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ON WIRTINGER’S INEQUALITY AND ITS ELEMENTARY PROOF
SIN-EI TAKAHASI, TAKESHI MIURA AND TAKAHIRO HAYATA

(communicated by L. Maligranda)

Abstract. By an elementary method, we exactly determine the best possible constant and its at-
taining function which satisfy ||f [|q < Cy4llf’|lq (1 < ¢ < o0) for certain class of continuously
differentiable functions on the unit interval [0, 1].

1. Introduction and results

Let 1 < g < oo and |[[f]|; the L7-norm of a continuous function f on the unit
interval [0, 1]. Let us denote by C'[0, 1] the class of continuously differentiable real-
valued functions on [0, 1]. The original Wirtinger’s inequalities (cf. [2, p. 184-185])
assert that
(a) |Ifll2 < Z[|f’|l> holds for all f € C'[0,1] with £(0) = 0 and the equality is

attained if and only if f is a multiple of sin Zz.

() Ifll2 < L|f’|l> forall £ € C'[0,1] with £(0) = f(1) = 0 and the equality is
attained if and only if f is a multiple of sin 7z.

After that, many mathematicians have investigated Wirtinger-type inequalities.
The purpose of this paper is to investigate Wirtinger’s inequality for L?-norm by an
elementary method used in [3, 4]. Let 1 < p,q < co with 1/p+1/g = 1. Letus
consider the function

' du
Fp(S):A W (—OO<S<OO)

Set

Too(t)=F,'(1-006,) (0<1<2/w),
where @ = 1,2 and 6, = [ («” + 1)"'du. Of course 6, = m/(psin7m/p) as is
well-known. Also we can observe that 7, is a strictly decreasing C' -function on the

open unit interval (0,2/w) by Lemma 1. Note that T, ,(1/@w) = 0. Our main result
is stated in the following theorem.

THEOREM 1. Let 1 < p,q < oo with 1/p+1/g =1 and © = 1,2. Then
Ifllg < Coolf’lly holds for all f € C'0,1] with f(0) = f(w — 1) = 0, where
Coo = (g — 1)_1/‘1% sin % The equality is attained if and only if f is a multiple of
(ITplr + 1)~ 1.
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REMARK 1. Since Gy = = and (Tp,(1)* + 1)71/? = sin(wnt/2), it follows
that the original Wirtinger’s inequalities (a) and (b) are special cases of Theorem 1.
Also the contents of Theorem 1 in case when @ = 1 and ¢ is an even positive integer
can be observed in [2, p. 182, Theorem 256] which is implied by higher method.

REMARK 2. By asimple computation, we can see that limg\ | Cg» = limy—.c Cy 0
= 1/w. Then |f|, < L|If'll; (¢ = 1,00) holds for all f € C'[0,1] with
f(0) =f(w —1) =0 by Theorem 1. In more detail,

(i) |Ifllso < |If'lloo holds for all f € C'[0,1] with £(0) = 0. The equality is
attained if and only if f is a multiple of ¢.
(ii) |Iflloc < 3Ilf’lloc holds for all f € C'[0,1] with f(0) = f(1) = O unless f is
the zero function.
(iii) |Ifll < Z|If’|l1 holds for all f € C'[0, 1] with £(0) = f(w — 1) = 0 unless f
is the zero function.

In fact, (i) and (ii) can be obtained by an easy observation. To see (iii), let

l<g<oo,®=1,2andf € C'0,1] with f(0) =f(w — 1) = 0. Then

1

/01 F (1)) di = —%([V(z)m - wt)] - /OI(V(I)’I)'(I ~ o) d;)

0

1
- & [ roma-ona

1
%/0 (sgnf (O)f (D))" 1f'(1)(1 — wr)dr (by Lemma 3)

N

1
& [ ror o - o

By letting g ™\, 0, we have

/01 I (1) dr < %/01 ' (O - wi| dr.

This inequality implies easily (iif) .

REMARK 3. Theorem 1 implies easily the following fact: For 1 < p < ¢ < oo and
n > 1, there exists a positive constant K(p, g;n) such that |[f||, < K(p,g;n)|lf ™|,

holds for all C"-functions f on [0, 1] with £(0) = f/(0) = --- = f*=1D(0) = 0. In
fact putting K(p,q;n) = C, 1, we obtain the desired result by Theorem 1. The similar
holds for the case of £(0) = £ (1) =f'(0) =f'(1) = --- =f"=1D(0) = f=V(1) =

0. Refer to J. Brink [2] for another detail.

2. Lemmas

Unless explicitly stated otherwise, p, g and @ will be such that 1 < p,g <
with 1/p+1/g=1and 0 < 0 < 2.

LEMMA 1. T, (1) = —00,(|T,o (1)’ +1) (0<1<2/w).
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Proof. Since F,(T,u(t)) = (1 — w1)6,, it follows that F) (T, (t))T,0'(t) =
—w0, and hence

Tpo' (1) — b
Tpw(@)P +1 "
which implies the desired inequality. [
LEMMA 2.
1 g— 1\
lim# T, (1) = 1
e 100 = (457 )
(1= 0" T0() =0 (@<2) @)
1 g— 1\ YD

lim 2/w — )7 T, u(t) = — . 3
Jim 20— 7,00 = - (420 G

Proof. Set s =T, ,(t). Then t = 0”;—2}’:@. Hence ¢\, 0 if and only if s — co.
Note that one has
1\
17T, (1) = (W) 5(0, — Fy(s))7! (0<s <)
P

1

and so limn o977}, ,(¢) exists if and only if lim_.cc 5(6, — F,(s))?"! exists. Set

h(s) = s(6, — Fy(s))9~" (s > 0). Then
H(s) = (6 = Fp(s))' (6, = Fpl9) = (g = D5mg) (52 0).

Set g(s) = 6, — Fp(s) — (g — 1)s/(s" +1) (0 < s < o0). Then one has g(0) = 6,
and lim,_, g(s) = 0. By differentiation

1 s +1 — ps? —q
g's) =

= (g-=-1 = < 0.
i Ay
It implies g(s) > 0 and thus %'(s) > 0 (0 < s < o0) so that k(s) is an increasing

CEN VT YE
function. Since
B %) dr q—1
h(s) = s(6, — Fp(s))? I—S(/S tp+1)

sl=p \ 77! B 1
p=1) T p-nev

it follows that A(s) is bounded on [0,00). Therefore lim,_oc5(6, — Fy(s))?"",
say, o exists and o > 0. Therefore lim,_ tq’lTp’w(t), say, B exists and one has
B =a-(w6,) 9. By L'Hospital’s theorem, we have

—00,(Ty0 (1) +1
B =1im#'T, ,(t) = lim 00, (Tpw () +1)
™NO ' N0 (1 —q)t4
?) 0, 6P
= D% fim T, (1) = 2 iy
g— 1m0 ’ g—1
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Hence f8 = (L:1)1/(—1)

w6y
If ® <2, then T,,(1) < oo, so we have lim, ~ (1 — 1)97'T, , (1) = 0. To
see (3) we remark that, since F, () (—6, <1 < 6,) is an odd function,

Tpow/w—1)=-T,o(t) (0<1<2/m).
Hence

. — . —1
Jlim (2@ = 17T, 0(0) =~ lim T, (1)

(e
0, '

LEMMA 3. Let f € C'[0,1]. Then |f|? € C'[0,1] and

(F17) (1) = qlsenf O D1~ f (1) (0<r< D).

Proof. Since x — |x|9 for ¢ > 1 is C'(—o0,00) and f € C'[0,1] is real-
valued, [f |7 is well-defined and belongs to C'[0, 1]. The formula follows directly from
(7)) = q(sgnx)x|’~". O

LEMMA 4. Let f € C'0,1] with £(0) = 0. Then limp~ o(sgnf (¢))f'(2),
say oy exists and is evaluated as o = |f'(0)|. Additionally if f(1) = 0, then
lim, ~; (sgnf (1))f'(¢) exists and is evaluated as |f'(1)].

Proof. Since f' is continuous on [0, 1], it follows that limx~ o(sgnf (¢))f’(t) =0
when f/(0) = 0. Suppose f'(0) > 0. Then lim~of (t)/t = f'(t) > 0. Hence

f(t) > 0 holds for sufficiently small r > 0. This implies the assertion. The case
f7(0) <0 is similar. [

LEMMA 5. Forall f € C'0,1] with £(0) = 0, we assume f(1) = 0 when
@ # 1. Then it holds

1 1
/ Ty (OIf (1)]7 dt = */ Tpw@(If (1)) dt.
0 0
Proof. Let f € C'[0, 1] be as such. Since
lim 7,0 )/ 0))' = g lim Ty () senf () OF'7'() (by Lemma’)

fo[
t

= qlim ! Ty (1) (sgnf (1) (1)

g 1\ VoD
= q( ) MO (by Lemmas 2 and (4)),
w0,
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it follows that limx o T}, 0 (7)(|f (7)|)" exists. If @ < 2, it is clear that lim, ~; T, (¢)
(If (1)]9)" exists. If @ =2 then

lim T2 ((If (1) = g lim T2(1)(sgnf (D)If (2) 77 (1)

f@)

t—1

= q}i/ﬂ}(l — )T Tpa(0)(sgnf (1)f' (1)

g 1\ VoD
—a(L5)  rOE GyLemmas)

and so lim, ~ T, (¢)(|f (£)|7)" exists. Hence the function t — T}, ,(£)(|f (£)|7)" has the
unique continuous extension to [0, 1], so that the integral of the right hand side should
converge. To show the equality, we use the integration by parts.

/ T 0lf ()]0 dt = [Tp,wmr)‘f] - / Lo(F0FYd @)
Similar calculation shows

[
1

lim 7, (1)|f (1) = lim - 71T, (1)

_ 1/(p—1)
— lim¢- (q 1) ) =o.

N0 0,
If w <2 then
}i/ﬂ}Tp,w(t)V(t)\q =Tpo(Df (" =0.
Else if w = 2 then
. q_ 1 o . g1 f(t)ff(l)q
lim 7,.2(0)lf (O] = lim(1 = 1) (1 = 0)*" Ty} 5 =1
1/(p=1)
— im(l—p . (2] (1)) =
— —tim(1 1) (we) (e =o.

Taking the limit ¢y N\, 0, €; " 0, we see the left hand side of (4) thus converges,
which also show the equality of the assertion. [

Next we consider the function S, , on (0,2/w) defined as follows:
Spo(0) = (Trol + D7V (0<1<2/w).

As observed in the proof of Lemma 3, S, is a C!-function on (0,2/w). Since
limy o T, (1) = 00, itfollows that lim o S, (1) = 0. Wealsohave lim, /q, Tp.0(f) =
—oo and so lim; /4 Sp.w(t) = 0. Therefore we can regard S, as a function on
[0,2/w] such that S, ,(2/w) = S ,»(0) = 0. Actually we have more.

LEMMAG6. S, isa C' -functionon [0,2/®] suchthat S, ,'(0) = =S, ' (2/0) =
o —1)6,.
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Proof. Set s =T, ,(t). Since
1/q
p —1/q p—1 sP
Spo' (1) = 06,= - (" + 1) Vi~ = -1)6,| ——
(0 =00, (4 )70 =l 16, ( )
for sufficiently small ¢ > 0, it follows that

lim$,.0'(1) = w(p —1)6,.

Hence limn 0 S,0(7)/t, say Spo'(0) exists and is evaluated as @ (p — 1)6,. From
the oddness property of T, (f), we have S, ,(f) = S,.0(2/® — ) and so S, (1) =
—Sp.0’'(2/® — t), which implies the desired equality. [

We remark that S, ,(1/@w) =1 and S,,'(1/®w) =0.
LEMMA 7. We have
/o
exp(a)(l fp)Qp/ Tpvw(u)”ldu) 0<t< /o)
t
Spolt) = Vo
exp(w(p — 1)9,,/ (—Tpo(u)P™" du)(l/a) <t<2/w).
t

Proof. Set s = Ty, ,(t). Then dt = —ds/w06,(|s|’ +1). If 0 <1 < 1/w, then
s > 0 and

1= [ Trutir =1 —ppg, [ w1
a)lfpe/ 1), u”fdu:a)l—pG/ ST —
P ) P,® 4 Tyol) w@,,(sp + 1)
1— Tpo(t) ,p—1
_ p/ P
P Jo P+ 1
1 Tp,o (1) d
—-- k=)
q.Jo x+1
1
= 2 log(T).o(1)" + 1),

which implies the desired equality. Consider next the case 1/ < t < 2/®. By the
oddness property, we have

/o

Spo(t) = Sp(2/0 — 1) = exp (w(l )6, /2 Ty ()~ du)

Jo—t

~exp <w(1 —p)6, / o2 — vt (dv))

— exp (w<1 )6, /  CTulp <—dv>).

So we have the lemma. O
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3. Proof of Theorem 1

Let f € C'[0,1] with £(0) = 0. Assume f (1) =0 if ® # 1. Set

o\ /=D
Apo = — (”T) — —(wlp— 16,0,

Then one has wA, 6, + (¢/p)|Ap.»|’ = 0. By the Holder-Rogers and Young inequal-
ities, we have

1

1
[ Aot @l @7 dt == [ 4yuTuO( @) e (by Lemmas)
0 0
1
=4 [ ApuTpuOsenf O OF ' (0dr (by Lemma)

0
1
<q / ApoTyo )] - If (O (1) d

: q(/ol ApaThulOP O ) " (/ 1 o ar) "

<5 / Ao p,w<r>w<r>|qdr+§/ol o)

On the other hand, by Lemma 1,

ApTpo' (1) — I%\Ap,pr,wm P = — 040, (I Tyo(0) +1) - I%\Ap,w

P|T 0 ()
= T (1) (0406, + §|Ap,wwp> — WAp06,
= —wAp 0,

forall 0 < ¢ < 1. Then we obtain

1 1
| Conutrwra< [ o
0 0

By definition of A, ,

a3 ()G
(B () ) (222

1 (qsin(ﬂ/CI)y'

B (g—1) 0y 4

Thus the former part of the theorem follows from

/Ollf(t)|th< (q11)<QSiI(11§Z/q))q/Ol O d,
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that is

Il < Caollfllg- (5)

To see the latter part, we see that the equality of (5) is attained if and only if all of
the following three conditions hold:

1 1
l/ mﬂwnmxﬂwv10wdrzm/ (01 di (6)
0 0

|Ap.oTpo(®)P|f ()| = B|f'(1)|? (0 <7< 1), for some non-negative number B (7)

—ApoTpoOenf O OIf(1) 20 (0<r<1). (8)
Without loss of generality, we can assume that f # 0. Then (6) and (7) imply B = 1.
Then (7) holds if and only if

ApoTpolf ()] =" (O] (0<1<1).

Note that (8) holds if and only if (sgnf(¢))f'(r) > 0 (0 < ¢ < min(1,1/w)) and
(sgnf (1))f'(r) <0 (min(1,1/w) <t < 1). By this observation, the equality of (5)
holds if and only if

Ap0Tpo ()4 (1) = ') (0 <1< min(1,1/w))

and
Ao Tpo®P/9f (1) = —f'() (min(1,1/w) <1< 1).

Since |A, |’/ = ®p6,/q and p/q = p — 1, it follows that the equality of (5) holds if
and only if

o(p— 10T, 'f()=F'(r) (0<t<min(l,1/0))

and
0 — D8(~Tpo OV () = ') (min(1,1/0) <1< 1).
Then the equality of (5) holds if and only if

min(1,1/w)
Ao exp(a)(l fp)Qp/ Ty (u)P™! du> (0 <t <min(l,1/w))

f(t) - min(1,1/w)
A exp(w(p - 1)6,,/ (—Tpo(m)P™! du) (min(1,1/w) <t < 1)

for some real numbers Ag,A;. In this case one finds 49 = A; = f(min(1,1/w)).
We see that this function is a multiple of S,, by Lemma 7. By Lemma 6, S, is
a C'-function on [0,1] such that S,,(0) = 0. When @ = 2 or @ < 2, one has
Spw(l) =0 or Spu(l) # 0 respectively. By the condition of f the equality of (5)
holds if and only if w = 1,2 and f is a multiple of S, ,, . Now we finish the proof of
the theorem.
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