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Abstract. We shall present a sharp triangle inequality and its reverse inequality with n elements
. . . . n n
inaBanach space X , orequivalently we shall estimate the difference 37" [x;[|— | 325 ;| for

given xp,x2,...,x; in X, where equality attainedness will be characterized. Several applications
will be given.

1. Introduction

The triangle inequality is undoubtedly one of the most fundamental inequalities in
analysis. Several authors have been treating its generalizations and reverse inequalities,
etc. (see e.g., [10, 2, 9]). In this paper we shall present an inequality which is sharper
than the triangle inequality and its reverse inequality with n elements in a Banach space
X, or equivalently, we shall estimate the difference > [|x;]| — [| 252, x| for given
X1,X2,...,%, in X (cf. H. Hudzik [4], L. Maligranda [6] for the two element case). As
a straightforward consequence it will be derived that for nonzero xj,xs,...,x, in X,
[ 2 x|l = 220, ]l if and only if || 327, Hiﬁ” = n. Each of these conditions
implies that the sharp triangle inequality and the reverse one attain equality at the same
time; the converse is true unless all the norms of xj,x»,...,x, are the same. These
inequalities will be powerful especially for treating geometric properties of Banach
spaces; indeed we shall discuss the uniform non ¢} -ness of X as such an example. The
reverse triangle inequality with two elements immediately yields an inequality by J. L.
Massera and J. J. Schaeffer ([7]; see also Dunkl-Williams [3], [9, p. 516]).

The rest of this paper will be devoted to characterizing equality attainedness for
each of our inequalities under the condition that X is strictly convex. We shall also
obtain that in a strictly convex space X these inequalities attain equality at the same time
if and only if all the norms of x;,xz,...,x, are the same or Hi_i\l = Hi_z\l == Hﬁ—’;”

Mathematics subject classification (2000): 46B20, 46B99.

Key words and phrases: triangle inequality, sharp triangle inequality, reverse triangle inequality, strictly
convex Banach space, uniform non- Z{' -ness.

The first two authors are supported in part by Grants-in-Aid for Scientific Research, Japan Society for the Promotion
of Science (the first author: 18540185, the second author: 18540164).

© ey, Zagreb 451

Paper MIA-10-43



452 MIKIO KATO, KICHI-SUKE SAITO AND TAKAYUKI TAMURA

2. Sharp triangle inequality and its reverse

In a Banach space X the triangle inequality (with n elements) is sharpened as
follows, where we shall obtain its reverse inequality as well.

THEOREM 1. For all nonzero elements xi,xz,...,Xx, in a Banach space X

n n "

)Cj .
E x| +{n— E —Z=|I'] min |Jx;]] <E [
= = Il J1<rsn =

—~
—_
~—

n n
X
x|+ n L) max ||xj]. (2)
; ' ; bl || J r<i<n™
Proof. If ||x1]] = ||x2]| = -+ = ||x]|, both inequalities (1) and (2) hold with
equality. Therefore we may assume this is not the case. Let us see the first inequality.
Let [}y | = min[lxl| : 1 <j < n} and Jo = {j : ]| = oy . 1 <j < n}. Then for
any nonzero xi,--- ,x, € X we have
Z ||xj|| - j; el Z ||xJH
n X
_
2 Tl Z il Z E

> ()
= — — = — | X
— ||, | ey [N A

> e~ 2 (o) ®

JeJ§

WV

n x n

ol OBy (n ) sl
=1 %o xjo” [l
n n

S Y S T
2|\ & Tl ")

from which it follows that

n
— lIx 5ol © Tl = Il

bl 1ol ([
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Hence we obtain

n n n

x;
DIl =1y sl + - Zm [l
7

Jj=1 j=1 j=1
or the inequality (1).
For the second inequality let ||x;, || = max{||x;|| : 1 <j < n}and J; = {j: ||xj]| =
x|, 1 <j<n}. Then we have

an,n N ZHJH an,u

JEN

N Zuhn‘z

2 Tl

Z Hx]”

" ox 1 1
j
= E + E <— - —> X
el = bl /™

j=1
n X
X S () @
h = I P Il Tl
n n
X; 1 1
— |2+ X (- )
2Tl " 2 Tl Tl
n
— | R ZHXJH
)
=1 HXJIH =1 Hth
and hence
n n n X
> gl < Xl + | n— ﬁ [, 1]
=1 j=1 j=1 "

Thus we have the conclusion.

Theorem 1 is reformulated as follows, which estimates the difference of the two
terms in the triangle inequality.

COROLLARY 1. For all nonzero elements x1,xa, . ..,X, in a Banach space X

n
( anu );}Hg gl < sl =
j=1

( Z Hx ” ) lfglagonJH

(5)
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In particular for all nonzero elements x,y in X
C-

(cf. Hudzik [4], Maligranda [6]).

X y .
T > mind{|x][, [Iyl[} < [l + Iyl = [be + ¥l
Iyl H h

e

From (6) an inequality by Massera and Schaeffer is derived ([7]; see also Dunkl-
Williams [3], [9, p. 516]):

COROLLARY 2. (J. L. Massera and J. J. Schaeffer [7]) For all nonzero elements
X,y in a Banach space X

(6)

y
; WH) max{ 1, I/}

y
eyl -2l )
[
Indeed, assume ||x|| < ||y||. Then by the second inequality of (6)
X y
=1+ 2030 = |25 = 2| o1 B+ o,
[l vl g
Hence X y
=51 - |55 = 190 2 = 0 =1
[l iyl g g
Therefore we have
21 > |5 - ] o
[l vl
as desired.
By Theorem 1 we immediately have the following.
COROLLARY 3. Let x1,x2,...,Xx, bearbitrary nonzero elements in a Banach space
X. Then the following are equivalent.
H ZJ liH J i il
(”> |51 | =

REMARK 1. The above condition (ii), or equivalently (i), assures equality at-
tainedness in the both inequalities (1) and (2) at the same time. The converse is true
unless all the norms of x; are the same. We shall treat the equality attainedness for
each inequality of (1) and (2) in the next section under the assumption that X is strictly
convex.

At the end of this section we mention a direct application of Theorem 1 to a
geometric property of Banach spaces. Recall that a Banach space X is called uniformly
non-£} ([5]; see also [1]) provided there exists € (0 < &€ < 1) such that for any
X1, X, in the unit sphere of X there exists 6 = (6;) of n signs +1 for which

<n(l-eg). (8)
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When n = 2, X is called uniformly non-square ([3]; cf. [1]). By virtue of Theorem 1
we immediately have the following fact.

COROLLARY 4. For a Banach space X the following are equivalent.

(i) X is uniformly non- (7.

(ii) There exists € (0 < € < 1) such that for any x,- - - ,x, in the unit ball of X
there exists 0 = (6;) of n signs £1 for which (8) holds true.

Indeed, assume that there exists € (0 < & < 1) such that for any xj,--- ,x, in
the unit sphere of X there exist 6 = (6;) of n signs %1 for which (8) is valid. Take
Xi,- -+ X, from the unit ball of X . If ||x;,|| := min{||x1, || ..., ||x.]|} < 1/2, we have

1 1
<D Il + gl < (=) + 5 < (1= ).

— 2n
J#jo

n
YO
=1

Let ||x,|| > % . According to our assumption there exists n signs (6;) for which (8) is
valid for x;/||x1||,- - - ,%u/||xn|| - Therefore by the first inequality of Theorem 1

o
D [l I

Consequently by letting & = min{%, &} we have the conclusion.

n
> O
=

n n X'
S e e
el ]

< ne (1 5)
<n——=n(l-2).
2 2

3. Equality attainedness in a strictly convex Banach space

In what follows we shall consider equality attainedness for each of our inequalities
in a strictly convex Banach space. The following lemma is quite powerful in our
subsequent discussions.

LEMMA 1. Let X be a strictly convex Banach space. Let x1,X2, . . .,X, be nonzero
elements in X . Then the following are equivalent.

(@)

(id) HZJ"ZI oyx H = >0, ollx;|| with some positive numbers i, 0, .. ., 0.

‘Z};l OtjxjH = >0 ol with any positive numbers o, o, . . ., 0.

]

j
X1 —_ X _— . _Xn
il = =...= )
(i) pam = Tl
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Proof. We see the implications (ii) = (iii) = (i). Assume that sznzl ocjxjH =

Z;l:l o;||xj]| with some positive o, 0, ..., &, . Thenforany 1 <k < n

n
llonxs + awxe] = || o — (D e
j=1

ALk

n
> > o] = > ol
Jj=1 J#£Lk
n
= allxll = oyl
j=1 JALk

= ou [l || + oullxll,

whence ||ogx; + ogxx|| = o |jxr || + ollxk]|. As X is strictly convex, we have i =

T = Then for any positive

Next assume (iii) and let =
Hx m: Tl = Tl = Tl

numbers oy, 0, ..., d, we have

n n n n
> o Xﬁmw=<ZWWWM=Z%ML
j=1 j=1 j=1 j=1

or (i). The rest implication (i) = (i) is trivial.

REMARK 2. Let xp, xg, ...,X, benonzero elements in a general Banach space X .
If 2= then we have

HMH Treall H‘C I
n )
Zn:l xJ _ X1

[

©)

Indeed, since >0, xj = > 0 |l = T » We have || Yo xill =>"0_ ||| and hence
(9). Therefore, if X is strictly convex and if || X7 | ogxl| = 377, oyl|x;|| with some
positive numbers o, 0, . . ., ¢, , we have
Z%:l a]‘x] — X1 . (10)
1220y ol i
THEOREM 2. Let X be a strictly convex Banach space and xi,x3, . .., X, nonzero
elements in X. Let ||x;|| = min{||x;|| : 1 <j < n} and ||x;|| = max{||x;|| : 1 <j <

n}. Let Jo = {j : ||xj|| = ||xj,|l, 1 <j < n}. Then

Z@+< Zun) min ] =3 |l (11)
=1 h

j=1
if and only if either
(@) [lxifl = fleall = - - = [lxall

or

|| Xt
[l 1

(b) ‘ZH = miy forall j € J§ and 3| ”E” =[x, HXH

[EA
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Proof. We first note that, according to (3) in the proof of Theorem 1, the identity
(11) is equivalent to

! 1
ENM|ZQM|W ‘ZMJ > (o en) - 02

Z 2T

Let (11) hold true and assume that the assertion (a) is not the case. Then J§ # (). Put

y:ji: and Z:Z< 1 —#>xj- (13)

A S\l ~ Tl

Then
Zmn (14)

(recall the proof of Theorem 1). By (12) we have

Iyl =1y —2) +zl
< ly =zl + Izl

ww+z( )M|ww
Tl Tl

from which it follows that

I =2) +2ll = [ly =zl + |zl (15)
and
1 1 1 1
”w‘§C®IEﬂ&‘§C@IEﬂW“ (16)
One should note here that (15) and (16) conversely imply (12) or the identity (11).
Now, by (16) and Lemma 1 we have W Hi T for all j € J§, or the first assertion
of (b). fy—z=3"7", HX’ 7 = 0, the latter assertion of (b) is trivial. So we assume

that this is not the case. Then by (15) and Lemma 1

y—z _ z

= (17)
ly=zl |l
(note that z # 0 by (12)). Put o = m HX,\ >0 (j € J§). Then by Remark 2
z 2 jere %% _ % (18)
llzll 1 2 jese il
Combining (17) and (18) we obtain
Zj_l m Xji

)
||Z =1 ”’C]HH ij1”
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as desired.
Conversely, if ||x;,|| = ||x;,||, the identity (11) clearly holds true as mentioned
before. Therefore we assume the case (b) that is,

o= for all j € J (19)

bl IIXJIII

and

(20)

Z sl — Z el

We may merely show (15) and (16). Note first that z # 0. Indeed

(1)~ 2 (e~ wn) Wi
=Y (pr-E)e X
i Ml b ! ey ol ~ Tl ) ;IH

By (19) and Lemma 1 we have (16). Hence (18) is valid by Remark 2, which, combined
with (20), yields that
n X
yoz=y =y -l
= Il [

Consequently we obtain [|(y — z) +z|| = [ly — zl| + [|z]|, or (15). Thus we have the
identity (11), which completes the proof.

Ixh I

THEOREM 3. Let X be a strictly convex Banach space and xi,x3, . .., X, nonzero
elements in X. Let ||x;|| = min{||x;|| : 1 <j < n} and ||x;|| = max{||x;|| : 1 <j <
ny. Let Jy = {j: byl = I |, 1 <j < n}. Then

x| = x|+ max [l (21)
2ot 2o+ (= |5 ) e

if and only if either
(@) [Pl = [leall = - - = [lxall
or

(b) \ZH = “ZE” Jorall j € Ji and Z;?:lxj = || ZjnzliHHgﬁ

Proof. According to (4) in the proof of Theorem 1 the identity (21) is equivalent

to

> 2 (e ) 8| = | i+ 2 (e )l I @2)
= Wbl Nl b i =g AN Y
Assume that (21) is true and () is not the case. Then J§ # (0. Let first 3, x; = 0.

Then by (22)

> () 2 (p1-r)t @

jere
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Therefore by Lemma 1 we have ﬁ = Tl forall j € J§ . The latter assertion of (b)
J

is trivial. Let 37 | x; # 0. Then by (22) and Lemma 1

DY LN B N (24)

[ I 7 A A

Thus we obtain (b).
Conversely, in the case (a) the identity (21) is trivial. We assume (). Let first
1% = 0. By the first assertion of (b) we have

1 1 ) < 1 >
— =)l = | (o o
§<||xj|| o) | = |2 e~ ) Pl ]
1)
Il
-3 (1~ )

jeJy

or (23), which is none other than the identity (22). In case of Z;l:l x; # 0, we have
(24) and hence (22) by Lemma 1. This completes the proof.

Finally we mention the case where both of the inequalities (1) and (2) attain
equality at the same time under the condition that X is strictly convex.

THEOREM 4. Let X be a strictly convex Banach space and xi,x3, . .., X, nonzero
elements in X. Then the equalities

i T I

n
= 2
j=1

( ann) 211
(25)

hold if and only if
(@) [Pl = [leall = - -+ = [lxall
or X X X
1 2 n
(b) —_— = —— = e = —,
el ezl [l

Proof. Assume that the identities (25) hold and (a) is not valid. Then

Z Tl [l = (26)

and hence we have (b) by Lemma 1. Conversely, in case of (a), (25) is trivial. Assume
(b) . Then by Lemma 1 we have (26), which implies (25).



460 MIKIO KATO, KICHI-SUKE SAITO AND TAKAYUKI TAMURA

REMARK 3. Let X be a strictly convex Banach space. Take nonzero x and y in
X with ||x|]| = |ly|| which are not colinear, that is, x # oy for any o« > 0. Then
llx + y|| < ||x]| + [|y]|, whereas in the inequality (1) with two elements equality holds
with these x and y. This asserts that the equality condition of the sharp triangle
inequality is different from that of the triangle inequality.
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