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A GENERALIZATION OF HYERS-ULAM-RASSIAS
STABILITY OF THE G-FUNCTIONAL EQUATION

GWANG Hur Kim

(communicated by Th. M. Rassias)

Abstract. We investigate a generalization of the Hyers-Ulam-Rassias stability for the gamma
type functional equation f (x+p) = I'(x)f (x) + w(x) and the stability in the sense of Ger for the
functional equation of the form f (x4 p) = I'(x)f (x) . As a consequence, we obtain a stability
result in the sense of Hyers-Ulam-Rassias for G -functional type equations.

1. Introduction

In 1940, the stability problem raised by S. M. Ulam [19] was solved by D. H.
Hyers in [5]. The result of Hyers has been generalized to the unbounded case by Th. M.
Rassias [16], and this has been extended by P. Givruta [3] and R. Ger [4].

The gamma function

I'(x) = /000 e 't ldr (x> 0)

is a solution of the gamma functional equation g(x + 1) = xg(x), whose stability is
proved by S.-M. Jung ([8], [9], [10]) and G. H. Kim ([11], [12], [13]).
The G -function introduced by E. W. Barnes [2]

—1 2z=1) -1 b - k =1
G0 = ) e ST S (14 ) T

k=1

does satisfy the equation G(x + 1) = T'(x)G(x) and T'(1) = G(l) = 1, where
y is the Euler-Mascheroni’s constant defined by y = lim, . (Y ;_; + log n) =
0.577215664 -

The properties and values of G -function depend on those of the gamma function.
Since the double gamma function T, is defined by the reciprocal of the G -function(see
[2]), T2(x) = 1/G(x), and its functional equation can be written in the form ' (x+1) =
I',(x)/T'(x). Therefore the stability problem for the G -function is equivalent to the
stability for the reciprocal of the double gamma function.
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In this paper, we will investigate a generalization of the Hyers-Ulam stability in
the sense of Gavruta and Ger for the functional equations

fx+p) =TWf (x) + v(x),

(
fx+p) =T (%), (
fr+1) =T)f (v), (

where v is the given function, while f is the unknown function. The equation (

will be called the G -functional equation because its solution is the G-function.
In section 2, we will study the stability in the sense of Gavruta for the functional

equations (1.1), (1.2).

In section 3, we will consider the stability in the sense of Ger for the functional

equations (1.2).

Throughout this paper, let R, R, and R, denote the set of real numbers, the set of
all positive real numbers and the set of all nonnegative real numbers, respectively. Each

positive real number & is fixed. The functions y : R, — R, and € : R, — R, are
defined.

1.1

)
2)
3)
3)

—_ =

2. Generalization of Hyers-Ulam-Rassias stability

THEOREM 1. Let € be a given function such that

o(x) ::ZM <oo  Vx€R,. (2.1)
=0 11— L (x +jp)|

If a function f : R, — R satisfies the inequality
f(x+p) ~ TS () — ()| <er)  VreRs, (2.2)
then there exists a unique solution g : R, — R of the equation (1.1) with
) —fW <o)  VreR.. (2.3)
Proof. For any x € R, and for every positive integer n, let w, : R, — R, and

gn : R — R, be the functions defined by

n—1

L) e(x + kp)
) kz:;l_[f:oll“(ﬁjp)\

and
n—1

fl+np) y(x + kp)
H;‘:ol L(x+jp) k=0 1—[;;0 L(x+jp)

for all x € R, respectively.
By (2.2), it follows that

‘f(x +p)

gn(x) =

W—f(x)_

forall x € R,.
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Substituting x by x + np in this inequality, and then dividing both sides of the obtained
inequality by H "0(x +jp)|, we get

()] = g(x + np)

VAT @4

|gnt1(x) —

By induction on n we prove that

|gn(x) _f(x)‘ < wn(x) (25)

forall x € R, , and for all positive integers n. For the case n = 1, the inequality (2.5)
is an immediate consequence of (2.2).

Assume that the inequality (2.5) holds true for some n. Then we obtain the
inequality for n+ 1 by (2.4) in the following way:

[8nt1(x) = ()] < lgns1(x) = gnlx)] + [8n(x) —f (x)]
e(x + np)
[Ti=o T(x +.jp)]

= w,,H(x).

<

~

+ @, (x)

We claim that {g,(x)} is a Cauchy sequence. Indeed, by (2.4) and (2.1), we have
for n > m that

|gn(x) Z |gkr1(x) — gr()]

k=m

\Z x+kp %O

[Tz [T(x +jp)|

as m — 00.
Hence, we can define a function g : R, — R, by

g(x) := lim g,(x). (2.6)

n—oo

From the definition of g,, we have g,(x + p) = I'(x)gu+1(x) + w(x), hence the
function g satisfies (1.1).

We show from (2.5) that g satisfies the inequality (2.3) as follows:

800 £ ()] = Tim Jg(x) — (x)]

< lim w,(x)

n—o0

= o(x) Vx € Ry.



354 GWANG Hut Kim

If h: Ry — R, is another such function, which satisfies (1.1) and (2.3), then
we have

n—1 1
|8(x) = h(x)| = [g(x + np) — h(x + np)| - 1:! T

<2w,(x
(etnp) - H |rx+1p>\

N e(x+ (n+k)p)
‘z(g o IDGc+ (n+j)p ) HIFXHP)\

_y > e(x+ kp)
kz T IT(x +jp)

for all x € R, and all positive integers n, which tends to zero as n — oo, since w(x)
is bounded. This implies the uniqueness of g. [

COROLLARY 1. Ifa function f : Ry — R satisfies the inequality

f(x+p) —Tf(x) —wx)| <5 VxeRy, (2.7)
then there exists a unique solution g : R, — R of the equation (1.1) with
() —F () <Su(x)  VxeR, (2.8)

where the function u(x) == .~ Hf:o w forall x e Ry.
In particular, if either p > 1 or x + p > 2 in the stability inequality (2.7), then
there exists a unique solution g : R, — R of the equation (1.1) with
S(T(x+p)+1+e)
rorep °
() —f ()] < (2.9)
oT'(x +p)
Ix) (Cx+p)— 1)
Proof. Set €(x) = 0 in Theorem 1. The infinite series u(x) satisfies the condition
(2.1). Indeed, the sequence of partial sums {u,(x)} defined by

Sty

k=0 j=0

is a Cauchy sequence with simple calculation.
In the case of p > 1, the defined function u(x) implies

oo k

co k 1
;HF +Jp F(X)F(xﬂ’)

Jj= k=2 j=2
Fx+p)+1+e
C(x)C(x + p)
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In the case of x + p > 2, the defined function u(x) implies

k

= 1 1 1 1
53H5u+mf§nﬂ<“rv+m+r@+m2%“>

k=0 j=0

_ C(x+p)
I(x) (T(x+p) = 1)

Theorem 2 and Corollary 2 follow immediately from Theorem 1 and Corollary 1
with y(x) =0.

THEOREM 2. Let the function € satisfies the condition (2.1). If a function f :

R. — R, satisfies the inequality
If (x+p) —Tx)f(x)] < elx) Vx € Ry, (2.10)
then there exists a unique solution g : R, — R, of the equation (1.2) subject to the

condition (2.3) forall x € R,.

COROLLARY 2. Ifa function f : Ry — R, satisfies the inequality
F+p)-TEf W <8 WeRr,, (2.11)

then there exists a unique solution g : R, — R of the equation (1.2) satisfying
(2.8) forall x € R..

In particular, if either p > 1 or x+ p > 2 in the stability inequality (2.11), then
there exists a unique solution g : R, — R of the equation (1.2) satisfying (2.9).

REMARK 1. Theorem 2 and Corollary 2 in the case of p = 1 provide the general-
ization of the Hyers-Ulam-Rassias stability in the sense of Gavruta and the Hyers-Ulam
stability for the G-functional equation (1.3), respectively. For the latter the reader is
referred in paper [14].

3. Stability in the sense of Ger for the equation (1.2)

THEOREM 3. Let a function f : R, — R, satisfies the inequality

fx+p) ‘
JXTP) gyl <ex)  VxeR,, 3.1
sy 1| <0 : oy
where € : Ry — (0,1) is a function such that
e(x + jp) < +o0. (3.2)
=0

Then there exists a unique solution g : R, — R of the equation (1.2) with

mw<%§<ﬁw7 (33)

where a(x) := [[=,(1 - e(x+jp)) and B(x) == [[5(1 +e(x+jp)) forall x € R,
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Proof. The condition (3.2) implies that [[,(1 + &(x + jp)) converges. Hence,
we can define the functions o, for all x € R, such that 0 < o(x) := H](:O(I -

e(x+jp)) < [1Z0(1 + e(x +jp)) := B(x) < 400, that is, these series are bounded.
For any x € R, and for every positive integer n, we define

f x + np)
gn(x H Gt (3.3)

For all positive integers m,n with n > m, we have

&) _ flat(m+lp)
gn(x)  T(x+mp)f (x + mp)
fx+(m+2)p)

TGt (m+ Dp)f G+ (m £ D)p) (3:5)
- £ Gt )
Tlx+ (n—Dp)f (x+ (n = L)p)’
It also follows from (3.1) that
0<t-etrip) < PO ey 6

forall x € Ry and j=0,1,2,--- . From (3.5) and (3.6), we get

n—1 . o (x) n—1

[T —et+ip) < <] +etx+jp)

or Jj=m gm(x) Jj=m
n—1
> log(l — e(x+jp)) < log ga(x) — log gu(x)
Jj=m
n—1
<) log(l + &(x +jp))-
Jj=m

Since 375 log(1 — &(x+jp)) = log ar(x) and 37 7%, log(1 + &(x+jp)) = log B(x), it
follows that limy,—.oc >, 10g(1 — €(x+/p)) = limy o0 Z] L log(l+e(x+jp)) =0
by boundedness of ¢, . Hence, we note that {logg,(x)} is a Cauchy sequence for all
x € R, . Itis reasonable to define a function g : Ry — R, by

g(x) =W = Iim g,(x) Vx € Ry, (3.6)
where L(x) := lim,_ o log g,(x) .
We get that
glx+p) =T(x)g(x) Vx € R;. (3.7)
Since
gn(x)  flx+p)  flx+2p) f(x+np)

fx)  Tfx) Ta+p)fx+p) Ta+m—1Dp)fx+@m—1)p)
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we get
n—1 n—1
TI0 - e+ i) < % < TT(1 + ex +n))
1 ) < U

for all x € R . This inequality implies (3.3) with the definition of o, f as n — co.
Assume & : Ry — R, isasolution of equation (3.8) which satisfies the inequality
(3.3). By (3.8), we have

glx) glx+np) glx+np) f(x+np)

h(x) — h(x+np)  f(x+np) h(x+np)
for any x € R, and for any natural number .
Hence, we have

ox+np) _g) _ Blx+np)
Blx+np) =~ h(x) = ofx+np)
for any natural number n. By the boundedness of the series €,
alx+np) = [J(1 - e(x+jp)) — 1
j=n
as n — oo. Similarly B(x +np) — 1 as n — oo.
Therefore, it is obvious that A(x) = g(x). O
From the proof of Theorem 3, we can see that the assumption (3.2) is a weak
condition for the convergence of & and . The special case p = 1 has been considered
in [14].
COROLLARY 3. Let a function f satisfies inequality (3.1), in which € : R, —
(0,1) is a function such that

a(x):=[J(1 —ex+jp)) and B(x):=]](1 +ex+jp))
j=0 j=0
are bounded for all x € R . Then there exists a unique solution g : Ry — Ry of the
equation (1.2) satisfying (3.3) forall x € R;..

COROLLARY 4. Let 6 > 0 be given. If a mapping f : Ry — R, satisfies the
inequality
flx+1) )
— — 1| < — Vx € Ry,
Ty S ek
then there exists a unique solution g : Ry — Ry of the gamma functional equation
(1.3) such that for any x > 5o the following inequality is satisfied

atr) < 50 < ).
where o/(x) := H](:o(l — ﬁ) and B(x) := H;:O(l + W).

)

x40

1
if x > 870, then

Z](:o W converges by the p -series method. Hence, we get the desired result. [

Proof. Applying Theorem 3 with p = 1,¢e(x) =
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4. Examples

We apply the result of Theorem 3 with p = 1.

EXAMPLE 1. &(1+1i) = (1+z)q , for ¢ > 1. Note that the series Y~ 7 in the

case g > 1 converges.

1]

2
3

[4]
[5]
[6]
[7]
8]
]

EXAMPLE 2. €(1+1i) = Note that Y%, mm=e¢— 1.

(1+z) +z
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