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ON THE LOG-CONVEXITY OF
TWO-PARAMETER HOMOGENEOUS FUNCTIONS

ZHEN-HANG YANG

(communicated by Z. Pdles)

Abstract. Suppose f (x,y) is a positive homogeneous function defined on U(S Ry x R,),

P p—a
then call (;EZ%ZZ;) b= two-parameter homogeneous function and denote by 'Hf (a,b;p,q) .

If f (x,y) is third differentiable, then the log-convexity with respect to parameters p and ¢ of
Hy (p,q) depend on the sign of J = (x —y)(xI)x , where I = (Inf)yy . As applications a group
of chains of inequalities for homogeneous means are established, which generalize, strengthen
and unify Tong-po Ling ’s and Stolarsky’s inequalities, and a reversed chain of inequalities for
exponential mean (identic mean) is derived, which contains a reversed Stolarsky’s inequality.
Several estimations of lower and upper bounds of extended mean are presented.

1. Introduction and main results

The so-called extended mean values between two unequal positive numbers a and
b were defined first by K. B. Stolarsky in [14] as

1
qu—bp P—aq
- 0
<paq_bq) P#4.pq#
1
a’ — b
0,q=0
<p1na1nb> p#0.4
E(a,b;p,q) = @l —pi N\ oo (1.1)
<qlna—lnb> p=0.q7
a’lna—b’Inb 1
_ — 0
ex ( pr— p) P=q#
\/ab p:q:o

As the generalized power-mean, C. Gini obtained a similar two-parameter type
mean in [3]. That is:

al + bP
Gla,bip,q) = \al+ b pra (1.2)
B a”lna+b”lnb) B
T p=4q.
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Observe the above two-parameter type means, we find that their forms are both

P, bP)\ 7a B
(%) ’Wheref(x’y):ﬁ(x’y>07x#y),A(x,y):x;y(x7y>

0). Obviously, they are both homogeneous functions of x and y. Consequently, we
have the following definition.

DEFINITION 1. Assume f: U(SR, x R;) — R, is an n-order homogeneous
function for variables x and y, and is continuous and first order partial derivatives exist,
(a,b) e Ry x R, with a# b, (p,q) € R x R.

If (1,1) ¢ U, then define that

1
&P —a
Hf(a7b;p’q) = (;an:bq;)p ! (p # q,pq 7é 0)7 (13)
Hy(a,bip,p) = limHy(a,bip,q) (1.4)
adfr(a ) Ina+bPfy(a” b)) Inb

= exp( F@ ) ) (p=q#0), (1.5)

fx(x,y) and fy(x,y) denote partial derivative with respect to Ist and 2nd variable of
S (x,y) respectively.

If (1,1) € U, then define further

o (f(a, )\ ? B
Hf(a7b’p70) - <f(1,1) ) (p#07q_0)7 (1'6)
o (fl@ )N
Hy(@.:0.0) = limHy (a.b:p.0) = aPTTHTTT (p =g =0).  (18)
p—)

From Lemma 1, H; (a, b; p, q) is still a homogeneous function of positive numbers
a and b. We call it a homogeneous function of positive numbers a and b with two
parameters p and g, in short, we call it two-parameter homogeneous functions.

The following properties of Hy (p, ) are obvious by some simple calculations:

Property 1. Hy(a,b;p,q) are symmetric with respect to p, g i.e.
Hy(a;b;p, q) = Hy(a,b;4,p). (1.9)

Property 2. Define that

o x(x,y) Inx + yfy (x, y) 1ny>
Gy (x,y) :=ex - , 1.10
7 (0) i enp (L2 LY (1.10)
then .
My (a,b;p,p) = GJ (", V). (1.11)
Property 3. Set T(t) = Inf (&', b"), then
ild' b')1 b'fy(a',b")Inb 1
T/(t) _ af (a ) na -+ fy(a ) n :lnt; (at7bt), (112)

fla,b)
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where 1 #£ 0 if (1,1) ¢ U.
Property 4. If T'(t) is continuous on [p, ¢l , then

I, (p,q) = p%q qp T/ ()dt = p%q /q "InGy . (1.13)

Property 5. If f (x,y) =f (y,x) forall (x,y) € U, then
M (t,—1) = G", (1.14)
T(t) —T(—t) = 2nmtInG, (1.15)

where G = Vab if (1,1) ¢ U.
In the case of not being confused, we set .

Hy=Hs(p.g) = Hy(a,bip.q) = (j‘%) h

1
Grp = Gypla,b) = Gf (", 0") = Hy (p, p)-

By Definition 1, we have H.(a,b;p,q) = E(a,b;p,q) and Ha(a,b;p,q) =
G(a,b;p,q) , which show that the conception of two-parameter homogeneous function
greatly develope the extension of the conception of extended mean and Gini mean.
Nevertheless, the two-parameter homogeneous function is not a mean in general, e.g.
for the case f (x,y) = |x — y|(x,y > 0,x #y) (see case 4 in section 4).

As special cases of the two-parameter homogeneous functions, the extended mean
and Gini mean have been researched by various authors in [19, 18, 16, 14, 13, 12, 11,
10,7, 6, 4, 3, 9]. Tt is worth mentioning that Qi Feng studied the log-convexity for the
parameters of the extended mean in [10], and pointed out the two-parameters mean is
a log-concave function with respect to either parameter p or ¢ on interval (0, +00)
and is a log-convex function on interval (—oo,0). This is a very interesting and useful
result.

The aim of this paper is to investigate the log-convexity with respect to the param-
eters of the two-parameter homogeneous functions, and get the following results:

)

THEOREM 1. Let f(x,y) be a positive n-order homogenous function defined on
U(CSR, x R}) and be third order differentiable. If

J=(x—y)(xD)x < (>)0, where I = (Inf )y, (1.16)

then Hy(p,q) is strictly log-convex (log-concave) with respect to either p or q on
(0, +00), and log-concave (log-convex) on (—o0,0).

REMARK 1. This is a generalization of Qi Feng’s result on the log-convexity of
extended mean values (see [10]).

COROLLARY 1. The conditions are the same as Theorem 1 ’s. If (1.16) holds, then
Hy (p, 1 —p) is strictly decreasing (increasing) in p on (0, %) , increasing (decreasing)
on (4,1).

If f (x,y) is symmetric with respect to x and y further, then the above monotone
interval can be extended from (0, 1) to (—00,0) and (0, %), and (1,1) to (1,1) and
(1,400), respectively.
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COROLLARY 2. The conditions are the same as Theorem 1’s. If (1.16) holds,
then for p,q € (0, +00) with p # q, there is

Gy o < (>)Hy(p,q) < (>)v/GrpGrg: (1.17)

For p,q € (—00,0) with p # q, the inequality (1.17) is reversed.

If f (x,y) is defined on R x R and is symmetric with respect to x and y further,
then substituting p + q > 0 for p,q € (0,400) and p+ q < 0 for p,q € (—o0,0),
(1.17) is also true, respectively.

2. Lemmas

To prove Theorem 1, Corollary 1 and 2, we need the following lemmas, in which
Lemma 1 and 2 are from section 3 in [20].

LEMMA 1. Let f(x,y), g(x,y) be n, m-order homogenous functions over
respectively. Then f - g, f /g, (g # 0) are n+ m,n — m-order homogenous functions
over Q respectively.

If for a certain p with (X,y") € Q, and fP(x,y) exists, then f (X, y), fP(x,y)
are both np -order homogeneous functions over €.

LEMMA 2. Let f(x,y) be an n-order homogeneous function over Q and f,
fy both exist. Then fy, f, are both n — 1-order homogeneous functions over Q.
Furthermore we have

5o+ ¥y = 1. @.1)
Particularly, when n = 1 and f (x,y) is first order differentiable over Q, then

Xfx + yfy = f (22)

X + 3 = 0, (2.3)

X+ = 0. (2.4)

LEMMA 3. Let f(x,y) be a positive n-order homogenous function defined on
U(ER, x Ry) and be second order differentiable. Then
T"(t) = —xyl(Inb — Ina)?, where I = (Inf )y, (2.5)
where x = d',y = b'.

Proof. Since f(x,y) is a positive n-order homogeneous function, from equation
(2.1), we obtain

x(Inf)y +y(nf), =n or x(Inf), =n— y(Inf),. (2.6)
By Property 2, there is
d'f(d,b')Ina+ b'fy(a',b") Inb

F a5

_ X y)Ina+yfy(x,y) Inb
- f(x,y)
=x(Inf)cIna+ y(Inf),Inb
=nlna+ y(Inf),(Inb — Ina).

T'(t) =
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Notice that y(Inf), is a 0-order homogeneous function, so

x(y(nf)y), +y((nf)y), =0, or y(y(Inf),), = —x(y(Inf)y), .

Hence

T'(t) = (Inb—

Ody(In dx oy(Inf), d

Ina) ( yaxf y(ayf)ya%)

— (Inb— lna( (Inf),),a'Ina+y(y (lnf)y)yb’lnb)

= (Inb—Ina) (x(y(Inf),) Ina —x(y(Inf),), Inb)
—(Inb —Ina)’x(y (lnf))

= —xy(Inf)y(Inb — Ina)?

= —xyl(Inb — Ina)>.

The proof is completed. [

LEMMA 4. Let f(x,y) be a positive n-order homogenous function defined on
U(CSR, x Ry) and be third order differentiable. Then

T"(t) = —Ct73J, (2.8)
where J = (x — y)(x I )yt #0,C = xy(x —y)~!(Inx — Iny)* > 0.

Proof. From Lemma 1 and 2, we understand that I = (Inf )., = (ffy ffxfy)/fz
is a —2-order homogeneous function of x and y, thus xyl is a 0-order homogeneous
function. By (2.1), we get

x(xyl)x + y(xyl)y = 0, 0r - y(xyl)y = —x(xyl)y. (2.9)
By Lemma 3 and notice x = &',y = b', and then

T”l(t) _ dTC;t(t) _ d(_xyl(h;f_lna)z)
O(xyl) dx  O(xyl) dy
= (lnblna)z( Ermbri By dt)
= —(Inb—1Ina)*(d'Ina- (xyl), +b'Inb - (xyl)y)
= —(Inb—1na)*((x(xyl);Ina+ ylnb(xyl), Inb))
= —(Inb —1Ina)? (x(xyl),) (Ina — Inb)
= (Inb —Ina)’xy(xl),
= o0 ()
_ (Inx — Iny)?
= —Xym ((x = y)(xD)x)
= —CrJ 0
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LEMMA 5. The conditions of this Lemma are the same as Lemma 3, and f (x,y)
is symmetric with respect to x and y, then the following equations hold:

T'(1)+T'(—1t) = 2nInG, (2.10)
T'(—t) = T"(1). (2.11)

Proof. By direct calculating first and second derivative to variable ¢ in two sides of
equation (1.15) respectively, the equations (2.10) and (2.11) are derived immediately.
The proof is completed. [

REMARK 2. If (1,1) € U,ie. T'(0) exists, then 7'(0) = nInG, thusthe (2.10)
can be rewritten as
T'(t) + T'(—t) = 2T'(0). (2.12)

The following lemma is from Péter Czinder and Zsolt Pdles [2], which are applied
in Stolarsky and Gini means. In fact it will be also applied in the two-parameter
homogeneous functions in section 4.

LEMMA 6. Let f : J — R be symmetric with respect to an element m € J.
Furthermore, suppose that f is convex over the interval JN (—oo,m| and concave
over JN [m,+00). Then, for any interval [p,q) C J

P
FE <o) [ < ()20 2.13)
P—4J4 2
holds if %54 < (=)m.

In (2.13) the reversed inequalities are valid if [ is concave over the interval

JN [—oo,m) and convex over JN [m,+00).

3. Proofs of main results

Next we will prove Theorem 1 and Corollaries 1-2.

Proof of Theorem 1. It needs only to prove the convexity of InHy for p .

1) when p # g, InHy = w,

Oty (p—qT'(p)—Tlp)+T(q) _ &9 (3.1)
p (p—q)? (r—q)* '

9g(p,q) _ 7

o P =97 (p) (3-2)

Pty (0 a)8p.q) ~28p.9) _ kp.q) (33)
op* r—q)° r—q)* '

HoD () gprm (o) (.4)

dp
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Notice k(q,q) = 0, Obviously, if T"(p) > 0, then

821an o k(p,q)
o> (p—9qP
ie. InHy is convexin p. If T"(p) < 0, then it is reversed.
From Lemma 4, when J = (x — y)(xI), < 0, if p € (0,+00),then 7" (p) =
—Cp~3J > 0. While p € (—00,0), then 7" (p) = —Cp~3J < 0.
In the same way, when J = (x — y)(xI), > 0, if p € (0,400),then T"(p) =

>0,

—Cp~3J < 0. While p € (—00,0), then 7" (p) = —Cp~3J > 0.
2) when p = ¢, from (1.12) we have
InH; = T (p), (3.3)
and then
& InH _
o L =7"(p)=—Cp~J. (3.6)

The result in part 2) can be proved in the same way as part 1), of which details
are omitted.
Combining 1) with 2), we complete the proof of this Theorem immediately. [

Proof of Corollary 1.1. It proves only the case of J = (x — y)(xI), < 0.
1) For p € (1,1). Assume p1,ps € (4,1) with p; < py, set

_ P :P2+P1—1
2[72717 2[)271

9

then ¢ ,f >0, a+ B =1 and op, + B(1 —p>) =1—p;. By Theorem 1, H; (p, q)
is log-convex in p on (0, +00), and then

1
=T
i) = ()
(f(pz))zm#*l (f(l—pz))m;—il
f(pr) fp1)
patpi—1

(7"[f(1’7271’71))2"2 - (Hr (1 = pa,p1)) T
HE (2, pO)HE (1= p2,p1)

Hy (ap2 + B(1 = p2),p1)
Hf(l 7p17p1)a

\

i.e. My (p,1—p) is strictly increasing in p on (3, 1).
If p € (0,4), Assume py,p; € (%, 1) with p; < ps,then 1 —p;, 1 —p; € (3,1)
and 1 —p, <1 —py, sothereis
Hf(l_phl_(l_pl)) >Hf(1_p2>1_(1_p2))> (37)

ie. He(pa, 1 —p2) < Hp(pi,1—p1). It shows that Hy(p, 1 —p) is strictly decreasing
in p on (0,1).
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2) If pe(1,400) and f (x,y) is symmetric with respect to x and y. Set

P2 — D1

o= B= with 1 < p1 < pa, 3.8
p2—pi+1 p2—p1+1 pr=p (3:8)
then ¢ ,f>0, a+ P =1 and
ap2+ﬁ(pl_l) = p—1, (3'9)
a(pr —1)+Bp2 = pi. (3.10)

By the log-convexity of Hy(p,q) in p on (0, +00), we have

Hf (p2, 1 *Pz)Hf(m — L1 =p2) > Hy(p2—1,1 = pa);

(3.11)
HE(pr = 1, =pO)HY (pa, —p1) > Hy (pr, —p1).-
Notice that
'y (17 11— ) — (fm=1) Pz+l)lr2 *G% f(1—py) PzHirZ
F\PL= 52 7P2) = \f(Tpm) - F0=p2) ’
Hf(p2—1,1=p2) = H(p1,—p1) =G,
Hf(pl - 1>—p1) = GanJ:I(pl> 1 _p1)7
ZE 2np, T
Mo —p) = (A5)" " = om0 (HE) ™7
and then (3.11) is equivalent to
a Brpi=) ( r(1—py) # n
(a1 = pr) G (fR) >
(3.12)

B
- 2nfipy v n
G (i, 1 = pr)Grt (FE)PT > 6

Taking the ’%‘72 -th, ’% -th power of the two sides in the above two inequali-
ties, respectively, then

B
H;‘(P2+Pl_2>(p2’ 1 7p2)G2ﬁn(p171) (f(l Pl)> > Gn(p2+p1—2)7
f(1=p2)
(3.13)

—a(prtp1) )\’
G20¢"(Pz+p1)7.{f 2+p1 (p1,1 _pl)G2an1 (m) > Gp2tp1)
’ 1

Let the left sides of two inequalities in 3.13 multiply each other, the right sides do
also, we have

B
a(p2t+p1—2) _ —a(p2tpr) _ f=p1) f(p2)
Ty (P2, 1 = p2) Ty (P, 1 =p1) (f(l—pi)f(pf)) (3.14)
N G2n(p2+p1—l)G—Zﬁn(Zpl—l)—20m(p2+Pl)7
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in which the left side is equal to

B
2 — —
H;<p2+pl >(P27 L =p2)H; iy (P11 =p1) (f(fl<p51>f{1(fzz>)z))

_ H;X(P2+Pl_2)+ﬁ(zpz_l>(p27 1 *pz)HJc_a(szrpl)JrB(l_zPl)(171, 1-p1)
— er2+pl_l(P27 1 7[)2)Hf_(pz+pl_l)(pl, 1 7[)1)’
the right side is equal to 1, because

2n(pa +p1 — 1) —2Bn(2p1 — 1) — 20n(p2 + p1)
2n(2p1 — 1) 4+ 2n(p2 + p1) (P2 — 1)

=2n(p2+p1—1)—

p2—p1+1
(2p1 = 1) + (p2 +p1)(p2 — p1)
=2n +p1—1)—
(p2tor =) P —pit1
2 2
pz—(p1—2p1+1)>
=2n +pi—1) -
<(p2 pi=1) p2—pr+1

=0.
Consequently, there is
H;ﬁpl_l(pz, 1 _pz)Hf*(PerPl*l)(pl’ 1—pi)>1

from (3.14), which is equivalentto Hy (p2, 1 —p2) > Hy(p1, 1 —p1) for po+p1—1 >0,
ie. H(p,1— p) is strictly increasing in p on (1,+o00) if f(x,y) is symmetric with
respectto x and y.

If p € (—0,0). Assume pj,p2 € (—00,0) with p; < pa, then 1 — py, 1 —
p1 € (1,+00) with 1—p, < 1—p;, sotheinequality (3.7)is valid,i.e. Hy(p1,1—p1) >
Hy (p2, 1 — p2), which shows that Hy (p, 1 —p) is strictly decreasing in p on (—o0,0).

Combining 1) with 2), the proof is completed. [

Proof of Corollary 1.2. It proves only in the case of J = (x — y)(xI), < 0.

1) By Lemma 4, In Gy, is strictly convexin 7 on (0, +00), and strictly concave
on (—00,0). So when p,q € (0,+00), by using the well-known Hermite-Hadamard
inequality, we have

InGrp +InGyry

5 (3.15)

1 P
In Gf prg < —/ In Gfﬁ,dt <
T2 P—9q q

i.e. inequality ( 1.17) holds. When p, g € (—0,0), (3.15) is reversed, and inequality
(1.17) is also reverse with it.

2) If f(x,y) is defined on R, x R, and symmetric with respect to x and y
further, there is (2.12), meanwhile T(r) is strictly log-convex in ¢ on (0,+00) and
log-concave on (—oo, 0). Using Lemma 6, we can understand the second part of
Corollary (2) is valid. O
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4. Some conclusions concerning L, A, E and D

By Theorem 1, the log-convexity of H; depends on the sign of J = (x —y)(x[)y,
which implies that the judgement for log-convexity comes down to a computation of J
finally. In this section we will combine Theorem 1 with Corollary 1 and 2 to present
some conclusions about log-convexity of H; by some straightforward computations,
where f (x,y) = L(x,y) , A(x,y) , E(x,y) and D(x,y).

Case 1. For f(x,y) = L(x,y) = x;y(x,y > 0,x #y), then

Inx —Iny
1
qga’ —bP\r=d
- 0
(paqbq> » P#4pq 70,
Gup(a,b), p=q#0,
Hola,bip,q) = 4.1
ACBPRD N e, prog-o, -y
Lé(aq7bq)> p=0,9#0,
G(a,b), p=q=0,
N
where G, (a,b) = EP (a?, ") := E,(a,b), E(a,b) = ¢! (Z—b) , G(a,b) = Vab.
1 1
I= (Inf),, =

(x—y)?  xy(nx—Iny)?’

. 2
J=(x=y)l)=(x—y) <_ (x jyyf ! xy(lnxlny)3>
2

-2 (P - 2 wmr)).

xy(x —

1
3
By the well-known inequality L(x,y) > (%) (V) 3 (see[7]), we get J >

0.
a\ =%
REMARK 3. That E(a,b) = ¢! <Z—b> (a,b > 0 with a # b) is called

exponential mean of unequal positive numbers a and b (see[17]), and is also called
identic mean and denoted by I(a, b) . For avoiding confusion, we adopt our terms and
notations in what follows.

Case 2. For f(x,y) = A(x,y) = x;ry(x,y > 0), then

a’ + b’ 7
Ha(a,b;p,q) = <gq ¥ bq> » PF G (4.2)
GA,P(aab)7 pP=49q,
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where G ,(a,b) = Z7 (@, 1) := Z,(a, b), Z(a, b) = &5 ba's.

I= (lnf)xy = 7ﬁa
Y — 2
J=(x—y)(l)s = ﬁ > 0.

b
REMARK 4. That Z(a,b) = a@5bab is a mean value of positive numbers a and
b, and is called power-exponential mean temporarily.

x’C

Case 3. For f(x,y) = E(x,y) = e~ ! (;) o (x,y > 0,x #y), then

0
(%) P #apa#0,
Gepla,b), p=q#0,

He(a,b;p,q) = B (@, 1), p£0.g=0, (4.3)
Ed(a?,b%), p=0,g#0,
G(a,b), p=q=0,

G2

where Gg,(a,b) = Yr (a?,bP) :=Y,(a,b),Y(a,b) = Ee' .

= Inf)y = s (2 =3) = (e 9)Inx = ny).

J= (i y)(at)y = 2=+ F 5T (Inx — Iny)

(x—y)?
X2+ y?
~ 6(lnx —1Iny) X2 —y? ) + 2xy
(x—y)3 Inx? — Iny? 3
X+
22w
By the well-known inequality L(x,y) < — (see[l]), we get J > 0.

_e . .
REMARK 5. That Y(a,b) = Ee'” 7 is also a mean value of positive numbers a
and b, and is called exponent-geometric mean temporarily.

Case 4. For f(x,y) = D(x,y) = |x — y|(x,y > 0,x # y), then

1
a’ — b’ r=q
=5 PF4Pa#0,

GD,p(a7b)> p:CI?é()’

Hp(a,b;p,q) = (4.4)



510 ZHEN-HANG YANG

where Gpp(a,b) = ell’Ell’(aP,bp) = ell’Ep(a,b).
1
(x =)’

I= (=) al)e =~

I= (lnf)x» =

< 0.

2

Applying Theorem 1, Corollary 1 mechanically and 2, meanwhile note that
L(x,y) , A(x,y) , E(x,y) and D(x,y) is symmetric with respect to x and y, and

. | iff =LAE;
f(1,1) ;= lim (x’l):{o ifj::D

and then
1 N f(a,b) iff =LA E;
Hy (0, 1):= ;%Hf(p’l p) = { do notexist if f = D,

T oy f(a,b) iff =LA, E;
My (1,0):= ;l—rHHf(p’l p) = { do notexist if f = D,

we immediately obtain the following conclusions.

Conclusion 1. For f(x,y) = L(x,y), A(x,y) and E(x,y),

1) Hy(p,q) are strictly log-concave with respect to either p or g on (0, +00),
and strictly log-convex on (—o0,0).

2) Hs(p,1 —p) are strictly increasing in p on (—oo, %) , and strictly decreasing
on (3,+00).

3) If p4+g >0, then

Gf,‘% > My (p,q) > /Gy pGr g- (4.5)

(4.5) is reversed if p 4+ g < 0.

Conclusion 2. 1) Hp(p,q) is strictly log-convex with respect to either p or
q on (0,+00), and strictly log-concave on (—o0,0).

2) Hp(p,1 — p)is strictly decreasing in p on (—o0,0) or (0
increasing on (3, 1) or (1,+00).

3) If p,qg > 0, there is

GD,‘% < Hp(p,q) < \/GD,pGD’q. (4.6)

(4.6) is reversed if p,qg < 0.

1

,5)» and strictly

5. The refinements of some classical inequalities and new inequalities

By applying the above conclusions we will present a series of new inequalities
concerning logarithm mean, exponential mean (identic mean ), power-exponential mean
and exponential-geometry mean, meanwhile propose estimations of the upper and lower
bounds of extended mean.
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EXAMPLE 1. A group of chains of inequalities for homogeneous mean. By part 2)

of Conclusion 1, Hy(p,1 — p) is strictly monotone decreasing in p on (%, +00) for
f =L,A and E, so there are

i.e.

1 3 3 1 4 4
— (b’ —a?) )§ —i2—a?) \* —lp3—dd) 1
(w=m) < (o) <

i.e
1

ab(bta) \ 3 (b+bata) \ 2 L (b3 +a%)(b3 +a) 3
( 5 ) <(\/abi3 ) < (ab)»*%

Inequality’s chain (5.4) may be concisely denoted by

1
G3A% < VGH < G3ATA
3

W LI

12
<L<AlA; <H, (5.5)

<A1 <HAT' < Ey,
3 5 3 2
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1 P 5
P+ bP\ P 1 P vab b?
a—; ) ,Ep:E’l’(ap>bp)sHp: @+ ;l)+ ,H=H,.

That L < Ay is well-known Tong-Po Ling’s inequality (see [8]),and L < H 1 was

where A, = (

found by Gao Jia and Jinde Cao in [5]. Now the chain of inequalities (5.5) not only
presents a new proof of Ling’s and Gao’s inequalities, but also strengthen them. In
addition, that L > G3A3 established by E. B. Leach and M. C. Sholander (see[7]) is
strengthened to
12
L> G5AjA] >VGH.
3 3
2) For f(x,y) = A(x,y), notice f (1,1) = 1, likewise we get
2 2 1 13 1 2 4 1
G3A;A73 <GZAJA, " <GSAA,°

L 4401
2 33
L
2

ol

4 ER
<A<AIA]T < AlA (5.6)
5 5 4 4
<AlAT <Al < 7y,
3% 5% 2
P+ bP
where A, = (a ; )11’ , Z, = le’(a”,b”).
. E(a?,b?) . .
3) For f(x,y) = E(x,y), notice f(1,1) =1, E(@b) = Z(a,b), likewise we
a,
get
R 1 L2
G3Z} < G'EIE|" < G3Z,Z;
2 2 3 3
L2 EN
<E<Z)Z} <EE,’ (5.7)
5 5 4 4

where Z, = Z7 (a", "), E, = E7 (a?,b"), Y, = Y7 (a”,P).

L(a®, b? E(a?, b?
REMARK 6. Being similar to L@, b) = A(a, D), that Ela’,b) =Z(a,b) isa

L(a7 b) E(Cl, b)
new identical equation for mean. In fact,
bb b—a a
E(a,b)Z(a,b) = ¢~ <_> bFaghia
au

b b a a
— eilbh+a+b70amib70

1
2\ a2
w?  —2d” b2\ e

— e pr—a gr-@ = ¢! <( )

= E(d*,b%).

REMARK 7. It is easy to verify that
X;(a7 b) = Xp (a*,b%) (5.8)
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are valid for X = A.H,E,Z. Put
X, =X, (5.9)
then (5.5)-(5.7) may be rewritten into

L2
E > HIA,'>A; >H>AJA} > L =VIA (5.10)
53 5 5
342 241 i -3 13
zZ > A‘QA: >A5A; >AJA T >AAC > A (5.11)
2 2 5 5
_1 12
Y > E’E >Z; > E} B> 237 >E, =VEZ (5.12)
2 5 5

That E > A; is well-known Stolarsky’s inequality (see [15]). (5.10) indicates
that HZAz_ can be inserted in between E and Az , 80 (5.10) strengthens Stolarsky’s

1nequahty It follows that Tong-Po Ling’s and Stolarsky s inequality are unified into
the same chain of inequalities and refined by (5.5) or (5.10). At the same time they
are generalized to the case of arithmetic mean and exponential mean (identic mean) by
(5.6) or (5.11) and (5.7) or (5.12) in parallel.

REMARK 8. There include some concise or brand-new inequalities in (5.5)-(5.12),
such as

E>Ay>H>L, (5.13)
from (5.10), as well as Z > A, from (5.11), i.e

24 2
AR iy (5.14)
2
3 1 a% +b%
While Z > A2A| ? may be rewritten into Z > —; -=a+b—Vab,ie.
2 2 az + b2
Z+G
oA (5.15)
2
By (5.7) we get
E<Z% <Y%. (5.16)

Combining (5.13) with (5.16), we get a new chain of inequalities concerning
L HAEZand Y :

Ly <H<A; <E<Z; <Yi. (5.17)

EXAMPLE 2. A reversed chain of inequalities for exponential mean (identic mean).
By part 2) of Conclusion 2, noticed D(1, 1) does not exist, we have

<2 Y <HD<§,§), (5.18)

21
< Ho(3 17

11 32
Hn(3:5) < Hol 3'3)

55)
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ie.
5 3
b 4d b: —ad
CE(Va V) < (| < |
b5 —as b3 —as
LN s g (5.16)
b3 —a? bs —as
< (—“) << 1 a1> ,
bz —as bs —as
i.e.

5
2 11 2
R VB) < (it} < g ay
54453

(5.17)

Q=

~—

—
(ol

1 1 1 1 2 1
< (bf +a#b* +a7)) < ((lﬁ +a

If replace a,b with a?,b* , divide the terms by ¢* and take the square roots of them in
(5.17), then it may be denoted concisely by

/486 8 3 V32 1 o2
E<Y2ipA7l < iA% < 2H < Y2434, (5.21)
e 5 3 e e e 5 3

which is a reversed chain of inequalities of five items in left side of (5.10).

REMARK 9. By (5.10) and (5.21), we get
12
AJA] <H <A; <HIA;'<E
55 5 3

/486 g
L VA VB, (5.19)
e 55 e 3
3
32
<3p< Y32,
e e

Aj.

LIt W=
[FIESRINY

It follows that

| < EJAIA] < U32/e ~ 1.16794, (5.23)
1 < E/HS <53/e ~ 1.10364, (5.24)
I < E/A; <V8/e~ 1.04052, (5.25)
1 < E/H%A%_I < V/486/8e ~ 1.01376. (5.26)

Inequalities (5.23)-(5.26) indicate that regardless the size of positive numbers a
12
and b, the relative error estimating exponentialmean E by AjA; , H, A% and H3A;'
5 5 5 5

are approximate to 17%, 10%, 4% and 1% respectively.

EXAMPLE 3. Estimations of the lower and upper bounds of the extended mean.
From part 3) of Conclusion 2, and notice

Gp, = ePEP (2,)7) =€ E,, (5.27)



ON THE LOG-CONVEXITY OF TWO-PARAMETER HOMOGENEOUS FUNCTIONS 515

we have

ezqu,# < Hp(p,q) </ ell’EpeéEq,ifp,q >0andp #q. (5.28)

If notice further

1

1 1 1
B bp_aPqu_ p\r~1 [(qbl —aP\r—a
HD(PM]) - |bq 7aq| - <q> (p b a‘]) (529)

1

= eL(I’«,Q) HL(p7 q)7

then (5.28) can be rewritten into

11
eAp.9) ~ Lpa) Em < HL([)7 q)
]

o (5.30)

< e A1) TP Equ,
here A _Pta _ ey " 0 with
where (P7Q) - 2 ’ -1 (p>CI) - p+q’ (P7Q) - ln( /q)7p76] > wit

P#q.
Combining (4.5) with (5.30), we can get two other estimated expressions of the

extended mean Hy(p, q) .

emimE)% < HL(p,q) < E,z%, (531)

vV Equ < HL(pa q)
< eAfll(p,q)_m /Equ,

where p,q > 0 with p # g. Inequalities (5.31), (5.32) are reversed if p,q < 0 with
PF#q.

(5.32)

Lastly, we can find out some new inequalities by using the theorem and corollaries
in this paper. No longer discuss it here.
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