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AN EXTENSION OF BUZANO’S
INEQUALITY IN INNER PRODUCT SPACES

IoAN GAVREA

(communicated by J. E. Pecaric)

Abstract. An extension of Buzano’s inequality in inner product spaces and applications for
discrete and integral inequalities are given.

1. Introduction

In [1] M. L. Buzano obtained the following extension of Schwarz’s inequality in a
real or complex inner product space (H, (-,-)):

[{a,x) (x,0) | < 5 [llall [1B] + [(a, b) [1]Ix]]%, (L.1)

0| =

forany a,b,x € H. For a = b, the above inequality becomes the standard Schwarz
inequality

[{a,x) [ < lalPllx]?,  a,x€H, (1.2)

with equality if and only if there exists a scalar A € K (K = R or C) such that
x=Aa.
M. Fujii and F. Kubo [2] proved that the case of equality holds in (1.1) if

a(a L {ab) b

m m.m), when (a,b) #0

a b
Q(W”W)’ when (a,b) =0, |B| = L.

Refinements of Buzano’s inequality are given by S. S. Dragomir in [3].
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2. Main result

The following theorem is the main result of the present paper.

THEOREM 2.1. Let (H,(-,-)) be an inner product space over the real or complex
number field K . Forall o, € (0,00) and x,a,b € H one has the inequality

a B
[{a,x) |“)(b,x) [P < 17 85 ]| * P (2.1)
where
_ 2aal’l|p]* + (B — o){a,b) |
2[|b][*(ec + B)
4 Hab) [V/[{a,b) P(o — B)* + 4oBlla]*[[b]]2
2@ + B) 02
o 2BlalPlipl? + (o = B)l{a,b)
’ 2[|al[*(cc + B)
L Hab) [V/[{a,b) P(o — B)* + 4o Blla]*[[b]]2
2||all*(ec + B)
The case of equality holds in (2.1) if
A (o + B)r — aflal?
m(anr (b,a) b>, when (a,by #0
X =

[ o a [ B b B
A(Al a—wm"‘rlz mm), when <a,b>—0

where A1, Ay € K and |A| = |42 = 1.

Proof. 1t is sufficient to prove (2.1) for x € H with ||x|| = 1. In this case there
exists z € H, ||z|| = 1 such that

max [(a,x) |“|{b,x) [P = |{a.2) ||{b,2) |P. (2:3)

llx[I=1

o

For a fixed arbitrary y € H, the function f = f, on R is defined by
z+ Ay

B
|y 2Ry bﬂ>’
f&) ’<“’||z+xy|> <’|z+xy|

FA) < a2 |“{b,2) P =1(0)
by (2.3), it has a maximumat A = 0.
We here remark that f () is differentiable and so

f'0)=0. (2.4)

Since
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As a matter of fact, using the identity

<a z+ Ay >‘ _ (/12<a7y> ?+A(a,y) (z,a) +{a,2) (y,a)) +[{a,2) 2)%
“lz+ Ayl L+ A2y +(¥2)) + A2yl

we obtain

['A) _ a@A{a,y) >+ (a,y) (z,a) +(a,2) (v, a))
() 2|(a,z+ Ay) |?
L B@AI(b.Y) >+ (b,y) (z,b) + (b,2) (y,b))
21{b,z+ Ay) |2
(o +B)({(z,9) + (y,2) +2A[y[1*)
2l|lz+ Ayl

(2.5)

From (2.4) and (2.5) we have:
{a,y)  (y.4a) (byy) b))\ _
o (1904 24} 1 p (024 L0) — (@ B)((z) + () (26)

The above relation is true for every y € H .
If we put in (2.6) instead of y the element iy we get:

{ay) | (na) _(by) | (»D)
“( (@.2) +<z,a>>+’3( (5.9) +<z,b>) @7

= (O{ + B)(_<Z>y> + <y>Z> )
From (2.6) and (2.7) we obtain:

(a,y) (by)
a TP T @ Py, (2.8)

forevery y € H.
Taking y = a, b in (2.8), we have:

al? a
el P — a pytaa) 29)
and b bII2
05<<aa,z>> i /<31|7| Z||> = (o + B)(z,b). (2.10)
If we put in (2.8)
L B

b= (a+P)z (2.11)
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If (a,b) # 0 from (2.9) we get

B{b,a)(a,z)

2 = G B () P — alaP

The last equality and (2.10) lead to the equation:

IB1[(ex + B)I(z, @) * — atllal*]?

+(a = B)l{a,b) Pl(c + B)|(z,a) [P—alal’] —oBlal*|(a, b) [ = 0.

In the same way we get:

lal*[(cc + B)I{z.6) |* = Bllo]*]?

+(B—a)l(a,) Pl(a+B)(z,b) > = BlolP] — aBllbl*l(a,b) [ = 0.

From relations (2.12) and (2.13) we obtain:

_ 2afja]?|b]* + (B — )|(a,b)

2
{a:2)] CECEY)
, a.)|v/[(@B) (@ = By + oBTal ol
EECETS)
s 2BlaPIBI + (o B){a.b) P
o = e+ p)

+

2||all*(ec + B)
The maximum in (2.3) is obtained for
[{a,2) [P =1
(b,2) [ =12

The inequality (2.1) follows from (2.15).
Since (a,b) # 0, it follows from (2.9) that

B{zb) _ (za) ((a+[3) Ofllallz)

1

Using (2.16) in (2.11) we get

{za) (o (a+B)n—alal?
Z_a+ﬁ(t1a+ 1(b, a) ”)’

so that

! @+ By — afal?
CEYONG (“ T (ba)

=

[{a,0) |\/I{a,b) [( — B)* + 4aB]la[*[[I

b) where [A| = 1.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Finally, if {a,b) = 0, then (2.9) and (2.10) imply that:

(a,z) ‘2 _ olla|
(2.19)

2
1(b,7) ‘2 BlIo|l

From (2.19) and (2.11) we obtain

oa a B b
=My ———+4 — h M= A =1. 2.20
S s I e T M 220

The relations (2.18) and (2.20) prove the theorem.

COROLLARY 2.2. Let a,b be two orthogonal vectors and o, 3 > 0. Then

a%ﬁg

[(a,x) |%(b,2) P < g lall 60 ] P (2.21)
2

(o +
REMARK. If o = 8 =1, (2.1) becomes Buzano’s inequality (1.1).
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