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SENSITIVITY ANALYSIS FOR PARAMETRIC GENERAL
SET-VALUED MIXED VARITIONAL-LIKE INEQUALITY
IN UNIFORMLY SMOOTH BANACH SPACE

K. R. KAzMmI AND F. A. KHAN

(communicated by R. Glowinski)

Abstract. In this paper, using the concept of P -1 -proximal mapping, we study the existence
and sensitivity analysis of solution of a parametric general set-valued mixed variational-like
inequality problem in uniformly smooth Banach space. The approach used in this paper may be
treated as the extension and unification of approaches for studying sensitivity analysis for various
important classes of variational inequalities given by many authors, see for example [2, 4, 6-8,
14, 15, 17-19).

1. Introduction

Variational inequality theory has become very effective and powerful tool for
studying a wide range of problems arising in mechanics, contact problems in elasticity,
optimization and control problems, management science, operation research, general
equilibrium problems in economics and transportation, unilateral, obstacle, moving
boundary valued problems etc., see for example [3, 9, 12]. Variational inequalities have
been generalized and extended in different directions using novel annnovative tech-
niques.

In recent years, much attention has been given to develop general methods for the
sensitivity analysis of solution set of various classes of variational inequalities (inclu-
sions). From the mathematical and engineering point of view, sensitivity properties
of various classes of variational inequalities can provide new insight concerning the
problem being studied and can stimulate ideas for solving problems. The sensitivity
analysis of solution set for variational inequalities has been studied extensively by many
authors using quite different methods. By using the projection technique, Dafermos
[4], Mukherjee and Verma [15], Noor [17] and Yen [21] studied the sensitivity analysis
of solution of some classes of variational inequalities with single-valued mappings.
By using the implicit function approach that makes use of so-called normal mappings,
Robinson [20] studied the sensitivity analysis of solutions for variational inequalities in
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finite-dimensional spaces. By using resolvent operator technique, Adly [1], Noor [18],
and Agarwal er al. [2] studied the sensitivity analysis of solution of some classes of
quasi-variational inclusions with single-valued mappings.

Recently, by using projection and resolvent techniques, Ding and Luo [8], Liu et
al. [14], Park and Jeong [19] and Ding [7], studied the behaviour and sensitivity analysis
of solution set for some classes of generalized variational inequalities (inclusions) with
set-valued mappings. It is worth mentioning that most of the results in this direction
have been obtained in the setting of Hilbert space.

Inspired by recent research works in this area, in this paper, we consider a para-
metric general set-valued mixed variational-like inequality problem (PGSMVLIP, for
short) in uniformly smooth Banach space. Further, using P - 1)-proximal mapping, we
study the existence and sensitivity analysis of the solution of PGSMVLIP. The method
presented in this paper can be used to generalize and improve the results given by many
authors, see for example [2, 4, 6-8, 14, 15, 17-19].

2. Preliminaries

We assume that E is a real Banach space equipped with norm || - ||; E* is the
topological dual space of E; C(E) is the family of all nonempty compact subsets of
E; 2F is the power set of E; H(-,-) is the Hausdroff metric on C(E), defined by

H(A,B) = max{sup inf d(x, y),sup inf d(x,y)}, A,B € C(E);
xcA YEB yeB Y€

(-,-) is the dual pair between E and E*, and J : E — 2E" is the normalized duality
mapping defined by

J)={he E": (x,h) = x|, x| = [|n]}}, x € E.

We observe that if E = H, a Hilbert space, then J is the identity map on H. In
sequel, we shall denote a selection of normalized duality mapping J by j.
Now, we recall the following concepts and results.

DEFINITION 2.1. ([11]) Let P: E - E*, g: E—>Eand n: EXE — E be
single-valued mappings, then

(i) P issaidtobe a-strongly n-monotone, if there exists a constant o > 0 such
that

(P(x) = P(y),n(x.y)) = alx—yl* Vx.y € E;
(ii) g is said to be k-strongly accretive, if there exist a constant k > 0 and for
any x,y € E, j(x —y) € J(x —y) such that
(8(x) —g(y),jlx =) > kllx =y

DEFINITION 2.2. ([5]) Let n: E x E — E be a single-valued mapping. A proper
functional ¢ : E — RU {+oo} is said to be n-subdifferentiable at a point x € E if
there exists a point & € E* such that

¢(y) — ¢(x) = (h,n(y,x)) Vy€E,
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where #h is called n-subgradient of ¢ at x. The set of all n-subgradients of ¢ at x is
denoted by ¢ (x). The mapping d¢ : E — 2F defined by

9¢(x) ={h € E": ¢(y) — ¢(x) = (h,n(y,x)) Vy € E}
is said to be n-subdifferential of ¢ at x.

DEFINITION 2.3. ([5]) A functional p : E X E — RU {400} is said to be 0-
diagonally quasi-concave (0-DQCYV, for short) in x, if for any finite set {x1, -, -,-,x,} C
E and forany y = > " Ax; with A; > 0 and Y7 | A; = 1, minjgicap(xi,y) < 0
holds.

DEFINITION 2.4. ([11]) Let n : E x E — E be a single-valued mapping. Let
¢ : E — RU {+o0} be a lower semicontinuous, 1 -subdifferentiable (may not be
convex) and proper functional and P : E — E* be a nonlinear mapping. If for any
given point x* € E* and p > 0, there exists a unique point x € E satisfying

<P(x) 7x*7n(yax)> +p¢(y) 7/)(1)()() =20 vy € Ea

then the mapping x* — x, denoted by Pg¢ (x*), is called P -n-proximal mapping of
¢ . Clearly, we have x* — P(x) € pd¢(x) and then it follows that

P (x*) = (P + pd9) " (x").

LEMMA 2.1. ([11]) Let E be a real reflexive Banach space; let N : EXE — E be
a continuous mapping such that 1(y,y’) + n(y',y) =0Vy,y' € E; let P: E — E* be
a -strongly 1 -monotone continuous mapping; let, for any given x* € E*, the function
h(y,x) = (x* — P(x),n(y,x)) be 0-DQCV in'y andlet ¢ : E — RU {+o0} be a
lower semicontinuous, M -subdifferentiable and proper functional on E. Then for any
given constant p > 0 and x* € E*, there exists a unique x € E such that

(P(x) —x",n(y,x)) = po(x) — pd(y) Vy € E, (2.1)
that is, x = Pp% (x*).

REMARK 2.1. ([11]) Lemma 2.1 shows that for any strongly 7)-monotone contin-
uous mapping P : E — E* and p > 0, the P-n-proximal mapping P2¢ :E* — FE of
a lower semicontinuous, 1 -subdifferentiable and proper functional ¢ is well defined
and for each x* € E*,x = Pg¢ (x*) is the unique solution of the problem (2.1).

LEMMA2.2. ([11]) Let E be areal reflexive Banach space andlet 1 : EXE — E
be T -Lipschitz continuous such that nN(y,y' )+ n(',y) =0Vy,y € E; let P: E — E*
be o -strongly m-monotone continuous mapping; let, for any given x* € E*, the
Sunction h(y,x) = (x* — P(x),n(y,x)) be 0-DQCV in y;let ¢ : E— RU{+o00} be
a lower semicontinuous, 1 -subdifferentiable and proper functional on E andlet p > 0
be any given constant. Then the P -1 -proximal mapping P2¢ of ¢ is T/ -Lipschitz
continuous.
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LEMMA 2.3. ([10]) Ler E be a real uniformly smooth Banach space and let
J : E — E* be the normalized duality mapping. Then, for all u,v € E, we have

(@) e+ v[> < fJull® +2(v, J(u + v)) ;

(b) (u—v,Ju—Jv) < 2d°pe(4]lu — vl|/d), where d = \/(||ul]* + [[v]*)/2,
pe(t) = sup{”””zw —1:|u|l = 1,||v|| =t} is called the modulus of smoothness of
E.

LEMMA 2.4. ([13]) Letr X be a complete metric space, and let Ty, T»; X — C(X)
be O -H - contraction mappings, then
H(F(Th), F(T2)) < (1 - 0)~" sup H(T1(x), T»(x)),
x€X
where F(Ty) and F(T) are the sets of fixed points of Ty and T,, respectively.

Let M be a nonempty open subset of E in which the parameter A takes the values.
Let A,B,C,F,S,T : ExM — C(E*), D: ExM — C(E) be set-valued mappings.
Let NW:E"XE"XE*XM —- E* N:EXE —E and g: EXxM — E be
single-valued mappings. Assume that ¢ : E X E X M — RU {400} be such that for
each fixed z € E, ¢(.,z) : E x E— RU {400} be a proper lower semicontinuous, 7 -
subdifferentiable functional in the first argument such that g(E) N dom O¢(E, z,A) #
0, Vz € E,A € M. We consider the following parametric general set-valued mixed
variational-like inclusions problem (PGSMVLIP, for short): Find x = x(A) € E,u =
ux,A) € Alx,A),v = v(x,A) € B(x,A),w = w(x,A) € C(x,A).f = f(xA) €
F(x,A),s = s(x,A) € S(x,A),r = t(x,A) € T(x,A) and z = z(x,A) € D(x,A) such
that
(NQu,v,w, A) = W(f,5,6,A),n(y,8(x,4))) = d(g(x,4),2,4) = 0(v,2,4) Vy 6( E~)
2.2
Now, for each fixed A € Q, the solution set S(A) of PGSMVLIP (2.2) is denoted
as

S(A) = {x =x(A) €E:u=u(x,A) € A(x,A),v=v(x,A) € B(x,A),

w=wx,A) € Clx,A)f =f(xA) € F(x,A),s =s(x,A) € S(x, 4),
t=1t(x,A) € T(x,A) and z=z(x,A) € D(x,A) such that

(N, v,w, ) =W(f,s5,6,A),n(y,8(x; 1)) = 0(8(x,4),2,4)=0(y,2,4) Vy € E}
(2.3)
The aim of this paper is to study the behaviour and sensitivity analysis of the
solution set S(A), and the conditions on these mappings A, B, C,D, F, S, T,N, W, g, P, ¢
under which the solution set S(A) of PGSMVLIP (2.2) is nonempty and Lipschitz
continuous with respect to parameter A € M.

3. Sensitivity analysis of the solution set S(1)

Throughout the rest of paper unless otherwise stated, let E be a real uniformly
smooth Banach space with pg(t) < ¢#* for some ¢ > 0.
First, we define the following concepts.
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DEFINITION 3.1. A mapping g : E X M — E is said to be
(i) (Lg,l,)-mixed Lipschitz continuous, if there exist constants L,,l, > 0 such
that

lge,A) — 8 (v, M)l < Lellx = yll + LellA = A Y(x,4), (3, 4) € E x M;
(if) €g-strongly accretive, if there exists a constant €, > 0 such that

(g(x,)t) _g(y>l)7x_y> = eng_yHZ V(x7k)7(y>l_) €EXxXM.

DEFINITION 3.2. A set-valued mapping A : ExM — C(E*) issaidtobe (La,l4)-
mixed H -Lipschitz continuous, if there exist constants La,l4 > 0 such that

H(A(x,A),A(y,A)) < Lallx =yl + lallA = A]| ¥(x,4), (y,4) € E x M.

DEFINITION 3.3. Let P : E — E*, g : EX M — E be mappings; let A,B :
E x M — 2F be set-valued mappings and let J* : E* — E be a normalized duality
mapping. A mapping N : E* x E* x E* x M — E* is said to be

(1) (Lvays Lon2y, Lin 3y, Iv) -mixed Lipschitz continuous, if there exist constants
Livyy, Livgy, Liv gy, Iv > 0 such that

[N(x1,y1,21, A1) — N(x2, y2, 22, 42) |
< Livyllxr — x| + Livayllyr — v2ll + Livsyllzr — 22l + vl A4 — Az
V()Ci,yi,zi,li) EEXEXExXM for i=1,2;

(ii) & -strongly mixed Pog-accretive with respect to A and B, if there exists a

constant £ > 0 such that

<N(u17vlaz‘) *N(Mz,\)z,},)“]*(POg(x,A) 7P0g(y7ﬂ’))> 2 §||X*yH2
V)Qy € E>A €M7u1 EA(X>A’)7M2 EA(y>A’)7Vl S B(X>A’)7V2 S B(y,k),

(iii) o -generalized mixed Pog-pseudocontractive with respect to A and B, if
there exists a constant ¢ > 0 such that

(N(ur,vi, &) = N(uz, v, 1), J* (Pog(x, A) — Po(g — m)(y, 1)) < ollx—y|
V)Qy € E>A €M7u1 EA(X>A’)7M2 EA(y>A’)7Vl S B(X>A’)7V2 S B(y,k),

(iv) v-relaxed mixed Pog-Lipschitz with respect to A and B, if there exists a
constant v > 0 such that

(N(u1,v1,A) = N(uz,v2, 1), J*(Pog(x,A) — Pog(y,A))) < —V]x—yl|?
Vx,y € E,A € Myuy € A(x,A),us € A(y,A),vi € B(x,A),v2 € B(y, 1),
where Pog denotes P composition g .
First, we prove the following technical lemma.

LEMMA 3.1. x € E is a solution of PGSMVLIP (2.2) if and only if satisfies
g0 A) = PO Pog(x, A) — p(N(u, v, w, 1) — W(F,s,1,4))], (3.1)

where Pg‘b("z’l) = (P+ po¢(.,z,A))~" is the P-n-proximal mapping of ¢ for each
fixed z€EE, A € M; P:E— E* and p > 0 is a constant.
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Proof. Assume that x € E satisfies (3.1), that is,
_ poo(.zA)
g(x7A’) - PP [POg()C?A,) - p(N(M, v, W7A’) - W(fa S, ta A‘))]
Since Pgd)("z’l) = (P + pd¢(.,z,A))"!, the above relation holds if and only if
Pog(x, ) — p(N(i,v,w, ) — W(f, 5,1, A)) € Pog(x, ) + pdd(g(x, A),3, A).

By the definition of 7 -subdifferential of ¢(g(x,A),x,A), the above inclusion
holds if and only if

Oy, 2,4) = 0(8(x,4),2,4) =2 (N(u, v, w, A) = W(f,5,2,4),n(y, 8(x, 4))) Vy € E,
thatis, x € E is a solution of PGSMVLIP (2.2). This completes the proof.
We consider the mapping G(.,A) : E x M — 2F defined by

G 2) = | [rg(ea)+ PR (Poglx, 2)—p(N(u, v, w, ) = W(F5,1,2)) ) .

u€A(x,A),v€B(x,A),

weC(x,A),z€D(x,A),

fEF(x,A),s€8(x,A),
teT(x,\)

(3.2)

REMARK3.1. Itfollows from Lemma 3.1 that the fixed point of mapping G defined
by (3.2) is a solution of PGSMVLIP (2.2).

Now, we show that the mapping G defined by (3.2) is a contraction mapping with
respectto x € E uniformlyin A € M.

THEOREM 3.1. Let A,B,C,F,S,T: EXxM — C(E*) and D : ExM — C(E) be
mixed H -Lipschitz continuous with constants (La,la), (Lg,lg), (Lc,lc), (Lr,IF),
(Ls,Is), (Lr,Ir), (Lp,lp), respectively; let N : E* X E* Xx EX x M — E* be
(Lv,1ys Lin2y, Liv 3), Iv) -mixed Lipschitz continuous; let W : E* X E* X E*xM — E* be
v -mixed Lipschitz in first two arguments with respect to F and S, and © -generalized
mixed peudocontractive in the third argument with respect to T with constants Vv
and o, respectively, and (L(W1>,L(W2),L(W3),ZW)-mixed Lipschitz continuous. Let
g EXM — E be ¢,-strongly accretive and (L, l,)-mixed Lipschitz continuous,
and let Pog be (Lpog,lpog)-mixed Lipschitz continuous. Let  : E X E — E be
T-Lipschitz continuous such that n(y,y') + n(y',y) = 0Vy,y € E; let P: E — E*
be o -strongly m-monotone continuous mapping and let, for any given x* € E*, the
Sunction h(y,x) = (x* — P(x),n(y,x)) be 0-DOCV in y. Let ¢ : EXE XM —
RU{+00} be aproper, lower semicontinuous and, 1 -subdifferentiable functional such
that g(.,A)NOP(.,y,A) # O Vy € E,A € M. Suppose that there exist constants
Ui, ua > 0 such that

o0(..x,A 0(.v.A 3
1PYPCH) (2) — PRPOYM ()] < il — yl| + wal|A — A

! (3.3)
Vx,y,z €E, A,A €M,

and suppose that there is a constant p > 0 such that
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0:=a+e(p); a:=wlp+ /1 —2¢,+ 64cL§;

§
() = [\ /Loy — 20(v — 0) + 6402l + pLa: ri= O
Ly := [LaL(y,1) + LeLin2) + LcLin3)):

Lyw := [LrLew,1) + LsL(w2) + LrLiw3)); (3.4)
(v—o0)—2rLy(1 —a)
P T e, — 12
w ‘N
VIV =0) = 2rLy(1 = @)] = (L3, — (1 — a)][64cL}y — L}
< .
64cL?, — LY

Then, the mapping G defined by (3.2) is compact-valued uniform 0 - H -contraction
with respect to A € M, where 0 is given by (3.4). Moreover, for each A € M, the
solution set S(A) of PGSMVLIP (2.2) is nonempty and closed.

Proof. Let (x,A) be an arbitrary element in E x M. Since A,B,C,F,S,T and
D are compact-valued mappings then, for any sequences {u,} C A(x,A), {va} C
B(x,A), {w,} C C(x,A), {fu} C F(x,A), {sn} C S(x,A), {t.} C T(x,A), and
{za} C D(x,A), there exist subsequences {u,,} C {un}, {vo;} C {vu}, {wn} C

{wnts Afuy € {fnts {50} C {su}, {tn;} C {tn}, and {z,;} C {z,} and elements
x€Ax,A), veBx,A), we C(x,A), f € F(x,A), s € S(x,A), t € T(x,A), and
z € D(x,A) such that u,, — u, vy, — v, Wy, = W, fr; — f, Sy — 8, ty; — 1, and
Zn; — 2, as i — 00. In view of (3.2) and mixed Lipschitz continuity of N and W, we
estimate

PSP (Pog (e, ) — PN (thags Vs Viags ) + OW (Fas S s 1)
— Pg(p("z’/l)(Pog(x,/l) — PN, v,w,A) + pM(f,s,t,A))|l
< P (Pog(x, ) — PN (ty, Vigs Vs A) -+ PW (Fogs Sugs s 1))
— PO (Pog(x, )= PN (it Vs Vs A)+PW (s S s 1))
+ (125 (Pog (o, A)—DN (s Vs Vigs 2)+PW (s S by 1)
— PPN (Pog(x, A) — pN(u, v, w, A) + pW(F, 5,1, A))]| (3.5)
< tullan = 2l + g [IN Gt vy vy 1) = Nty v, w, 2)]|

W o st 2) = WU s, )]

T
< M”Zni_Z” + pg {L(N.,l)””ni_”” +L(N,2) |Vni_V|| +L(N,3)||Wni_w||

+ Lowy i =f | + Leway lsn—s|| + Lew3) |tni_tH:| — 0as i — oc.

Thus, (3.2) and (3.5) yields that G(x,4) € C(E).
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Now, foreach A € M, we prove that G(x, A1) is a set-valued contraction mapping.

Let (x1,x2,A) be any arbitrary element in E x E x M and for any ¢q; € G(x1,A),

there exist u; = u(x1,A) € A(x1,A), vi = vi(x1,A) € B(x1,A), wi = wi(x1,A) €

Clx1,A), f1 = filx,A) € F(x1,4), s1 = si(x1,A) € S(x1,A), h = t1(x1,4) €
T(x1,A) and z; = z;(x1,4) € D(x1,A) such that

0024) (Pog(xy, A)—pN (uy, vi, wi, A)+pW(f1, 51,11, 1)). (3.6)

q1 = xl—g(xl,l)+Pg

It follows from the compactness of A(xz,A), B(x2,A), C(x2,A), F(x2,A),
S(x2,A), T(x2,A) and D(xp,A), and Lipschitz continuity of A,B,C,F,S,T and
D that there exist up, = uz(xz,)L) S A(Xz,ﬂ,), V) = V2(X2,A) € B(Xz,ﬂ,), Wy =
Wz(Xz,A) S C(Xz,l), f2 = fz()CQ,A) S F(Xz,l), Sy = SQ(XQ,A) S S(XQ,A),
th =0(x,A) € T(xz,A) and 22 = 22(x2,A) € D(x2,A) satisfying

Jur — 2| < H(A(x1,4),A(x2, 1)) < Lallx1 — x|,
[vi = vl < H(B(x1,4), B(x2,4)) < Lg|lx1 — x2,
[wi = w2l < H(C(x1,4), C(x2,4)) < Lexi — x|,
If1 = f2ll S H(F(x1,A4), F(x2,A4)) < Lrllxi —xf], (3.7)
l[s1 = s2ll S H(S(x1,4),8(x2,4)) < Lslxr — x|,
[t — || < H(T(x1,A4), T(x2,4)) < Lrllxi — x2f,
21 — 22| < H(D(x1,4),D(x2,4)) < Lp|[x1 — x2]
Let
g2 = x2 — g(x2, A)+P M) (Pog(xy, A) 53)
— PN (u2,v2, w2, A) + pW(f2, 52,12, 4)). .
then we have ¢» € G(x2,A4).
It follows from (3.2) and Lemma 2.2 that
lg1—aoll < [Jx1 —x2 — (g(x1,4) — g(x2, 1))l
+ ([P [Pog(x1, A) = p(N (u, vi, wi, ) = W(F1, 51,1, 4))]|
— (1P [Pog(x1, ) — (N (w1, v, i, &) = W(F, 1,11, 2))]|
+ (1P [Pog (a1, ) = p(N (w1, vi, wi, A) = W(f1, 51,0, )]
— PR [Pog(xa, A) — (N (i, va, wa, A) = Wipz, 52,2, A B

< = = (801, A) — g0, A + pallzr — 22|
+ 5 [IPo(g = m)(x1, 4) = Polg = m)(xa, 2) + p(W(f1,51,1,4)

- W(fZ>s2>t27A'))H +pHN(U1,V1,W1,A) —N(Mz,VLWz,A,)H .

Using Lemma 2.3 and ¢, -strongly accretiveness and (Lg, l,)— mixed Lipschitz
continuity of g, we have
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1 — x2 — (g(x1,4) — (2, 1))
< b = x P —2( g1, A) — g(x2, 4), I (x1—x2 — (g(x1,4) — g(x2,4))))
<o =l = 2(gn, 4) — g, 4), J(x1 — x2))
+2(g(x1,A) — g(x2, A), J(x1—x2) — J(x1—x2 — (g(x1,4) — g(x2,4))))
< lx = x? = 2€]lx1 — x> + 64cLy||x) — xa?
< (1—2¢+ 64cL§)||x1 — x|

(3.10)

Again, since N is (L,1), Liv2), Liv3)s Iy) -mixed Lipschitz continuous and W is
(L(W) s Lw2), L(w3), lw) -mixed Lipschitz continuous then we have

HN(U],V],W],A) - N(u27v2>w2>l)“
< Lvy [

< —wy|| (3.11)
< [LaLy,1y + LeLn,1) + LeLv ) |Jx1 — x|,

and
HW(flaShtlaA‘) - W<f23S27t27A‘)H

< Loy Ift = f2ll + Loway st — szl + Loway 111 — 22| (3.12)
< [LrLow,) + LsLw,) + LrLowz)]||x1 — x|

Since W is v-relaxed mixed Lipschitz in first two arguments with respect to F
and S and o-mixed generalized pseudocontractive in the third argument with respect
to T then we have, using (3.12),

|Pog(x1,A) — Pog(xa, ) + p(W(f1, 51,11, A) — W(f2, 52,12, 1))||?
< ||Pog(x1,A) — Pog(xp, A)|?
+20{W(f1,s1,01,A) — W(f2,82,01,A),J (Pog(x1,A) — Pog(xz,A)))
£ 20 W22, 4) = Wz, 52,12, 4)," (Pogln, 4) = Poglaz, 2))
+20(W(f1,51,0,2) = Wifa,52,12,2), " (Pog(x1, 4) = Pog(x2, 2)
+p(W(f1,s1,t1,A) = W(f2,82,12,4)) — J*(Pog(x1,A) — Pog(xz2,4)))
S le’ongl — x> = 20pv|lxi — x2||* + 2p0|x1 — x2?
+ 6407l | W (151,11, 4) = W(F2, 52,12, )
< ( Pog — 20(V—0) + 64p° c[LrLw,) + LsLiw2) + LrLw3)] )||x1—x2||2_

Now, from (3.9), (3.10), (3.11), (3.12) and (3.13), we have

(3.13)

g1 — g2l < [(1 — 2e + 64cL)t + wLp
1

ts ({LPOg 2p(v — 0) + 64p%c[LrLw1) + LsLqwz) + LTL<W,3>}2} 2

+ PlLaLy,1) + LeLy,1) + LCL(N,S)])} lx1 — x21],
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that is,
g1 — @2l < Ollx1 — x2f, (3.14)

where

0 := tLp+r (\/1 2eg—|—64cL2—|—\/ Pog—Zp(v—O')+64p2cL%V+pLN). (3.15)
Hence, we have

d(q1,G(x2,4)) = inf g1 — g2 < Oflxi —xa|. (3.16)
$2€G(x2,A)

Since q; € G(x1,A) is arbitrary, we obtain

sup  d(q1,G(x2,4)) < O]x1 — x2||. (3.17)
N €G(x1,A)

By using same argument, we can prove

sup  d(q2,G(x1,A)) < O]x1 — x2||. (3.18)
0 €G(x2,A)

By the definition of Hausdorff metric H on C(E), (3.15) and (3.16), we obtain,
V(xl,xz,l) cEXEXM,

H(G(xl,)L),G(xz,)t)) < 0lx; — x|, (3.19)

thatis, G(x, A) is a uniform 6 - H -contraction mapping with respectto A € M.

Let A be in M and note that condition (3.4) ensure that 6 < 1 for p > 0
satisfying (3.4).

Thus G(x,4) is a set-valued contraction mapping which is uniform with respect
to A € M. By a fixed point Theorem of Nadler [16], for each A € M, G(x,A) has a
fixed point x = x(A) € E, thatis, x = x(4) € G(x,A), and hence Lemma 3.1 ensure
that S(A) # 0. Further, for any sequences {x,} C S(A) with nll)n(}o Xp = Xo, We have

Xn € G(xn,A) forall n > 1. By virtue of (3.19), we have that

(30, G0, 1)) < o = 3l + H (G, 1), Glxo, 1))

<
<1+ 0)|x; —x0]| — 0 as n — oo,

thatis, xo € G(xo,A) and xo € S(A). Hence S(A) is closed in E. This completes the
proof.

THEOREM 3.2. Let A,A be in M, and the mappings A,B,C,F,S,T,D,N,W,
g, 0,1, h,Pog, be the same as in Theorem 3.1. If p = Pog(x, /l) PN (it, v, w,A)) +
pW(f,s,i,A) and let conditions (3.3) and (3.4) of Theorem 3.1 hold, then for each
A € M, the solution set S(A) of PGSMVLIP (2.2) is Lipschitz continuous from M to
E.
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Proof. Foreach A,A € M, itfollows from Theorem 3.1, S(4) and S (1) are both
nonempty closed subsets of E and G(x,A) and G(x,A) are both set-valued 6-H -
contraction mappings with same contractive constant 8 € (0,1). By Lemma 2.4, we
obtain

H(S(A),S(A)) < 1—9§2§ H(G(x,A),G(x, 1)). (3.20)
Now for any p; € G(x,A), there exist u = u(x,A) € A(x,A), v=v(x,A) € B(x, 1),

w=wx,A) € Cx,A), f =f(x,A) € F(x,A), s =s(x,A) € S(x,A), t =1(x,A) €
T(x,A) and z = z(x,A) € D(x,A) satisfying

p1 = x=(g=m)(x, 1)+ P [ Pog(x, A)—p(N (ut, v, w, 2) = W(F 5.1, 2))] - (3:21)
It is easy to see that there exist & = u(x,A) € A(x,4), v = v(x,A) € B(x,4),
f:

= w(e ) € CouR) . f = (e d) € Fle ). § = stad) € S(ed).
T(x,A) and Z = z(x,A) € D(x,A) such that

u— | < H(A(x,2),A(x,A)) < lallA = 4],

lv =7l < H(B(x,A), B(x, 1)) < I A — A,
lw =l < H(C(x, ), Cx, 4)) < lcl|A — All,

If =f1 < H(F(x,A), F(x, 1)) < Ip||A = 4], (3.22)
ls =51 < H(S(x, 4), 5(x, 2)) < IslIA = All,

It =1l < H(T(x,4), T(x,4)) < Irl|A — 4],

Iz =2l < H(D(x,A),D(x, 1)) < Ipl|A —A]|.

Let

P2 = x—(g—m)(x, )+ P [Pog(x, 2)—p(N (i, v, 0, X))~ W(f 51, ;I))} . (3.23)

Clearly, p; € G(x, ).
Since N and W are mixed Lipschitz continuous and in view of (3.3) and (3.21)-
(3.23) and with p = Pog(x,A) — pN(it,v,w,A)) + pW(f,5,, 1), we have

lpr = pall < llglx, A) — g(x, )]
+ 115t >(Pog PN v, A) = W(F,5,1,4)) ) = P02 )
+ 1P () — )(ﬁ)II+IIP0¢<"Z’ \(p) - PP ()]
< Jlglx.A) — glx, >||+—\|Pog<xx> Pog(x, 2|
+ gp[HN(u,v, w,A) — N, v,w, A)|| + ||N(&,v,w, L) — N(it, v, w, A)||

+ HN(”L‘ZM@A) _N(”L‘Z"‘ZA’)” + HN(”L‘Z"‘ZA’) - (”7 v, W, A’)”
+W(f,s,t,A) — W(f_737 t,A)| + HW(f_7 s, A) — W(f>s>t7)t)H
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WG s,62) = WIS L)+ W, 5,54) =W, 5.54)]
+ullz — 2l + p2llA — 4]
T T - T
<LlA = Al + sloollh = Al + 50l + leLivay +lcLis) + v (3:24)

+IrLwa) + IsLiwa) + lrLwg) + ZW} 1A = Al + mlp + |2 = A
= 6|4 = All,

where .
O =1+ + ulp + 5 [lpog +p(Ly + LW)} : (3.25)
Ly = lAL(N,l) + lBL(N’g) + lCL(N,B) + Iy and Ly := lFL(WJ) + lSL(W,z) + lTL(W,3) + ly.

1]

Hence, we obtain

sup d(p1,G(x,A)) < 6|4 —A].

P1EG(x,A)
By using similar argument, we have

sup d(p2, G(x,4)) < 6|4 — 4.

p2€G(x,A)
It follows that
H(G(x,/l),G(x,?f)) < 6|4 —XH Y(x, A), (x,?[) € ExM. (3.26)
By Lemma 2.4, we obtain
_ 0 _
H(S(A),S(2) < T2 l12 = Al (3:27)

This proves that S(A) is Lipschitz continuous in A € M.
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