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DIRECT ESTIMATES IN SIMULTANEOUS
APPROXIMATION FOR DURRMEYER TYPE OPERATORS

N. K. GovIL AND VIJAY GUPTA

(communicated by H. M. Srivastava)

Abstract. In the present paper, we study a Durrmeyer type integral modification of the well-
known Baskakov operators with the weight function of Beta basis function. Some approximation
properties of these operators were recently studied by Finta [2]. Here we study simultaneous
approximation properties for these operators. We estimate local direct result in terms of modulus
of continuity. The operators considered in this paper reproduce not only the constant functions
but also the linear ones, due to this property we can improve the order of approximation for
these operators by applying the iterative combinations, which were first studied by Micchelli [7].
We establish an asymptotic formula and error estimation in terms of higher order modulus of
continuity in simultaneous approximation for the Micchelli combinations of these operators.

1. Introduction

The new type of Baskakov-Durrmeyer operator is defined as
Bf (0,0 = Y- pasla) [ buslolf (04 (14077 (0) = [ Kofwrr ar, (1)
v=1 0 0

v v—1 S
where p, ,(x) = ("+¥_I)W; buy(1) = m (Ht,)w and K, (x,1) = VZ:an,v(x)
buy(t) + (1 +x)7"6(r), 8() being the Dirac delta function.

The operators defined by (1) are the Durrmeyer integral modification of the well
known Baskakov operators having weight functions of Beta basis functions. Some
approximation properties of the operators B,(f,x) were recently discussed by Finta
[2]. The operators B, have different approximation properties than the other usual
Baskakov Durrmeyer operators studied in [4], [8] and [9] etc. These operators reproduce
not only the constant functions but also the linear functions, which is the interesting
property of these operators, while the usual Baskakov Durrmeyer operators reproduce
only the constant functions. However it turns out that the order of approximation for
the operators (1) is at best O(n~!) even for smooth functions. To improve the order
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of approximation, we consider the iterative combinations due to Micchelli [7] of these
operators.

We define the class Cy[0,00) = {f € C[0,00) : |f(r)| < M{" for some M >
0,y > 0}. The norm ||.||, on Cy,[0,00) is defined as ||f ||y = supy oo If ()77 .
For f € C,[0,00), we introduce the operators B, x(f,x), which are defined by

k
Bualfo) = (1= (=BG 00 = S -17+ (F) B,
p=1
where Bj(f,x), p € N denotes the p-th iterate, and BY(f,x) = I . For some other
operators such type of iterative combinations were recently considered in [1] and [6].
For sufficiently small 6 > 0, linear approximating function viz. Steklov mean
fnai(r) of 2k-th order corresponding to f € C, [0, 00) is defined by

§ §
Fron(t) =8 / Jpe / U NXf (1)) dndty....dty,
2 2
where 1 = J leil i1 € [a,b] and AYf (1) is the 2k-th order forward difference of f
with step length 7. It is easily checked for 0 < a; < a, < by < by < oo that:
(i) fnox has continuous derivatives up to order 2k on [ai, bi],
(i) Wy hellciss) < Mi8~@ulf, 8,a1, 1),
(@) |If = fo2ellclarn) < Mawn(f, 8, a1,b1),
() Wnaxllclas) < Msllf lly,
where ]\2,-, i = 1,2, 3 are certain constants that depend on [a, b] but are independent of
f and n. These properties are also mentioned in [6].

By Cg[0,00) we denote the space of all real valued continuous bounded func-
tions f on [0,00) endowed with the norm [|f|| = sup,5,|f (x)]. Let o(f,5) =
SUPo_ <5 SUP,>0 |f (x+h) —f (x)| be the usual modulus of continuity of f € Cy[0, 00).

In the present paper we investigate and study simultaneous approximation, in first
main result, we establish a local direct result in terms of ordinary modulus of continuity.
Second and third main result in the present paper are respectively Voronovskaja type
asymptotic formula and an estimation of error for the iterative combinations of the
operators (1).

Our main results are as follows:

THEOREM 1.1. Let n > r+ 1> 2 and f € Cg[0,00) for i € {0,1,2,...,r} .
Then

B0~ ) < (LD oy

Lo +;!(n1_)z§:;! r)!“’(f“)v 8(n,rx)),

X+

(n—r)(n—r—1) (n—r)(n—r—1)x+(n—r)(n—r—1 ’

where 6(n,r,x) = {

2n+4r(l14+r) , 2n+4r(1+7r) r(1+r) }%
and x € [0, 00).
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THEOREM 1.2. Let f € Cy[0,00) and f**") exists at a point x € (0,00). Then

2k+r
Tim A B (F (1), %) —F )] = 3 PGk rxf O (),
j=r

where P(j, k,r,x) are certain polynomialsin x.

THEOREM 1.3. Let f € C, [0,00) and suppose 0 < a; < ay < by < by < 0.
Then for all n sufficiently large, we have

r r r -1 -
B2 ®) = Fllclasss) < M{wn(F " 0™ ar,01) + n7F|f I, ),

where M is a constant independent of f and n.

2. Basic results
In this section we mention certain lemmas which will be used in the sequel.

LEMMA 2.1. [4] Let m € NU{0}., If the m™ order moment is defined as

m
nm anv <_x> 9

then Uy, o(x) = 1, U, 1(x) = 0 and also there holds the recurrence relation:
nUn,erl ()C) = )C(l —|—.X) |_U,(1n>1( ) + mU,,m 1( )J
Consequently we have U, ,(x) = O (n~[m+1)/2])

LEMMA 2.2. Let the function T, ,(x),m € N U {0}, be defined as
Tom(x) = Bu((t — x)™ Zp,, , / ()t = x)"dt + (1 +x) 7" (—x)™.

Then T,o(x) = 1,T,1 =0, Ty2(x) = 2x}51+x Also, there holds the recurrence relation

(n —m)Tyme1(x) = x(1 + x) LT,S},L(x) + 2mTym—1(x)| + m(1 4 2x)T u(x),n > m.
From the above recurrence relation, it is easily verified that for all x € [0, 00), we have
Tym(x) = O(n_[(m“)/z])_

The proof of Lemma 2.2 can easily be done along the lines of the proof of [3,
Lemma 2.2].
REMARK 1. Itis easily verified from Lemma 2.2 that for each x € (0, c0)
n+i—=2)(n—10)! ,_,
X
nl(n—1)!

(n+i+ D=1,

B,(f,x) = IR +i(i—1) +0(n™?).
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COROLLARY 2.1. Let 8 be a positive number. Then for every v > 0, x € (0,00),
there exists a constant M(s,x) independent of n and depending on s and x such that

/ K, (x, 1) dt
[t—x|>8

The m-th order moment for the operators By (f,x) is denoted by T,Sf’,l, (x) and

defined as T, ,<,,,),( ) = Bh((t — x)™, x) . In particular T,S},,l (x) reduces to T, (x) , defined
in Lemma 2.2.

<M(s,x)n™%, s=1,2,3....
Cla,b]

LEMMA 2.3. For p € N, there holds the following relation
m m—j
=3 (7)Y DEAORE T8 ),
j=0
LEMMA 2.4. We have
T,(f,%(x) = O(n~ 1m0/,

Proof. For p = 1, the result follows easily from Lemma 2.2. By using Lemma

2.3, and the fact that T,;{Z}_J (x) is a polynomial in x of degree at most m — j, the result,

in the general case, follows immediately by the principle of mathematical induction.

LEMMA 2.5. For | € N, we have
Bk ((t — x)l,x) = O(nfk).

Proof. For k = 1 the result easily follows from Lemma 2.2, and in the general
case it follows immediately on applying Lemma 2.3, Lemma 2.4, and the induction
hypothesis.

LEMMA 2.6. [4] There exist the polynomials Q;;,(x), independent of n and v

such that _ ,
{x(1+ 0} D [pas()] = Y n(v = nxY Qi (X)pas(x),
2i+j<r
ij=0
where D = <

_dx

LEMMA 2.7. If f is r times differentiable on [0,00), and f"=" = O(1*), o0 > 0

as t — oo thenfor r =1,2,3,.... and n > o« + r we have
, n+r—1n-r) e .
BS;)(frx) = ( l’l' l’l - 1 an+r,v / n— r,v+r(t)f< >(t)dt

The proof of the above lemma easily follows along the lines of the proof of [3,
Lemma 2.3].
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3. Proofs

In this section we present the proofs of main results.
Proof of Theorem 1.1. Applying Lemma 2.7, we get

B~ = [ *,Z.(nlf e o

o0

+ ( +r— 1 n _ I‘ anJrrv / n— r,v+r(t) |:f(r)(t) 7f(r>(x) dt,

n!(n —1)!

because fooo bu—ryir(t)dt =1 and > puiry(x) = 1.
Using the inequality o (f 7, 48) < (1 +2A)o(f7,8), A >0 we get

B0~ £ < [(”;,(nl_) b= e
# o) anm ) [ s 0l 0) £ 0
<<”+;,‘n{ 1”” anm /°° o 0) (14 87 = x]) o (£ ), 8)d
[ e 2 1

2)
Using Cauchy-Schwarz inequality, we obtain

1

ZPHH,V(X)/ bu—ryir(1)[t — x|dt < <Zl’n+rv / n—ry+r(1) (1 x)zdt). (3)
v=0 0

Also, by easy computation, we are led to

;pnw,v(x) /0 bu—rvir(t)(t — x)*dt

_ 2n+4r(l +r) 2 2n+4r(l+r) i r(l+r)
n—r(n—r—1) n—r(n—r—1) (n—r)(n—r—1)

On combining (2)-(4), we get
B (f.x) —f ()
o (n+r— 1)!(7;—;’)! (1—&—8_1[( 2n+4r(1+r)

n!(n—1)! n—r)(n—rfl)x

R B (R KA S
(o e R v sl )w(f )

[ o).




376 N. K. GOVIL AND VIJAY GUPTA

Finally, if we choose 6 = 8(n, r,x), we obtain the assertion of the theorem.

Proof of Theorem 1.2. By Taylor expansion of f , we have

) (x _
0= e -,

where g(t,x) — 0 as t — x.
Note that,

= Zk: yp (p) aa;ng(f,x)

FrOLe

) 2k+rf .
{ Z BI’ 1 x)l7y) “!‘Bﬁ1(£(t>x)(t_x)2k+r’y)}dy

= E 4+ E,.

=~

Using Lemma 2.2, we get

J=r i=0
2betr i, . ) ey
-3 f(f;!(x) > (J) <—x>j_f{ g e (PO,;, L O(n_k)}
2k+r 2k+r
- ¥ +n rx ) -
Z Z () () 0 Pl )+ ol
:f(r)(x) + n_k§PU7 k, V>x)f(j> (x) + O(n_k),

in view of the identities

To estimate E,, note that if

1= / K (e, B (6,2t — )27, y) d,

then on applying Lemma 2.6, we get



DIRECT ESTIMATES IN SIMULTANEOUS APPROXIMATION FOR DURRMEYER TYPE OPERATORS 377

0ija( e B .
< Y w Il Zlv npan(x) | b (0B (|2, 3) |1 — x5, y)dy

{x(1+x }r
2i+j<r
ij20

(n+r+ 1)
a1

The second term in the right hand side of above expression multiplied by n* tends
to zero as n — oo. Since €(t,x) — 0 as t+ — x for a given € > 0 there exists a
0 > 0, such that |e(#,x)| < € whenever 0 < |t — x| < §. Therefore, for |t —x| < 9§,
we have |e(t,x)(t — x)***"| < Mt" for some M > 0. Hence

mg Z ‘Ql,}r } Z|V7nx|1 oy )

2i+j<r
ij>0

X <€ / by (y)B (1 — x| y)dy + / by (y)BL (M1 y)dy
li—x|<8 li—x| 26

=L+

(1 +x)7”7r\8(0,x)|x2k+r.

If we apply Cauchy-Schwarz inequality, Lemma 2.1 and Lemma 2.4, we get
that I; = €0(n=*). Now, proceeding in a similar way by applying Cauchy-Schwarz
1nequahty and Corollary 2.1, we obtain I, = o(n=¥). Since & > 0 is arbitrary, we get
I = o(n=%), and this completes the proof of the theorem.

Proof of Theorem 1.3. Using the linearity property, we get

1B, ) = f llctasss)

<NBLY — Fnzk )l ciass) + IBUFn ks ®) = F 3%l etanon + 1F = £ clann
=J1+J+J5

Since f&)k =(f (r)) " , (1), by the property (iii) of the Steklov mean, we have
J3 < Miox(f", 8, a1, by).

Next on applying Theorem 1.2, we get

2k+r

nt Z Hf 2kHCa1 b1+

If we now apply the interpolation property due to Goldberg and Meir [3], for each j = r,
r+1,...,2k+ r, it follows that

(2k+r)
”fnZkHCaz by) M3{an ZkHClll ,b1] + an g ”C[tll,bl]}’
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and by applying properties (iii) and (iv) of the Steklov mean, we obtain

T <My {|If I, + 8 *ox(f",8)}.

Finally we shall estimate J; , choosing a*, b* satisfying the conditions 0 < a; <
a* < ay; < by < b* < by < oo, and for this if y(¢) denotes the characteristic function
of the interval [a*,b*], then

I < B WO () ~F25(0), 9)llctar o HIBLL(L = W) (1) ~F25(0), 9| clan.tn]
=:Jys+ Js.

We may note here that to estimate J4 and Js, it is enough to consider their
expressions without the iterative combinations. By using Lemma 2.7, it is clear that

BY (w(t)(f (1) — fnae(2)), )
_(ntr = Diln = 1) pr / b WO 1) — £ (),

n!(n—1)!

Hence

B (w(t)(F (1) — Fn2k(®)), ®)llclarin] < MsIlf ) — £\l et .

Next for x € [a;,b;] and 7 € [0,00) \ [a*,b*], we choose a O, > 0 satisfying
|t —x| > 8.
Therefore, by applying Lemma 2.6 and Cauchy-Schwarz inequality, we get that if

1=BY((1—w®)(f (1) — fn(0),x),

then
3 RS o=t [ B0 =W ) o
0
O R ) = WO O) - fra(O)

Note that for sufficiently large n, the second term tends to zero. Hence

1] < Me||f [ly Z anv )|v— nxl’/ by, (t)dt

2i+j<r V=l [t—x| =61
ij=>0
1
2 e} 3
<M 16 30 WY sl wt ([ owtoar) ([T onten©a)
2i+j<r v=1 0
ij>0

< Mellf 1,572 S ni{ipn,v( v—n) } {Zp,,v / nv(t)(tx)‘”dt}z.

2i+j<r
ij>0

1
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If we now use Lemmas 2.1 and 2.2, we get

g Gind s _
1| < My f ||,87 20 27) < Man ™| f ||,

where g = s — 5. Next choosing s > 0 satisfying ¢ > k we obtain

1] < Man”H|If |-

Therefore by property (iii) of the function fp 2 (#) , we get

and now, on choosing § = n

Jy < Mg|f") *f,sgk”c[a*,b*] + ManHIf [l
< M9w2k(f(r)767a17b1) +M7n7ka||Y7

3 , the Theorem 1.3 follows.
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