athematical
nequalities
& Papplications
Volume 10, Number 3 (2007), 565-573

A FURTHER GENERALIZATION OF ACZEL’S
INEQUALITY AND POPOVICIU’S INEQUALITY

SHANHE WU

(communicated by Z. Pales)

Abstract. In this paper, a new generalization of Aczél’s inequality is established, which contains
as special case a sharpened version of Popoviciu’s inequality:

n N7 u ayb A AN
<a€;a€7) <b[{lz;b?) a1b1<zal 1) maXl{plq} <Z<Zﬁ))

n
where p, q, aj, bj (i = 1,2,---,n) are positive numbers, p~'+g =1, a’f— Za{?>0
=2

n
and b({ -3 by > 0. Moreover, an integral inequality of Aczél-Popoviciu type is given.
=2

1. Introduction

In 1956, Aczél [1] proved the following result:

2

_iaiz b%—ib% < albl—iaibi ) (1)
i=2 i=2 i=2

n
where a;, b; (i=1,2,---,n) are positive numbers such that > — " a? > 0 or b? —
i=2
n

> bi2 > 0. This inequality is called Aczél’s inequality.
= It is well-known that Aczél’s inequality has important applications in the theory
of functional equations in non-Euclidean geometry. In recent years, this inequality
has attracted the interest of many mathematicians and has motivated a large number of
research papers involving different proofs, various generalizations, improvements and
applications (see [2—-11] and references therein).

We state here a brief history on improvements of Aczél’s inequality.

In [12], an exponential extension of Aczél’s inequality was first presented by
Popoviciu, i.e.

Mathematics subject classification (2000): 26D15, 26D20.

Key words and phrases: Acz€l’s inequality, Popoviciu’s inequality, generalized Holder’s inequality,
Bernoulli’s inequality, generalization, sharpen.

© ey, Zagreb 565

Paper MIA-10-53



566 SHANHE WU
THEOREM A. Letp >0, ¢ >0, p~'+q~' =1, andlet a;, b; (i=1,2,--- ,n)

n n
a > 0and b‘f —>"b! > 0. Then
i=2 i=2

1 L
(4-3) (-%u) <om-Fon o
i=2 i=2 i=2

be positive numbers such that a —

Wu and Debnath [13] generalized inequality (2) to the following inequality:
THEOREM B. Let p > 0, ¢ > 0, and let a;, b; (i = 1,2,--- ,n) be positive

numbers such that d — % d? > 0 and bl — 3 b{ > 0. Then
i i

L 1
n D n q n
(a’f - Zaﬁ’) (b‘{ - Zb?) <ot TN gp S a (3)
=2 =2 =2

In arecent paper [14], Wu and Debnath established a further extension of inequality
(3), as follows

THEOREM C. Let p, q, a;, b; (i =1,2,--- ,n) be positive numbers, and let k
k n k n
(1 < k < n) bea positive integer such that Y & — > df >0, S b{— > bl >0
i—1 i=k+1 i=1 i=k+1

iz
and the sequences (aj,az,- - ,a;) and (by,by,--- ,by) are monotonic in the same
direction. Then

1 1

k n P k n q
(S > a) (Lw-3n)
i=1 i=k+1 i=1 i=k+1 (4)

k n
< (I’l —k+ 1)lfmin{pfurq*l,l}kp*l+q717min{(p+q)7l,l} Zaibi _ Z a;b;.
i=1 i=k+1

In this paper, by using the generalized Holder inequality we give a new general-
ization of Aczél’s inequality, our result is a unified improvement of Aczél’s inequality
and Popoviciu’s inequality. Moreover, a new Aczél-Popoviciu type integral inequality
is established.

2. Lemmas

To prove our main results, the following lemmas are necessary.
LEMMA 1. (Generalized Holder inequality [13][15]) Ler p; > 0, a; >0 (i =
1,2,---,n,j=1,2,--- ,m). Then

n m m n Pj
ST < nmax{l—pl—pz—---—pm,O}H< ay) , 5)
=1 1

i=1 j=1
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with equallty holding if and only if aij = a)y = --- = ay (j = 1,2,---,m) for
pL+p2+ -+ pm < 1, 0r = == i (l = 1,2, ) Jfor
prt+p2t--+puw= 1. Zail Zaiz dim

i=1 i=1 i=1
LEMMA 2. Let 0<x <1, o> 0. Then
(1 =x)* <1 —min{e, 1}x, (6)
with equality holding if and only if oo =1 or x = 0.

Proof. When a =1 or x = 0, (6) is the identity. When 0 < o < 1, it follows
from Bernoulli’s inequality [16, p. 34] that (1 —x)* < 1 — ax forall x € (0,1). When
o > 1, wehave (1 —x)* < 1 —x forall x € (0,1), since the function f (x) = a*
(0 < a < 1) is strictly decreasing on (—o0, +00) . Inequality (6) is proved.

LEMMA3. Let 0<x<1, 0<y<1,p>0,qg>0. Then

xy+ (1= aP)r (1 —y7)7 < 2maxli—p~'=a7"0} (1— (& _yq)z)min{p’ﬂq”} (7)

b

with equality holding if and only if ¥’ = y? = % forp=t 4+ g7t <1, 0r ¥ =y for
—1 4 1
p +q =1

Proof. When p > g > 0, it implies that 5 >0, 7 — ;> 0. Using Lemma 1
gives
xy+ (1= )7 (1 —y7)
= ()P ()P (y0)7 7 + (1 —x)7 (1 —y0)P (1 —y9)a »
< gmax{1—p '—g! 0}(yq +(1 fx”))z%(xl’ +(1—y ))},( 94 (1— ))é*%

—q~'.0} (1— (& _yq)2):l) .

When 0 < p < g, it implies that % >0, % é > 0. Using Lemma 1, we have

xy -+ (1= )7 (1= y9)7
= (WP)a ()8 ()P T 4 (1 — )i (1 —xP)i (1 —xP)7 3
<2 TR O (1= )T (1= )8 (1= )P
— pmax{l—p~'—¢~"0} (1—( _yq)Z)é )

When p =¢q, p > 0, g > 0. It follows from Lemma 1 that
xy+ (1= (1 =y = ay+ (1 —x)p(1—y")7
RO 0 4 (1= )P+ (
2max{17’%,0} (1 o (Xp 7yp)2)
—1__—1 1
— pmax{l—p~ —¢~,0} ( — (& =) )p

N
==
I

V)

=
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In addition, the condition of equality for inequality (7) can easily be deduced from
Lemma 1. This completes the proof of Lemma 3.

A combination of Lemma 2 and Lemma 3 leads to the following

LEMMA 4. Let 0 <x <1, O0<y<l1,p>0,g>0. Then
x4 (1= (1 =y 7 < 2m 0700 (1 —minfp ™", g7, 1}0? = 7)?) , (8)
with equality holding if and only if x* = y9 = % forp=t+ g7t <1, 0r ¥ =y for
pl+qg =1,
3. Generalizations of Aczél’s inequality and Popoviciu’s inequality

THEOREM 1. Let p >0, ¢ >0, a; >0, b; >0 (i =1,2,---,n), and let k

k n k n
(1 < k < n) beapositive integer suchthat > di — > df >0 and > b{— > b >
=1 ik =ik
0. Then
k n ’L) k n é
(L3 a) (-3 u)
i-1 i=k+1 i=1 i—k+1

1 1 1 1
k P k q n P n q
<ot () (L) - () (o)
i—1 i—1 i=k+1 i=k+1 )
n n 2
1 1 ’ g
pmax{1—p~'—g~"0} (X T ! if;rl < if;rl K
e () () |
i=1 i=1

max{p, q, 1} k
> af > bf
[ i=1

Equality holds if and only if

(32) /(3] = (32) /(5] =2

or

(5[5 () /(£8) = s

Proof. By the hypotheses in Theorem 1, we find

1
k n p k
0< (Za,e_ Z)/(Z) <1
i=1 i=k+1 i=1

1 1
k n q k q
0< (Zb?— > b?) /(Zbg) <.
i=1 i=k+1 i=1

Tl
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Using Lemma 4 with a substitution:

n 1% k ,zlz
X +— (Zal’ Z ) /(Za‘;’) s
i=k+1 ) i=1 . (10)
k n q k q
v (X m) [ (xm)
i=1 i=k+1 i=1
one obtain
1 1 1 1
k P k n q n P n q
di Z a bl = 3 b > al > bl
i=1 i=k+1 i=1 i=k+1 " i=k+1 i=k+1
k k k
S b ST b! S d ST b!
i=1 i=1 i=1 i=1
k » n ap k p Zn: q 2
ai — i b{ — bj
maxf1—p =g~ 'O . ~1 -1 ; l i:%l l ; l i=k+1 l
SZ {1=p a0 lfmln{p ,q al} & - & )
Sdf S
i=1 i=1
this is
k n n é n ,zlz n é
(T ) (-3 m) o (2 a) (3 n)
i=1 i=k+1 i=k+1 i=k+1 i=k+1
1 1
max{1—p~'—¢~",0} : p S q !
<2 ) (S)
i=1 i=1
L4 )
. b
1 — min{ 1 1 1} i=k+1 l i=k+1 l
X miny ,q °, X X )
>oa > bl
i=1 i=1
hence
k n 117 k n é n 117 n é
(S-S a) (Lo 2ow) o (S a) ()
i=1 i=k+1 i=1 i=k+1 i=k+1 i=k+1
1 1
k P k q
. P N |
< 2mdx{1 p q ',0} (Z a{?) (Z b?)
i=1 i=1
n n 2

1 1 P q
gmax{i=p~' =™, 0) AN ID VL VR
— ('1 1= _ =
maxip, 4, 1) Z“ 20 ‘ ’
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which is the desired inequality (9). In addition, from Lemma 4, we obtain immediately
the condition of equality for inequality (9). The proof of Theorem 1 is complete.

THEOREM 2. Let p > 0, g > 0, and let a;, b; (i = 1,2,--- ,n) be positive

n n
al >0 and b(f —5S"b! > 0. Then
i=2 i=2

numbers such that a’f —
4

1 1
n P n q
(-2 (11~ 320)
i=2 i=2
—1_ 1 1 max{1—p~'—¢~',0} n
< zmax{lfp —q ’O}albl _ ( ) (Zaibi> (11)
=2

n—1
P U U PN GUNYD A
- max{p. ¢, 1} (,._2 (a_f B b_‘{>> '
Equality holds if and only if (2n—2)_ll’a1 =a=---=a, and (2n72)_$b1 =
by=-=by for p gl <1, o0r %Z%:"':Z’—é forp gl =1.

Proof. Putting k = 1 in Theorem 1 gives

1 L
)
i=2 i=2

1 1
n P n q
<o - () (S0) 02
i=2 i=2
2mux{17p717q71,0}a1b1 ’Zl <alp b?) 2
max{p, ¢, 1} — a bl ’
where the equality holds if and only if & / <2; a‘,”) = bl / <2; bf’) =2 forp~ '+

g <1, ora’f/(zcﬁ) = b‘lf/(zb?) forp~ ' +q ' =1.
=2 i=2

On the other hand, it follows from Lemma 1 that

n [L) n ‘Li 1 mux{lfpflqul,ﬂ} n
(Za?) (Zb?) > (n_ 1) (Zm) L (13
i=2 i=2 =2

where the equality holds if and only if @ = a3 = --- =a, and b, = b3 = --- = b,

for pl g < 1, or aé’/(za?) _ b?/(Zb?) (= 2.3, .n) for
i=2 i=2

pl gt =1
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Combining inequalities (12) and (13) yields inequality (11). This completes the
proof of Theorem 2.

Choosing p~! + ¢! > 1 in Theorem 2, we obtain

COROLLARY 1. Letp >0,q >0, p~t+q ' > 1,andlet a;, b; (i=1,2,---,n)

—5"d >0 and b — > b] > 0. Then
1
i=2

i=2
1 L
n P n q
(£ (-2
i=2 i=2

aiby ai i
< aby — E aibj | — ———~ E (— - —) ;
(i—Z > max{p, ¢, 1} (i—Z a bl

with equality holding if and only lf i?,
2

be positive numbers such that

:-~-:Z—’Z andp~' +q'=1.

In particular, putting p~! + ¢ 1 = 1 in Corollary 1, the following sharpened
version of Popoviciu’s inequality is derived

COROLLARY 2. Letp >0, >0, p~'4+q~' =1, andlet a;, b; (i =1,2
n
be positive numbers such that |

,n)
— > d >0 and b — > b} > 0. Then
i=2 '

1 1
(59 (-5
i=2 i=2

a1b1
<apb; — bi
<Z> max{p, 4}

o)

bZ

PN
(7))

with equality holding if and only f

:%l:% A

RARS

4. Integral version of Aczél-Popoviciu type inequality

THEOREM 3. Let p >0, ¢ >0, p ' +g7 ' =1, A>0, B> 0, andlet f, g

be positive Riemann integrable functions on |a,b] such that AP — | b fP(x)dx > 0 and
Bq—f g9(x)dx > 0. Then

(Ap . /H”fp@dx)’% ( ] /f gqmdx)é
2
<an- [ rsan- (/ (- gé?)dx)-
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Proof. For any positive integer n, we choose an equidistant partition of [a, b] as

—da
—1 b
" (n—1) <b,

b
-<a+

b—a
a<at—— <
n

b —
Axi: aa i:1a27"'7

n

n.
Note that the hypotheses A? — f fP(x)dx >0 and B7— f g4(x)dx > 0, which
implies
= i(b—a)\b—a
AP 1 P A LA
ningo ;f (a+ n > n ”
and
—a)\b—a
— 1 — > 0.
w3 (o 50) 0

So there exists a positive integer N such that

Ap—Zf” <a+l(ba)>bna 50
i=1

i(b — b—
B"—Zg" (a—ku)—a >0 forall n> N.
P n n
Applying Corollary 2, one obtain for any n > N the inequality:

oS (e [ (e ) e

and

i=1

<AB—Zf <a+@>g(a+i(b;0)) (b;a)%’ g
(o (e 2252525

—1

AB
max{p, q}

Since p~! + ¢! = 1, the above inequality can be transformed to

o (o] o et

i=1

<A3if<a+@>g(a+@>bna (17)

s 5 (o (6025 2) - o (o)) 5 ]
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where the equality holds if and only if f7 (a +° ) JAP = g1 (a + ) /B,
i=1,2,---,n

In view of the hypotheses that f, g are positive Riemann integrable functions
on [a,b] and p > 0, g > 0, we conclude that fg, 7, g7 are also integrable on
[a,b]. Passing the limit as n — oo in both sides of inequality (17) together with the
definition of definite integral, which yields the inequality (16). The proof of Theorem
3 is complete.
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