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CERTAIN PROPERTIES ARISING FROM SOME
INEQUALITIES CONCERNING SUBCLASSES
OF MULTIVALENTLY ANALYTIC FUNCTIONS

HUSEYIN IRMAK AND RAVINDER KRISHNA RAINA

(communicated by S. Owa)

Abstract. In this investigation we prove several theorems involving a general class of multiva-
lently analytic functions in the open unit disk. The applications of the main results are also
considered for multivalently starlike functions and multivalenly convex functions.

1. Introduction, notations and definitions
Let 7(p) denote the class of functions f(z) of the form:

f(Z) =7+ a,,+1zp+l + a,,+2zp+2 + ey,

(1.1)
(ar € C; pe N=1{1,2,3,..}),

which are analytic and multivalent in the open unitdisk U= {z: z€ Cand |z] < 1},

where C denotes the set of complex numbers. A function f (z) belonging to Z(p) is

said to be multivalently starlike of order o in U if it satisfies the inequality:

Re (Zj:;i;)) >a, (zeU,0<a<p;peN), (1.2)

and, a function f(z) € 7(p) is said to be multivalently convex of order o in U if it
satisfies the inequality:

)
[')
By virtue of the definitions (1.2) and (1.3), it is easily seen that a function f(z) is

multivalently convex of order o in U if and only if zf’(z)/p is multivalently starlike
of orderin o in U, where f(z) € 7,(p) and 0 < & < p, and p € N. For their details,

?Re(1+ >>a, (zeU;0< a<p;peN). (1.3)
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one may refer to [1] and [2] (see also [12]). Further, a function f (z) € 7(p) is said to
be in the subclass Q,(p; o, A) if it satisfies the inequality:

Zf’(Z) +)Lz2f"(z) w
e { ((1 —A)f (2) +Asz(z)) } > (1.4)

where ze U, we C*:=C—{0}, 0<A <1, 0<a<p,and peN.
Here and throughout this paper, the value of the complex expressions like

< f'(2) + 221 "(2)
(1=2)f (2) +A7(
is taken to be as its principal value.

We mention below some of the subclasses of functions Q,,(p; a,A) (defined
above). Indeed, we have:

)W f(z) €eT(p);we CH0< A <1,
2)

V(s a) = Qu(p;a,0) (we C0< a<p;peN), (L.5)
W) =Q,(p;a, 1) (we C0< o <p;p€eN), (1.6)
Up(o,A) =Q,(1;a,A) (weC0< o< 1), (1.7)

TSKS (p; o) = Qs(p; o, A) (8 € R0 < & < p;p € N) (see[3]), (1.8)
7% (p;a) = TSKS (p: ) (8 e R0 < a < pip €N), (1.9)

7K (p; ) = TSKP (p; ) (8 e R*;0 < o < p;p € N), (1.10)
Ti(p;a) = TSKL (p;) (0K A <1;0< a<p;peN) (seel6]), (1.11)

where R denotes the set of real numbers and R* := R — {0}.
In particular:

Sp;a) =15 (p; @), K(p;or) =TK'(p; @) (0 < x <p;p €N),
S(a) =8(l; ), K(ax) =K(L;00) (0<a<1),
S(p) = S(p;0), K(p) =K(p;0),

and
§=38(1;0), £=K(1;0).

From the literature, we well know that the important subclasses in the Geometric
Function Theory such as the multivalently starlike functions S(p; &) of order o (0 <
o < p;p € N) in U, the multivalently convex functions K(p; o) of order o (0 <
o < p;p € N) in U, the multivalently starlike functions S(p) in U, the multivalently
convex functions K(p) in U, the starlike functions S(a) of order o (0 < o < 1) in
U, the convex functions K(c) of order o (0 < o < 1) in U, the starlike functions
S in U, and the convex functions K in U, are seen to be easily identifiable with the
aforementioned classes ([1], [2] and [13]).

By introducing a general subclass Q,(p; ¢, A), w is a complex number with
w # 0, of functions f (z) € 7(p) satisfying the inequality (1.4), our motive in this paper
is to obtain sufficient conditions for a function to belong to the above subclass. The other
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results investigated include certain inequalities concerning functions of multivalently
starlikeness and multivalently convexity in the open unit disk. Several corollaries are
deduced as worthwhile consequences of our main results. We note that some of the
results in this investigation are also generalizations of the results of the earlier paper in
[3]. Inequalities concerning analytic and multivalent functions were also studied in [4],
[6]-[8], and [10]-[12].

2. The main results

Before stating and proving our main results, we need the following assertion which
is popularly known as Jack’s Lemma (see [9]).

LEMMA 1. Let w(z) be non-constant and analytic function in the open unit disk
U, suchthat w(0) = 0. If |w(z)| attains its maximum value on the circle |z| =r < 1
at a point 7, then zow'(z0) = cw(z0), where ¢ > 1.

THEOREM 1. Let f(z) € T(p), we C*, 0 < aa <p, p € N and z € U. Then,
if the function F(z), defined by

Fla)=(1=-2)f (@) +2z'(x) (0<A<T), (2.1)

satisfies any one of the cases of the following inequalities:

F'a) _ F@ -
. 14z (}-,(z (; ) < |w|"*Re{w} when Re{w} >0 22)
( ) > [w|"*Re{w} when Re{w} <0
or
F') _ F — — —
N 1+z (]_-1<;) - f(;) < |w|72Qm{w}  when Im{w} >0 23)
1—pv (zi(g))fw > |w| " Qme{w}  when Im{w} <0,

then f(z) € Q,(p; B,A), where B:=Re{p"} —|(p — 2)"| = 0

Proof. Let f (z) € T(p) and the function F(z) be defined by (2.1). With the help
of (1.1) and (2.1), we easily see that

F(z) p++ ezt -

= , 2.4
F(z) l+cprz+ - 24)
where (
_ l+A(k—1) _
Ck—{m}ak (k—p+1,p+2,...),
and

zelU, 0KAK1, 0<a<p, and peN.
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Let us define a function v(z) by

(Z-j;;ii))vv—pw:(p—a)wv(z) (zeUwelCh0<a<p;peN), (2.95)

where the values of above complex powers are considered to be as their principal values.
Clearly, the function v(z) defined above is analytic in U with v(0) = 0. Differ-
entiation of (2.5) with respect to the variable z gives us

142 (ﬁ’(z) B J’(Z)> S AL (we C). (2:6)

F@) A/ wp+p—a)v@)]
Hence, from (2.5) and (2.6), we get
F'a) _ F
1 /
<F<Z 2) LY@ ccuwec). @)
L pv <z <z>) wo v(z)

P\ F

We now claim that |v(z)] < 1 in U. For otherwise (by Lemma), there exists a

point zp € U such that z0v'(z0) = ¢v(z0), where |v(zo)] =1 (¢ > 1).
Therefore, (2.7) yields

> ﬁ -Re{w} when Re{w} >0
c _
Re {H(z0)} = e Re{w} ) (2.8)
< — - Re{w} when Re{w} <0,
wf?
and also
> # . Sm{Ww) when Sm{w} > 0
c _
Sm{H(z0)} = e Sm{w} | (2.9)
< -QSm{w} when Sm{w} <0,

S

which contradict the assumptions in (2.2) and (2.3), respectively. Therefore, |v(z)| < 1
holds true for all z € U, and we conclude from (2.5) that

(Fa) 7| =lo-arvai<io-ar 210)
which implies that

m{(iii)) }>%6{PW}—(p—a)W >0, (2.11)
where z€e U, we C*, 0 < o <p, and p € N.

Hence f (z) € Qw(p,ﬁ,k), where § = Re {p*} — |(p — @)"].

REMARK 1. If we choose the complex parameter w as w := 0 € R* in the
Theorem 1, we arrive at the result which was earlier given by Irmak and Raina in [3].
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THEOREM 2. Let z€ U; 0 e R*; nym,peN; g—Il=n—m €N, [ € Ny; and

f(2) € T(n); g(z) € T(m). If

1
D (L&) <q—1+—-—= whend >0
Re 7“2)) 20 (2.12)
Dl @ 1
8() >q71+% when 6 < 0,
then s
—)!
Re {(q ! geep (@)] >0, (2.13)
q! 8(2)
where
s! =k
D{h(z)} = 2T DY ———ad
(s =D S (k=D)! (2.14)
(1< s;1€Ny:=NU{0})
when
h(z) =2 + ag™ + a2 + - € T(s) (s €N). (2.15)

Proof. Let f(z) € 7(n) and g(z) € T(m) with, of course, n —m € N. Since
1)
8(2)

and using the definition of the operator D'{-} given by (2.14), we define a function
w(z) by

=+ M+ e+ €T(q) (g=n—méeN),

(q_l)!.l—q_ l(&)}s_ . *
T D e =14+w(z) (zeU;6 €R"), (2.16)
where the value of the above power is taken to be its principal value. Obviously, the
function w(z) is analytic in U and w(0) = 0.
Differentiating (2.16), we find
2)

ZD1+Z (f ) 1 ,
I— g+ 9) 1 2/@) (2.17)

ﬁ<%0 5 1+wi)
If we next suppose that there exists a point zop € U such that zow'(z9) = cw(zo), where
w(zo)| =1 (c = 1), ie., w(zo) =€ (0 € [0,27) — {n}), then (2.17) gives

| —

%9

oo [
2P ksl

&

14 (f(2)
- zD g(z)) —g—i+ l Re oW’ (20)
D (@ 1) 1+ w(zo)
8(2) =20
c 616
:q—l—l—g?Re T4 0 (2.18)
1
>q71+% when 6 > 0

1
<qg—1+— )
<gq l+25 when § < 0
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But the inequalities in (2.18) contradict the inequalities in (2.12). Hence |w(z)| < 1
for all z € U, and therefore (2.16) yields

o5 +r )]

which evidently implies (2.13). The desired proof is thus completed.

=[w@)| <1,

The following Theorem 3 (below) which was earlier stated by Irmak and Raina
(see [3]) can easily be obtained, when we take ! := 0 in Theorem 2 under certain
conditions.

THEOREM 3. Let z € U; 0 e R; 0 < a <p;, nnmp E N, g=n—m €
N; f(z) € T(n) and g(z) € T(m). If f (z) satisfies the inequality:

Zf’(Z) <q+a+% when & >0, g(z) ESm(O!)
» ( >

f@ >q+a+% when § < 0, g(2) & Su(),

5
Re (z_q&) > 0.
8(2)
THEOREM 4. Let z € U; § e R*; nnm,p € N; I € Ng; g—1l=n—m € N;

f(z) € T(n) and g(z) € T(m). If

then

' 1
DI+ (f,(Z)) <q—Il+ =< whend>0
Rel —\T0) 29 (2.19)
pl (L&) 1
r46) >qfl+% when 8 < 0,

then
(g—0D!

%e{[ ;! L (%%)F} >0, (2.20)

where the operator D'{-} is defined by (2.14).

Proof. Let f(z) € T(n) and g(z) € 7(m) with n —m € N. Since

mf'(z)
n g (z)

=+ kMt k4 €7(q) (g=n—méeN),

and also using the definition of D'{-}, given by (2.14), we again define a function w(z)
by

@=D' g p <ﬂ f(2)

q! n &)
then by appealing to the same technique as in the proof of Theorem 2, we arrive at the
assertion (2.20) of Theorem 3 under the conditions stated with (2.19).

)}5:1+w(z) (ze U;6 € RY),
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The following Theorem 5 (below) which was earlier given by Irmak and Raina in
[3] can easily be obtained when we put [ := 0 under certain conditions.

THEOREM 5. Let z € U; 0 e R; 0 < a <p;, nnmp €N, g=n—m €
N; f(z) € T(n) and g(z) € T(m). If f (z) satisfies the inequality:

#7(2) <q+a—l+% when 6 > 0, g(z) € (o)
%e( , ) (2.21)
@) >q+a71+% when 8§ < 0, g(z) € Kn(o0),
then
/ B
Re { <Z_q%j;’8> } >0, (2.22)

where the value of

(rray’

Finally, if we select suitable values of the parameters in the general class Q,,(p; ¢, 1),
then we obtain several useful results consisting of the subclasses

is taken its principal value.

Ve(p;ot) (we C*0< o <p;p€eN),

We(psa) weC0< a<p;p€eN),
Uy(o,A) weCl0<a<l),
7SK3 (p; @) (8 € R0 < & < p;p € N) (see[3]),
78%(p;0r) (S €R0< o < p;p €N),

K (p;a) (8 € R*;0< a<p;p€eN),
Ti(p;a) (0<SA<L0<a<p;peN) (seel6]),
Sp;a), K(p;a), (0<a<p;peN),
S(a),K(a) (0< a< 1),

S(p), K(p), Sand K.
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