
C By (s) ~ Bpd (s),

o oo ) r/p' 1/r
B2 (s) = ( /O { / U <‘/‘1‘S)dv*] U (1)ulr) dt)
t

B (s) == (/000 UO AN “)dv] r/p UZ(I/‘”/“)_”(Q dV*(t)> 1r

with the usual supplemented counterparts:

/ 1/r
o) e’} , r/p
B2 (s) = ( /0 { / U’;“/‘de*} pt (/a=s +”()dV*(t)> ,
t
*(2
S

and

and

By (s) := ( /O h [ /0 A “)dv*] " U (1)ul(t) dt) l/r,

B 6] =as [B06)] forva(o0) = o0,

@l _d ([ a0+ CA 2]
[BPS(S)} = A U v U, "(00) +gs {Bps (S)} )

r

for 0 < U,(o0) < 0.

Thus, the Hardy inequalities (1) and (31) have eight alternative scale characteri-
zations each with four, roughly speaking, in common.

5. Concluding remark

Theorems 1 and 2 assert that a Hardy inequality can be characterized by the
finiteness of some integral scale conditions. We remark, that if we start with an integral
condition in Mazya-Rozin or Persson-Stepanov form, then it uniquely corresponds to a
Hardy inequality and, consequently, is equivalent to the scales of conditions.

More precisely, let u#(x) > 0 and v(x) > 0 be weight functions, and

o] t
0<U(t)::/ u < 00, 0<V(t)::/v<oo,
t 0

for all # > 0. Suppose that given & > 0 and 0 <  # 1

[eS) 1/(a+B)
Bop = < / U“Vﬁu) < oo0. (34)
0
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Then [8] implies that Hardy’s inequality

</oOo </0va>qu(x) dx) v <C (/Ooof”vdx> 1p

holds for all f(x) > 0 with p =1+ B/a, g = (e + B)/(a+1) and C = Byg.
It follows from (13) and Theorem 1, that (34) is equivalent to continuous scales of
integral conditions like (19)-(22). We omit the details.
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