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POSITIVITY OF A CLASS OF COSINE SUMS, II

QINGHE YIN

(communicated by C. E. M. Pearce)

Abstract. Assume that a0 � a1 � · · · � an � · · · > 0 . If (3k − 1)a2k−1 � 3ka2k for k � 1 ,
then, for all n � 0 and 0 � x < π one has

n∑
k=0

ak cos kx > 0.

This generalizes a theorem of Vietoris, in which the condition on the coefficients is (2k −
1)a2k−1 � 2ka2k .

1. Introduction and main results

It is well known that for 0 < x < π one has
n∑

k=1

sin kx
k

> 0 (1)

and
1 +

n∑
k=1

cos kx
k

> 0 (2)

(1) and (2) are known as Fejér ([4]) and Young ([7]) inequalities respectively. In 1958,
Vietoris [6] gave a dramatic improvement of (1.1) and (1.2). He proved

THEOREM A. (Vietoris). If a0 � a1 � · · · � an > 0 and (2k − 1)a2k−1 � 2ka2k

( k � 1 ), then for 0 < x < π one has

n∑
k=1

ak sin kx > 0 and
n∑

k=0

ak cos kx > 0.

Vietoris also showed that Theorem A is equivalent to the following extreme case:

THEOREM B. (Vietoris). Let a0 = a1 = 1 and

a2k = a2k+1 =
2k − 1

2k
a2k−1
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for k � 1 . Then
n∑

k=1

ak sin kx > 0 and
n∑

k=0

ak cos kx > 0.

The result of Vietoris on sine sums is the best possible in the sense that the
coefficient sequence is decreasing and as large as possible. But for cosine sums, it is
not the case. In 1984, Brown and Hewitt showed in [1] that if a0 � a1 � · · · > 0 and
2ka2k−1 = (2k+1)a2k then we have

∑n
k=1 ak cos kx > 0 for all n � 0 and 0 � x < π .

In 2001, Brown and the current author obtained further improvement in [3]. We changed
the condition on coefficients into a0 � a1 � · · · > 0 and (2k+1)a2k−1 = (2k+2)a2k .

Notice that the coefficients in Theorem B can be expressed as

a0 = a1 = 1 and a2k = a2k+1 =
k∏

j=1

(
1 − 1

2j

)
, for k � 1.

If we define

a(α)
0 = a(α)

1 = 1 and a(α)
2k = a(α)

2k+1 =
k∏

j=1

(
1 − 1

2j + α

)
, for k � 1

and
U(α)

n (x) =
n∑

k=0

a(α)
k cos kx

then Vietoris theorem B presents that, for all n � 0 and 0 � x < π , we have
U(0)

n (x) > 0 . The Brown-Hewitt result in [1] is correspond to α = 1 and the Brown-
Yin result in [3] is with α = 2 . It is not true for α = 3 , since, for example, we have
U(3)

3

( π
3

)
< 0 .

Now we improve the Vietoris result for cosine sums in another way. Define

b(α)
0 = b(α)

1 = 1 and b(α)
2k = b(α)

2k+1 =
k∏

j=1

(
1 − α

j

)
, for k � 1.

We can also express b(α)
2k and b(α)

2k+1 in the following form:

bα2k = b(α)
2k+1 =

(1 − α)k

k!

where (s)0 = 1 and (s)k = s(s + 1) · · · (s + k − 1) for k � 1 . Define

Vα
n (x) =

n∑
k=0

b(α)
k cos kx.

Then Vietoris theorem B presents that V(1/2)
n > 0 for all n and 0 � x < π . In this

paper, we consider α = 1
3 . For the convenience of writing, we will use bk to denote

b(1/3)
k .
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THEOREM 1. Let bk be defined as above. Then for all n � 0 and 0 � x < π we
have n∑

k=0

bk cos kx > 0.

By an argument of summation by parts we obtain the following result:

THEOREM 2. Assume that c0 � c1 � · · · � cn � · · · . If

c2k

c2k−1
� 3k − 1

3k

then for all n � 0 and 0 � x < π we have
n∑

k=0

ck cos kx � 0.

REMARK 1. Theorem 1 implies the Brown-Hewitt result for U(1)
n (x) , since for all

k � 1 we have a(1)
2k

a(1)
2k−1

=
2k

2k + 1
� 3k − 1

3k
.

REMARK 2.Neither of Theorem 1 and the positivity of U(2)
n contains the other. In

fact, a(2)
2

a(2)
1

=
3
4

>
2
3

=
3 · 1 − 1

3 · 1
and

b2k

b2k−1
=

3k − 1
3k

>
2k + 1
2k − 1

for k � 3 .

REMARK 3. It is known that the sum
∑n

k=1
1

nα cos kx is uniformly bounded bellow
if and only if α � α0 , where α0 = 0.308443 · · · is the root of the equation∫ 3π/2

0

cos t
tα

dt = 0.

(Littlewood, Salem and Izumi, see [8]). By this and the fact that the limit limn→∞ nαb2n

exists (see the proof of Lemma 3 in next section), we see that for α < α0 , V(α
n (x) is

not uniformly bounded bellow. Hence it is possible to have V(α
n (x) < 0 for some n

and some 0 < x < π . Brown et al proved in [2] that 1 +
∑n

k=1
1

nα cos kx � 0 for

0 � x < π , when α � α0 . I wonder if it is also true for V(α)
n .

REMARK 4.All the numerical calculations involved in the proof of Theorem 1 have
been done by using Maple V.

By Theorem 2 we can obtain the following result:

THEOREM 3. Assume that d0 � d1 � · · · � dn > 0 and 3kdk−1 � (3k − 1)dk ,
for k � 1 . Then for 0 < x < 2π , 0 � δ � 1

4 and 1
4 � η � 1

2 , we have

n∑
k=0

dk cos(k + δ)x > 0 and
n∑

k=0

dk sin(k + η)x > 0.
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In fact, the result for the cosine sum with δ = 1
4 follows from Theorem 2 and

cos 2kx + cos(2k + 1)x = 2 cos(2k +
1
2
)x cos

x
2
.

Replacing x by 2π − x , we obtain the result for the sine sum with η = 1
4 . As δ < 1

4
and η > 1

4 , the results follow from

cos(k + δ)x = cos(k +
1
4
)x cos(

1
4
− δ)x + sin(k +

1
4
)x sin(

1
4
− δ)x

and

sin(k + η)x = sin(k +
1
4
)x cos(η − 1

4
)x + cos(k +

1
4
)x sin((η − 1

4
)x.

We will prove Theorem 1 in following sections. In section 2 we first calculate
the infinite sum

∑∞
n=0 bk cos kx , and then estimate the “tail” and the coefficients of

the series. These results appear as three Lemmas. From section 3 to 5 we consider a
subinterval in each section.

2. Lemmas

From now on, we use Cn(x) to denote the sum
∑n

k=0 bk cos kx . First we calculate
the infinite sum C∞(x) :

LEMMA 1. For 0 < x < π we have

C∞(x) = 21/3 cos
x
2

(sin x)−2/3 sin
π + x

6
.

Proof. For |z| � 1 , z �= 1 , we have

(1 − z)−2/3 =
∞∑

n=0

(2/3)n

n!
zn =

∞∑
n=0

b2nz
n

where (s)n has the same meaning as in section 1. Furthermore,
∞∑

n=0

bnz
n =

∞∑
n=0

(b2nz
2n + b2n+1z

2n+1) =
∞∑

n=0

b2n(z2n + z2n+1)

= (1 + z)
∞∑
n=0

b2nz
2n = (1 + z)(1 − z2)−2/3.

Set z = cos x + i sin x . Then

(1 + z)(1 − z2)−2/3 =
∞∑

n=0

bn(cos nx + i sin nx) = C∞(x) + iS∞(x). (3)

We have

1 − z2 = 1 − cos 2x − i sin 2x = 2 sin2 x − 2i sin x cos x

= 2 sin x (sin x − i cos x) = 2 sin x
(
cos(

π
2
− x) − i sin(

π
2
− x)

)
= 2 sin x e−i π−2x

2 .
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Hence,

(1 − z2)−2/3= (2 sin x)−2/3
(
ei(π−2x)

)1/3
= (2 sin x)−2/3ei π−2x+2jπ

3

= (2 sin x)−2/3

(
cos

π − 2x + 2jπ
3

+ i sin
π − 2x + 2jπ

3

) (4)

where j = 0, 1 or 2. We need to determine the value of j . Now we have⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∞∑
n=0

b2n cos 2nx = (2 sin x)−2/3 cos
π − 2x + 2jπ

3

∞∑
n=0

b2n sin 2nx = (2 sin x)−2/3 sin
π − 2x + 2jπ

3
.

When x = π/2 , both sine sum and cosine sum are convergent and the sine sum is
equal to 0 . Hence we need to set j = 0 . Therefore

(1 − z2)−2/3 = (2 sin x)−2/3

(
cos

π − 2x
3

+ i sin
π − 2x

3

)
. (5)

We also have

1 + z = 1 + cos x + i sin x = 2 cos2 x
2

+ 2i sin
x
2

cos
x
2

= 2 cos
x
2

(
cos

x
2

+ i sin
x
2

)
.

(6)

By (5) and (6) we can get

(1 + z)(1 − z2)−2/3 = 2 cos
x
2
(2 sin x)−2/3ei 2π−x

6 . (7)

Then

C∞(x) = Re
(
(1 + z)(1 − z2)−2/3

)
= 2 cos

x
2
(2 sin x)−2/3 cos

2π − x
6

= 2 cos
x
2
(2 sin x)−2/3 sin

π + x
6

.

This completes the proof of Lemma 1.

Next we estimate the “tail” of the infinite series. We have

LEMMA 2. Let m =
[

n+1
2

]
. Then

Cn(x) � C∞(x) − b2m

2 sin x
2

[
− sin(n +

1
2
)x

+
1

6(m + 1) sin x

(
cos(2m +

1
2
)x +

2
(
1 + sin(2m + 3

2 )x
)

3(m + 2) sin x

)]
.
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Proof. For fixed � , consider
∑n+j

k=n+1 bk cos kx . Using summation by parts we get

n+�∑
k=n+1

bk cos kx =
n+�−1∑
k=n+1

(bk − bk+1)
k∑

j=n+1

cos kx + bn+�

n+�∑
j=n+1

cos jx.

We have
n+k∑

j=n+1

cos jx =
sin(k + 1

2 )x − sin(n + 1
2 )x

2 sin x
2

.

Hence, when � → ∞ ,

∞∑
k=n+1

bk cos kx =
∞∑

k=n+1

(bk − bk+1)
sin(k + 1

2 )x − sin(n + 1
2 )x

2 sin x
2

.

Recall that b2k = b2k+1 . Let m =
[

n+1
2

]
. Then

∞∑
k=n+1

bk cos kx =
1

2 sin x
2

∞∑
k=m

(b2k − b2k+2)
(

sin(2k + 1 +
1
2
)x − sin(n +

1
2
)x
)

= −b2m
sin(n + 1

2 )x
2 sin x

2

+
1

2 sin x
2

∞∑
k=m

(b2k − b2k+2)sin(2k +
3
2
)x

= −b2m
sin(n + 1

2 )x
2 sin x

2

+
1

2 sin x
2

∞∑
k=m

b2k

3(k + 1)
sin(2k +

3
2
)x.

(8)

Using summation by parts on the sum
∑∞

k=m
b2k

3(k+1)sin(2k + 3
2 )x and noting that

b2k

k + 1
− b2k+2

k + 2
=

4
3(k + 1)(k + 2)

we get

∞∑
k=m

b2k

k + 1
sin(2k +

3
2
)x =

∞∑
k=m

(
b2k

k + 1
− b2k+2

k + 2

) k∑
j=m

sin(2j +
3
2
)x

=
∞∑

k=m

(
b2k

k + 1
−b2k+2

k + 2

)
cos(2m + 1

2 )x − cos(2k + 5
2 )x

2 sin x

=
b2m cos(2m + 1

2 )x
2(m + 1) sin x

− 2
3 sin x

∞∑
k=m

b2k

(k + 1)(k + 2)
cos(2k +

5
2
)x.

(9)
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Substituting (9) into (8) and applying summation by parts on the sum∑∞
k=m

b2k
(k+1)(k+2) cos(2k + 5

2 )x , we obtain

n∑
k=0

bk cos kx =
b2m

2 sin x
2

(
− sin(n +

1
2
)x +

cos(2m + 1
2 )x

6(m + 1) sin x

)

− 1
9 sin x

2 sin x

∞∑
k=m

(
b2k

(k+1)(k+2)
− b2k+2

(k+2)(k+3)

) k∑
j=m

cos(2j +
5
2
)x

� b2m

2 sin x
2

[
− sin(n +

1
2
)x

+
1

6(m + 1) sin x

(
cos(2m +

1
2
)x +

2
(
1 + sin(2m + 3

2 )x
)

3(m + 2) sin x

)]
.

Next we estimate b2m in terms of 1
(2m+ 1

2 )1/3 .

LEMMA 3. For all m � 1 we have

b2m � 1

(2m + 1
2 )

1/3
· 21/3

Γ(2/3)
<

0.93044

(2m + 1
2 )

1/3
.

Proof. It is known that

Γ(s) = lim
n→∞

ns−1n!
(s)n

(10)

(see G. Pólya & G. Szegö [4], II31, p. 54). Letting s = 2/3 we have

lim
m→∞ m1/3b2m =

1
Γ(2/3)

.

Thus

lim
m→∞

(
2m+

1
2

)1/3

b2m = 21/3 lim
m→∞m1/3b2m

(
1+

1
4m

)1/3

=
21/3

Γ(2/3)
< 0.93044.

We complete the proof by showing that that
{(

2m + 1
2

)1/3
b2m

}
is increasing with

respect to m :(
2m + 2 +

1
2

)1/3

b2m+2 −
(

2m +
1
2

)1/3

b2m

=

((
2m + 1 +

1
2

)1/3

b2m

)⎡
⎣(1 − 1

3(m + 1)

)
−
(

1 − 1

m + 1 + 1
4

)1/3
⎤
⎦ .

For 0 < x < 1 we have

(1 − x)1/3 < 1 − 1
3
x − 1

9
x2.
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This is because the third derivative of (1 − x)1/3 is negative. Hence

(
1 − 1

m + 1 + 1
4

)1/3

< 1 − 1
3
· 1

m + 1 + 1
4

− 1
9

(
1

m + 1 + 1
4

)2

=1 − 1
3(m + 1)

+
1

12(m + 1)(m + 1 + 1
4 )

− 1

9(m + 1 + 1
4 )

2

=1 − 1
3(m + 1)

+
1

3(m + 1 + 1
4 )

(
1

4(m + 1)
− 1

3(m + 1 + 1
4 )

)

<1 − 1
3(m + 1)

.

This complete the proof.

3. Proof of Theorem 1: 0 � x � π
n

The method to prove Theorem 1 for 0 � x � π
n is standard. We have

C′
n(x) = −

n∑
k=1

kbk sin kx � 0.

We need to check that Cn
( π

n

)
> 0 :

Cn

(π
n

)
=

n∑
k=0

bk cos
kπ
n

=
[n/2]∑
k=0

(
bk cos

kπ
n

+ bn−k cos
(n − k)π

n

)

=
[n/2]∑
k=0

(bk − bn−k) cos
kπ
n

> 0.

4. Proof of Theorem 1: π
2m+ 1

2
� x � 2π

2m+ 1
2
.

Next we consider π
2m+ 1

2
� x � 2π

2m+ 1
2
, where m = [ n+1

2 ] , because by Lemma 2, it

is more convienient to consider this interval than to consider π
n � x � 2π

n . Notice that
we have π

2m+ 1
2

< π
n . Let x = t+π

2m+ 1
2
. We rewrite Lemma 2 as follows.

Cn(x) � C∞(x) − b2m

2 sin x
2

[
− sin(n +

1
2
)x

+
1

6(m + 1) sin x

⎛
⎝− cos t +

2
(
1 − sin(t + t+π

2m+ 1
2
)
)

3(m + 2) sin x

⎞
⎠
⎤
⎦ .

(11)
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Notice that for 0 � t � π we have

2(m + 1) sin x = 2(m + 1) sin
t + π

2m + 1
2

> 2(m+1)

⎛
⎝ t+π

2m+ 1
2

−1
6

(
t+π

2m+ 1
2

)3
⎞
⎠ � t+π, for m � 1.

(12)

We first assume 0 � t � π
2 and then consider π

2 < t � π .

4.1. 0 � t � π
2

We go by two steps. First we further simplify (11) into

Cn(x) � C∞(x) − b2m

2 sin x
2

[
sin t +

2

9(2m + 1
2 )

2

]
. (13)

Then we use (13) to prove Theorem 1 for this interval.

A. proof of (13) . When 0 � t � π
2 we have

− sin(n +
1
2
)x � − sin(2m +

1
2
)x = sin t.

By (12) we have

2
(
1 − sin(t + t+π

2m+ 1
2
)
)

3(m + 2) sin x
� 4

3(t + π)

(
1 − sin(t +

t + π
2m + 1

2

)

)
.

If t + t+π
2m+ 1

2
� π

2 then

− cos t +
4

3(t + π)

(
1 − sin(t +

t + π
2m + 1

2

)

)
� 4

3π
(1 − sin t) − cos t < 0. (14)

The “< 0 ” is by the convexity of 4
3π (1 − sin t) − cos t for 0 � t � π

2 . When
t + t+π

2m+ 1
2

> π
2 then

− cos t+
4

3(t+π)

(
1− sin(t+

t+π
2m+ 1

2

)

)
� 4

3(t+π)

(
1− sin(

π
2

+
t+π

2m+ 1
2

)

)

=
4

3(t+π)

(
1− cos

t+π
2m+ 1

2

)

� 4
3(t+π)

· 1
2

(
t+π

2m+ 1
2

)2

=
2(t+π)

3
(
2m+ 1

2

)2 .

(15)

By (14) and (15) we get (13).
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B. proof of Theorem 1 with 0 � t � π
2 . By (13), Lemma 1 and Lemma 3,

2 sin
x
2
Cn(x)

� (2 sin x)1/3 sin
π + x

6
− b2m

(
sin t +

2

9(2m + 1
2 )

2

)

�
(

2 sin
t + π

2m + 1
2

)1/3

sin
π
6
− 0.93044

(2m + 1
2 )

1/3

(
sin t +

2

9(2m + 1
2 )

2

)

� 2−2/3

⎛
⎝ t + π

2m + 1
2

− 1
6

(
t + π

2m + 1
2

)3
⎞
⎠

1/3

− 0.93044

(2m + 1
2 )

1/3

(
sin t +

2

9(2m + 1
2 )

2

)

�

⎡
⎢⎣ (t+π)1/3

22/3

⎛
⎝1−1

6

(
t+π

2m+ 1
2

)2
⎞
⎠

1/3

−0.93044

(
sin t+

2

9(2m+ 1
2 )

2

)]
1

(2m+ 1
2 )

1/3
.

For t � π
2 and m � 4 ,⎛

⎝1 − 1
6

(
t + π

2m + 1
2

)2
⎞
⎠

1/3

�
(

1 − 1
6

(
3π/2
8.5

)2
)1/3

=

(
1 − 1

6

(
3π
17

)2
)1/3

> 0.98262

and
2

9(2m + 1
2 )

2
� 2

9 × 8.52
< 0.00308.

Therefore,

2 sin
x
2
Cn(x) �

[
0.98262

(t + π)1/3

22/3
− 0.93044 (sin t + 0.00308)

]
1

(2m + 1
2 )

1/3

�
[
0.61901(t + π)1/3 − 0.93044 sin t − 0.00287

] 1

(2m + 1
2 )

1/3
.

Let u(t) = 0.61901(t + π)1/3 − 0.93044 sin t − 0.00287 . Then, for 0 � t � π
2 ,

u′(t) =
0.61901

3
(t + π)−2/3 − 0.93044 cos t

u′′(t) = −2 × 0.61901
9

(t + π)−5/3 + 0.93044 sin t

and

u′′′(t) =
6.1901

27
(t + π)−8/3 + 0.93044 cos t > 0.

Since u′′(0) < 0 , u′′(π/2) > 0 and u′(0) < 0 , u′(π/2) > 0 , we see that u′(x)
has exactly one zero at (0, π/2) . Since

u′
(π

3

)
=

0.61901
3

(π
3

)−2/3
− 0.93044 cos

π
3

= −0.2516 · · ·
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we can conclude that, for t < π
3 ,

u(t) � u
(π

3

)
= 0.61901

(
4π
3

)1/3

− 0.93044 sin
π
3
− 0.00287 = 0.18918 · · · .

When t > π
3 ,

u(t) � 0.61901

(
4π
3

)1/3

− 0.93044− 0.00287 = 0.06452 · · · .

4.2. π
2 < t � π

Now we consider π
2 < t � π . In this interval, we use 1 to replace − sin(n + 1

2 )x .
For m � 4 , we have⎛

⎝1 − 1
6

(
t + π

2m + 1
2

)2
⎞
⎠

1/3

�
(

1 − 1
6

(
2π
8.5

)2
)1/3

> 0.96867.

Also we have t + π
2m + 1

2

<
π
4

.

We need to split this interval into two parts. For π
2 � t � 2π

3 , by Lemma 2 and
(12) we have

Cn(x) − C∞(x) � − b2m

2 sin x
2

[
1+

1
3(t+π)

(
4

3(t+π)

(
1− sin(t+

t+π
2m+ 1

2

)

)
+ cos

π
3

)]

� − b2m

2 sin x
2

[
1 +

1
3(t + π)

(
4

3(t + π)
+

1
2

)]

� − b2m

2 sin x
2

[
1 +

4
9(t + π)2

+
1

6(t + π)

]

� − b2m

2 sin x
2

[
1 +

4

9( 3π
2 )2

+
1
9π

]
� −1.05539b2m

2 sin x
2

.

Therefore,

2 sin
x
2
Cn(x) � 0.96867

22/3
· (t + π)1/3

(2m + 1
2 )

1/3
− 1.05539b2m

�
[
0.61022(t + π)1/3 − 0.93044× 1.05539

] 1

(2m + 1
2 )

1/3

�
[
0.61022

(π
2

+ π
)1/3

− 0.98198

]
1

(2m + 1
2 )

1/3
>

0.04107

(2m + 1
2 )

1/3
> 0.

When 2π
3 � t � π , we have
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Cn(x)−C∞(x) � − b2m

2 sin x
2

[
1+

1
6(m+1) sin x

(
4

3(t+π)

(
1− sin(t+

t+π
2m+ 1

2

)

)
+1

)]

� − b2m

2 sin x
2

[
1 +

1
6(m + 1) sin x

(
4

3(t + π)

(
1 + sin

π
4

)
+ 1

)]

� − b2m

2 sin x
2

[
1 +

4 + 2
√

2
9(t + π)2

+
1

3(t + π)

]

� − b2m

2 sin x
2

[
1 +

4 + 2
√

2
(5π)2

+
1
5π

]
� −1.09134b2m

2 sin x
2

.

Therefore,

2 sin
x
2
Cn(x) � 0.96867

(t + π)1/3

22/3

1

(2m + 1
2 )

1/3
− 1.09134b2m

�
[
0.61022(t + π)1/3 − 0.93044× 1.09134

] 1

(2m + 1
2 )

1/3

�
[
0.61716

(
5π
3

)1/3

− 1.01546

]
1

(2m + 1
2 )

1/3
>

0.04416

(2m + 1
2 )

1/3
> 0.

5. Proof of Theorem 1: 2π
2m+ 1

2
� x � π

2 .

Now we consider 2π
2m+ 1

2
� x � π

2 , i.e., t � π but x � π
2 . We use 1 to dominate

− sin(n + 1
2 )x , − cos t and sin(t + t+π

2m+ 1
2
) . Then

Cn(x) − C∞(x) � − b2m

2 sin x
2

[
1 +

1
6(m + 1) sin x

(
8

3(t + π)
+ 1

)]

� − b2m

2 sin x
2

[
1 +

8
9(t + π)2

+
1

3(t + π)

]

� − b2m

2 sin x
2

[
1 +

4 +
√

2
9(2π)2

+
1
6π

]
� −1.07557b2m

2 sin x
2

.

Therefore,

2 sin
x
2
Cn(x) �

( sin x
4

)1/3
− 1.07557b2m � 2−2/3

(
sin

2π
2m + 1

2

)1/3

− 1.07557b2m

�

⎡
⎢⎣(π

2

)1/3

⎛
⎝1 − 1

6

(
2π

2m + 1
2

)2
⎞
⎠

1/3

− 1.07557× 0.93044

⎤
⎥⎦ 1

(2m + 1
2 )

1/3
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�

⎡
⎣(π

2

)1/3
(

1 − 1
6

(
2π

10.5

)2
)1/3

− 1.07557× 0.93044

⎤
⎦ 1

(2m + 1
2 )

1/3

� 1.12603− 1.07557× 0.93044

(2m + 1
2 )

1/3
> 0.

Now we consider m = 2 , 3. For m = 2 , and t � π
2 , we have

x =
t + π
4.5

� 2π
9

.

Thus (n = 3 or 4)

2 sin
x
2
Cn(x)n � sin

π + 2π/9
6

(2 sin x)1/3 − b4

[
sin

π
3

+
8

9π2

]

= sin
11π
54

(
2 sin

2π
9

)1/3

− 5
9

[
1 +

8
9π2

]
� 0.6493 − 0.6056 > 0.

For m = 2 and t � π
2 , we have

x =
t + π
4.5

� π
3
.

Therefore,

2 sin
x
2
Cn(x) � sin

π
4

(
2 sin

π
3

)1/3
−5
9

[
1+

2
9π

+π
8

9(3π/2)2

]
� 0.8491− 0.6171 > 0.

For m = 3 we shall follow the same routine as m = 2 . First assume that t � π
2 .

Then (n = 5 , or 6)

x =
t + π
6.5

� 2π
13

,

which follows
π + x

6
� 5π

26
.

Therefore

2 sin
x
2
Cn(x) � sin

5π
26

(
2 sin

2π
13

)1/3

− b6

[
1 +

8
9π2

]

� 0.5543− 40
81

[
1 +

8
9π2

]
= 0.5543− 0.5384 > 0.

If t � π
2 , then

x =
t + π
6.5

� 3π
13

.

Hence

2 sin
x
2
Cn(x) � sin

8π
39

(
2 sin

3π
13

)1/3

− 40
81

[
1 +

2π
9

+
32

81π2

]
� 0.66 − 0.5486 > 0.
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6. Proof of Theorem 1: π
2 � x � π

In this section we consider π
2 � x < π . First we assume that n � 4 and then we

check for n = 2 and 3. It is trivial for n = 0, 1 .

6.1. n � 4 .

Assume that n � 4 . Denote

Dk(x) =
k∑

j=0

cos jx =
1
2

+
sin(k + 1

2 )x
2 sin x

2

.

Then by means of summation by parts (we set m = [ n
2 ] and recall that b2k = b2k+1 ),

Cn(x) =
n∑

k=0

bk cos kx

=
n−1∑
k=0

(bk − bk+1)Dk(x) + bnDn(x)

=
m∑

k=0

(b2k − b2k+2)D2k+1(x) + bnDn(x)

=
m−1∑
k=0

(b2k−2b2k+2+b2k+4)×

×
k∑

j=0

D2j+1(x)+(b2m−b2m+2)
m∑

j=0

D2j+1(x)+bnDn(x).

(16)

It is easy to check that b2k−2b2k+2+b2k+4 > 0 . We show that
∑k

j=0 D2j+1(x) > 0 .
We have

k∑
j=0

D2j+1(x) =
k + 1

2
+

1
2 sin x

2

∑
j=0

k sin(2j +
1
2
)x

=
k + 1

2
+

cos x
2 − cos(2k + 5

2 )x
4 sin x

2 sin x

=
1

4 sin x
2 sin x

[
2(k + 1) sin

x
2

sin x + cos
x
2
− cos(2k +

5
2
)x
]

=
1

4 sin x
2 sin x

[
(k + 2) cos

x
2
− (k + 1) cos

3x
2

− cos(2k +
5
2
)x
]

.

Set t = π − x and define

Fk(t) = (k + 2) sin
t
2

+ (k + 1) sin
3t
2
− sin(2k +

5
2
)t.
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Then
∑k

j=0 D2j+1(x) is a positivemultiple of Fk(t) . We have F′
k(0) = 0 , F′′

k (0) =
0 and

F′′′
k (t) = −k + 2

8
cos

t
2
− 27(k + 1)

8
cos

3t
2

+
(

2k +
5
2

)3

cos(2k +
5
2
)t.

When (2k + 5
2 )t < 2π

5 , i.e. t < 8π
20k+25 ,

F′′′
k (t) >

(
2k +

5
2

)3

cos
2π
5

− 28k + 29
8

>

(
8k3 + 30k2 +

15
2

k +
125
8

)
× 0.3 − (3.5k + 3.625) > 0

for all k � 0 . Thus, for 0 < t < 8π
20k+25 , Fk(t) > 0 . When 8π

20k+25 � t � π
2 ,

Fk(t) > (k + 2)

[
4π

20k + 25
− 1

6

(
4π

20k + 25

)3
]

+ (k + 1)

[
12π

20k + 25
− 1

6

(
12π

20k + 25

)3
]
− 1 > 0

for all k � 0 . Therefore, for π
2 � x < π ,

∑k
j=0 D2j+1(x) > 0 . By this (16) can be

simplified as following:

Cn(x) > (b0 − 2b2 + b4)D1(x) + bnDn(x)

=
2
9
(1 + cos x) + bn

[
1
2

+
sin(k + 1

2 )x
2 sin x

2

]

� 2
9
(1 + cos x) + bn

[
1
2
− 1

2 sin x
2

]

� 2
9
(1 + cos x) + b4

[
1
2
− 1

2 sin x
2

]

=
2
9
(1 + cos x) +

5
9

[
1
2
− 1

2 sin x
2

]

=
1

18 sin x
2

[
4 sin x cos

x
2

+ 5 sin
x
2
− 5

]
.

Define
G(x) = 4 sin x cos

x
2

+ 5 sin
x
2
− 5.

Then G(π/2) > 0 and G(π) = 0 . In addition,

G′(x) = 4 cos x cos
x
2
− 2 sin x sin

x
2

+
5
2

cos
x
2

=
(
12 cos2

x
2
− 10.5

)
cos

x
2

< 0

for π
2 < x < π . Hence G(x) � 0 for π

2 < x < π . This proves Cn(x) > 0 on [ π2 , π)
for n � 4 .
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6.2. n = 2 and 3 .

It remains to prove Theorem 1 for n = 2 and 3 on
[ π

2 , π
)
. For n = 2 ,

C2(x) = 1 + cos x +
2
3

cos 2x

=
4
3

cos2 x + cos x +
1
3

=
1
3

(
2 cos x +

3
4

)2

+
1
3
− 3

16
> 0.

For n = 3 , noting that −1 < cos x � 0 when π
2 � x < π ,

C3(x) = C2(x) +
2
3

cos 3x

=
4
3

cos2 x + cos x +
1
3

+
2
3
(4 cos3 x − 3 cos x)

=
8
3

cos3 x +
4
3

cos2 x − cos x +
1
3

� −8
3

cos2 +
4
3

cos2 x + cos2 x +
1
3

=
1 − cos2 x

3
> 0.

Now we have completed the proof of Theorem 1.
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