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POSITIVITY OF A CLASS OF COSINE SUMS, 11
QINGHE YIN

(communicated by C. E. M. Pearce)

Abstract. Assumethat ag >a; > -+ 2 ay > --- > 0.If (3k—1)ay,_; > 3kay, for k > 1,
then, forall n > 0 and 0 < x < 7 one has

n
Z ay cos kx > 0.
k=0

This generalizes a theorem of Vietoris, in which the condition on the coefficients is (2k —
Dagg—y 2 2kayy, .

1. Introduction and main results

It is well known that for 0 < x < 7 one has

sin kx
ke 0 (1)
k=1
and ", coskx
1+ >0 2

(1) and (2) are known as Fejér ([4]) and Young ([7]) 1nequal1t1es respectively. In 1958,
Vietoris [6] gave a dramatic improvement of (1.1) and (1.2). He proved

THEOREM A. (Vietoris). If ap > a1 > -+ > a, > 0 and (2k — V)ag—1 > 2kay
(k> 1), then for 0 < x < 1 one has

n

Zaksmkx>0 and Zakcoskx>0
k=1 k=0

Vietoris also showed that Theorem A is equivalent to the following extreme case:
THEOREM B. (Vietoris). Let ay = a; = 1 and

2k — 1

Ao = A2kl = — 77 A2k—1
N 2k
Mathematics subject classification (2000): 42A32, 42A05, 26D05.
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628 QINGHE YIN

for k> 1. Then

n n
Zak sinkx >0 and Zakcoskx > 0.
k=1 k=0

The result of Vietoris on sine sums is the best possible in the sense that the
coefficient sequence is decreasing and as large as possible. But for cosine sums, it is
not the case. In 1984, Brown and Hewitt showed in [1] that if ap > a; > --- > 0 and
2kaz—1 = (2k+ 1)ay; then we have ZZZI agcoskx >0 foralln >0and 0 < x < 7.
In 2001, Brown and the current author obtained further improvementin [3]. We changed
the condition on coefficients into ap > a; = --- > 0 and (2k+ 1)an—; = (2k+2)az.

Notice that the coefficients in Theorem B can be expressed as

k
1
Cl():al:l and a2k2a2k+lzg<l_2_j>’f0rk>l

If we define

a(()oc) — ai"” =1 and azk = a2k+1 H (

fork > 1
2J+ >

and n
= Z a,@ cos kx
k=0

then Vietoris theorem B presents that, for all » > 0 and 0 < x < 7, we have
U,(,O> (x) > 0. The Brown-Hewitt result in [1] is correspond to oo = 1 and the Brown-
Yin result in [3] is with oo = 2. It is not true for ¢ = 3, since, for example, we have
G)(x
Uy’ (%) <o0.
Now we improve the Vietoris result for cosine sums in another way. Define

k
b =p® =1 and b = bgﬁl = H <1 — ;ﬁ) , fork > 1.
j=1

(o) (o)

We can also express b,,” and b,/ in the following form:

e (I—ak
blzxk_bZkJrl_T

where (s)o =1 and (s)y =s(s+1)---(s+k—1) for k > 1. Define

= Z b,((a) cos kx.
k=0

Then Vietoris theorem B presents that V,Sl/ 2) > ( forall n and 0 < x < m. In this

paper, we consider o = % . For the convenience of writing, we will use b; to denote

JSusy
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THEOREM 1. Let by be defined as above. Then for all n > 0 and 0 < x < 1w we
have n
Z by coskx > 0.
k=0
By an argument of summation by parts we obtain the following result:
THEOREM 2. Assume that co 2 ¢y 2 ---2¢cp = - . If
Cok < 3k—1

Cok—1 = 3k
thenforall n > 0 and 0 < x < m we have

n

Z crcoskx > 0.
k=0

REMARK 1. Theorem 1 implies the Brown-Hewitt result for Uf,”(x) , since for all
k > 1 we have (1)

ay; 2k 3k—1
0 "%l 3%
Dok—1
REMARK 2. Neither of Theorem 1 and the positivity of U,<,2) contains the other. In
fact, (2)

@ 3 2_31-1
agz) 43 3.1
and
by  3k—1 _2k+1

bu—1 3k Z k-1

for k > 3.

REMARK 3.1t is known that the sum ZZ: h n% cos kx is uniformly bounded bellow
if and only if o > o, where oy = 0.308443 - - - is the root of the equation

3m/2 f
/ L
tO(
0

(Littlewood, Salem and Izumi, see [8]). By this and the fact that the limit lim,,—, oo n%b2,
exists (see the proof of Lemma 3 in next section), we see that for o0 < o, v (x) is

not uniformly bounded bellow. Hence it is possible to have V,ga(x) < 0 for some n
and some 0 < x < 7. Brown et al proved in [2] that 1 + Y ; | - coskx > 0 for

0 <x < m,when a > og. I wonder if it is also true for V,Sa) .

REMARK 4. All the numerical calculations involved in the proof of Theorem 1 have
been done by using Maple V.
By Theorem 2 we can obtain the following result:

THEOREM 3. Assume that dy > dy > -+ > d, > 0 and 3kdy—, > (3k — 1)d,
for k> 1. Thenfor 0 < x < 2m, 0<5<%and%<n<%,wehave

> dicos(k+8)x>0 and Y disin(k+n)x > 0.
k=0 k=0
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In fact, the result for the cosine sum with 6 = i follows from Theorem 2 and
1
cos 2kx + cos(2k 4+ 1)x = 2 cos(2k + E)x cos %

Replacing x by 27 — x, we obtain the result for the sine sum with 1 = % .As 0 < %
and n > i , the results follow from

cos(k + 8)x = cos(k + %)xcos(% — 0)x + sin(k + %)x sin(% —8)x

and

1 1 1 1
sin(k + n)x = sin(k + Z)xcos(n — Z)x + cos(k + Z)x sin((n — Z)x

We will prove Theorem 1 in following sections. In section 2 we first calculate
the infinite sum Z;io by cos kx, and then estimate the “tail” and the coefficients of
the series. These results appear as three Lemmas. From section 3 to 5 we consider a
subinterval in each section.

2. Lemmas
From now on, we use C,(x) to denote the sum >, bx cos kx. First we calculate
the infinite sum Coo (x):
LEMMA 1. For 0 < x < T we have

2/3 . T+x

Coo(x) =273 cos% (sinx)™ 77 sin 5

Proof. For |z] <1, z# 1, we have

(2/3)n -
(1 _ Z)72/3 / ZbZnZ

n=0

where (s), has the same meaning as in section 1. Furthermore,

anZ — Z bZnZZn + b2n+112n+1) _ szn(ZZn + Z2n+1)
n=0 n=0

=(1+2)Y b = (1+2)(1 - )73,
Set z =cosx +isinx. ThenIT0

(14+2)(1—2)"2P = ancosnerlsmnx) Coo(X) 4 iSoo (x). 3)
n=0

We have
1—72=1—cos2x —isin2x = 2sin®>x — 2i sin x cos x
= 2sinx (sinx — icosx) = 2sinx (cos(g —x) — isin(g fx))

—2x

. e
=2sinxe ' 2



POSITIVITY OF A CLASS OF COSINE SUMS, 1T 631

Hence,
. 1/3 L T—2X42jT
(1 - 2)~2P= (2sinx)~2/> (e’<ﬂ_2x)) — (2sinx) "R
—2x+2j —2x+72j (4)
=(2 sinx)_z/3 (cos e e );+ Ll + isin AZX+n );+ Jﬂ)

where j = 0,1 or 2. We need to determine the value of j. Now we have
= T —2x+ 271
Z by, cos 2nx = (2sinx) %3 cos ot an

n=0

Z by, sin 2nx = (2sinx) %3 sin u

n=0

When x = 7/2, both sine sum and cosine sum are convergent and the sine sum is
equal to 0. Hence we need to set j = 0. Therefore

-2 -2
(1 —22)723 = (2sinx) 3 (cos T 2X  isinZ x) . (5)
We also have
14+z= 1+cosx+isinx:2coszg+2isin§cos%
2 cos al (cos X + isin x) ©)
= = — +isin—).
2 2 2

By (5) and (6) we can get

(1+2)(1 —2)723 =2cos %(2 sinx)*2/3e"m(+x. (7)

Then

Coo(x) = Re ((1 +2)(1 - Z2)72/3)

2m —x T+x

= 2cos %(2 sinx) ~2/3 cos = 2cos %(2 sinx) ~%/3 sin

This completes the proof of Lemma 1.
Next we estimate the “tail” of the infinite series. We have

LEMMA 2. Let m = ["3!]. Then

b 2m

- =
2s1n§

Cu(x) = Coo(x) {— sin(n + %)x

1 1, 2(L+sin(2m+ ;p))]

- - 2 -
T T S S L Y ey pem
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Proof. For fixed ¢, consider ZZ; +1 brcoskx. Using summation by parts we get

n+t n+l—1 n+{
E by coskx = E (bx — bry1) E coskx + by ¢ E COS jX.
k=n+1 k=n+1 j=n+1 j=n+1
We have ek
sin(k + 4)x — sin(n + 4)x
E cosjx = — .
2sin 3
Jj=n+1 2

Hence, when ¢ — oo,

sin(k + 4)x — sin(n + 4)x

Z by coskx = Z by — biy1) TS E
3

k=n+1 k=n+1

Recall that by = by . Let m = [%] Then

- 1 : 1 : 1
Z brcoskx = TonE Z(bZk — bari2) (s1n(2k +1+ E)x —sin(n + E)x)
k=n+1 2 k=m
sin(n + 3)x R , 3
— by, : ba — b 2%+ 2
> 2sin3 + 2sin 3 §( 2% = baw2)sin(2k + 2)x )
sin(n + 3)x 1 by . 3
= —02m . " 2k = )X
> 2sin 3 * 2sing & 3(k+1)sm( * 2)x

Using summation by parts on the sum »_.° 3(%1) sin(2k + %)x and noting that

by batr _ 4
kt1 k+2 3ktrDkt2)

we get
k

bzk . 3 > b2k b2k+2 . . 3
2k+ = )x = — 2i4 =
ik o) kZ:m (k+1 k+2 ,Z:m sin(2j+ 5 )x

B i by byya\ cos(2m + 1)x — cos(2k + 3)x
k+1 k+2 2sinx

o0

k=m

k=m
_ bamcos(2m+ 3)x
~ 2(m+ 1)sinx

2 b 5
2k + = )x.
3smxz(k+ 1)(k+2) cos( +2)x

©)
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Substituting (9) into (8) and applying summation by parts on the sum
Yoo W cos(2k + 3)x, we obtain

m . 1 2 + l
Zbkcoskx _ b (— sin(n + E)x—k M)

2sin 3 6(m+ 1)sinx

= bok by
- (2
9sin 5 sinx kz ( k+1)(k+2)  (k+2)(k+3) Z cos(2j +

=m

me
<
2sin 5

1 1
e (cos(2m + §)x +

o+

6(m+ 1) sinx 3(m+2)sinx

2 (1 +sin(2m + 3)x) >]

Next we estimate by, in terms of o )1 7

LEMMA 3. Forall m > 1 we have
1 21/3 0.93044
b2m < 1 : <
@m+ )3 T(2/3) = (2m+5)'3

Proof. It is known that

n~In!
I'(s) = lim ——
n—oo (S)n

(see G. Pdlya & G. Szegé [4], 131, p. 54). Letting s = 2/3 we have

1
lim m"3by, = —
mooo UM T T(2)3)

(10)

Thus

1 1/3 13 13 1 1/3 21/3
li 2m+— by, =277 1i by | 14— = 0.93044.
mL“olo( ’”*2) 2 mie 2 < +4m) T23) ©

We complete the proof by showing that that { (2m + %) 3 b2m} is increasing with
respect to m:

1 1/3 1 1/3
(27’)’1 + 2 + 5) b2m+2 - <2m + 5) b2m

1/3
1\'"? 1 1
= 2 1+ = by l-— -1 - —
<<m+ Jr2) 2) ( 3(m+1)> ( m+1+i>

For 0 < x < 1 we have
1 1
(1-x)1"P<1- 3 §x2.
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This is because the third derivative of (1 — x)'/3

1/3 2
1 1 1 1 1
l——— <l-= 1 g 1
m+1+ 3 3 m+l+; 9\m+1+;

1 1 1
N N
3m+ 1) R2m+ )m+1+1) 9m+1+ 1)

is negative. Hence

i 1 N 1 1 B 1
3m+1)  3m+1+4) \4m+1) 3m+1+7)
1

l— ——.
< 3(m+1)

This complete the proof.

3. Proof of Theorem1l: 0 <x <

ERE]

The method to prove Theorem 1 for 0 < x < % is standard. We have

- Zkbk sinkx < 0
k=1

We need to check that C, (£) > 0:

n [n/2]
k k —k
Cy (%) = E by cos 7% = ,;:0 <bk cos 7” + bp_i cos w)
n/2

km
_Zbk ,,kcos—>0
n

4. Proof of Theorem 1: ~—Z < x < —2&..
2m+§ 3

2n
m+l
n

is more convienient to consider this interval than to consider TSx< 27” . Notice that

where m =[],

Next we consider # <x < because by Lemma 2, it
2

we have ZLI < I Letx =47 . Werewrite Lemma 2 as follows.
m+ 5 n 2m+ 5
b2m . 1
Cﬂ 2 COO - . - ~
(x) (x) Zsin? { sin(n + 2)x
2 (1 —sin(r + 52%) (1)
1 2m+§
+———— | —cost+

6(m+ 1)sinx 3(m+2)sinx



635

POSITIVITY OF A CLASS OF COSINE SUMS, II

7 we have
. . t+7

2(m+ 1)sinx = 2(m + 1) sin

(m+1) (m+ Dsin 257

Notice that for 0 < <

3
+m
+ ) > t+m, form > 1.

t+n 1
2m+%

> 2(m+1 —
( ) 2m+% 6
We first assume 0 < ¢ < 7 and then consider 5 <7< 7

41. 0<t<7%
We go by two steps. First we further simplify (11) into
2

sintf + ———
9(2m + %)2

Then we use (13) to prove Theorem 1 for this interval
A. proof of (13). When 0 <7< § we have

. 1 . 1 .
—sin(n + E)x < —sin(2m + E)x =sintz.

By (12) we have
2 (1= sin(e + £2)) A ,
mid) o 1 —sin(r+ —— ) ).

3(m+2)sinx 3(t+m) 2m + 5

Ift+2:n++”% < % then
4 t+m 4 .

—cost+ —— | 1 —sin(t + ——— < —(1 —sint) —cost < 0. 14

3(t+7z)< in( 2m—|—%)> 37 ) (14)

The “ < 07 is by the convexity of %(1 —sin#) — cost for 0

t+ zttfl > % then
4 1+ 4 T 47
—cost+——— | 1—sin(¢t+ < 1—sin
3(t+7r)< ( 2m+%)> 3(t+n)< (2 2m+1
4 t+r
= 1—cos :
3(t+m) 2m+5

<1<

(12)

(13)

z
3 -

i)

2(r+m)

When

4

1

1
< - _
3(1+7) 2<2m+2> 3

(14) and (15) we get (13).

(2m+§

)

(15)
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B. proof of Theorem 1 with 0 <t < 5. By (13), Lemma 1 and Lemma 3,

2sin %Cn (x)

T
> (2sinx)'/3 sin X

2
— bay | sing + ———
2 ( 9(2m+§)2>

1/3
n) o 0.93044

, 2
- |sinr 4 ———
"6 am+ 33 (Sm 9(2m + %)2>

1/3

2
3
t+m 1 t+m 0.93044 2
>2723 —— - |sinr+—"—
(2m+% 6 <2m+%> (2m+ 1)1/3 ( 9(2m+ 1)?

1/3

2
t+m . 2
—0.93044 ( sin 7+ )
<2m+%> ( ' 9(2m+%)2> (2m+1)1/3

1 ’ 13/221/3 132\
t+m T T

1— - >(1-- —(1-=(= > 0.98262
6<2m+%> ( 6(8.5)) ( 6(17))

and

1

2

(t+m)'/3 L
22/3 6

=

2 2
<
92m+ 1) T 9 %852

< 0.00308.

Therefore,

X (t+m)'/3 . 1
2sin 3Gy (x) > [0.982627 — 0.93044 (sin 7 + 0.00308) @

= [0.61901(t + n)1/3 — 0.93044 sint — 0.00287} 7(2 i
m-+ 5
2

Let u(t) = 0.61901 (¢ + 7)'/3 — 0.93044 sins — 0.00287 . Then, for 0 < 7 < %,

0.61901
W' (1) = (t + m) =3 — 0.93044 cost
2 % 0.61901
u"(t) = fw(t + 1) +0.93044 sin¢
and 6.1901
W (1) = ——=(t+m)~%3 +0.93044 cost > 0.

27

Since u”(0) < 0, u”(m/2) > 0 and u’'(0) < 0, u'(7/2) > 0, we see that u'(x)
has exactly one zero at (0, 7/2). Since

y (n) _ 0.61901 (E

—2/3 T
z 5 3) —0.93044cos 3 = —0.2516---

3
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we can conclude that, for < %,

A\ 13
ult) > u (g) — 0.61901 (7”) ~0.93044 sing —0.00287 = 0.18918 - - - .

When ¢ > %,
o\ /3
u(t) > 0.61901 <T> —0.93044 — 0.00287 = 0.06452 - - - .

4.2. <t<m®m

[SIE]

Now we consider Z < ¢ < 7. In this interval, we use 1 to replace — sin(n + 3)x.
For m > 4, we have

1 irn\ 122\

t T T

- >(1-2 (2 0.96867.
6<2m+%> ( 6(8.5)) -

Also we have

t+m < T
2m+1 4
We need to split this interval into two parts. For % <t < 27” , by Lemma 2 and
(12) we have

bom [ 1 4 . +m /s
Colx) — Coo () = — =22 |1 1—sin(t+ il
(x) ® > 7t | 30w (3(r+ﬂ) ( sin( +2m+%)> oo 3)]

5 _ b -1+ ! + 41
~ 2sin | 3(t+m) \3(t+m) 2

_ me _1 + 4 n 1

~ 2sini | 9(r+m)?  6(t+m)
bom | 4 1 1.055392,

= X 1 + 3T\2 + - > T A X

2sin 3 | 9(7) o 2sin 3
Therefore,
0.96867 (1 1/3
25in =G, (x) > L UETD T 055396y,

2 22/3 (2m + %)1/3

> 0. 3 —o0. : IEIRTYE

> [0.61022(1 + 7)'/* — 0.93044 x 1.05539) G T
L 004107

Cn+ 0P~ s P

1/3
> [0.61022 (g n n) _ 0.98198]

When 27” <t < m, we have
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boy [ 1 4 . t+m
Gl *Cm 2‘7 p 1 P 1- — 1
() () 2sin} +6(m—&—1)s1n)c (3(H—7‘c) ( Sln(t+2m+%)> * )

> b [y ! A (1+sinz)+1
~ 2sin} | 6(m+1)sinx \3(t+ 7) 4

b m
> 2 14 4+ 2\/5 1
2sin § 9+ m)?  3(t+m)

b 442vV2 1| 1.09134by,

~ 2sin} (57)2  5m 2siny
Therefore,
1/3
k) ! — 1.09134b,,,

x
in — > 0.
2s1n2C,,(x) > 0.96867 25 (2m+ 1)

> [0.61022(; + 1)1/ — 0.93044 x 1.09134} T O
2

sm\ '/ 1 0.04416
> [0.61716 (—”) ~ 101546 > >0
3 Cm+ )37 2m+ 3)13

2m+%
—sin(n + §)x, —cost and sin(t

Now we consider =2+ < x < Z,ie., t > mbut x < 7. We use 1 to dominate
_|_

bon | 1 8
n - Loo 2‘* . 1 . 1
Calx) = Cool) 2sin3 | + 6(m+1)sinx <3(t+7r) * )]

_ b2m [ + 8 + 1

2sing | 9(t+m)?  3(r+m)
b | 4+V2 1 1.07557b2,

— g vz 1 > o

2sin 3 92m)?  6m 2sin 3
Therefore,
. 13 ) 1/3
25in 2 Co(x) = (%) 1.07557bay > 2723 [ sin ——— |~ 1.07557ba,

1/3

2
1/3 1{ 2
> (f) - ( id ) — 1.07557 x 0.93044

2 6\ 2m+1 (2m+ 3)'3
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1/3

m\1/3 1/ 27 \? 1
> (2 - (= —1. ) S S—
= (2) (1 6(10.5)) 1.07557 x 0.93044 (2m+%)1/3

1.12603 — 1.07557 x 0.93044

Now we consider m = 2, 3. For m = 2, and ¢t < Z, we have
o EEL 27
4.5 9

Thus (n =3 or4)

27/9 8
TH27/9 5 sinx) /3 — by {sing + W]

= sin ll—n 2sin2—ﬁ 1/3—§ 1—&—i
o 54 9 9 92

> 0.6493 — 0.6056 > 0.

2sin %Cn(x)n >

For m =2 and t > Z, we have
t+nm _w
YT 45 73
Therefore,
X T m\1/3 5 2 8
25in 2Cy(x) > si —(2' —) 1 —° | >0.8491—0.6171 > 0.
sin 5 (x) = sin 7 (2sin 3 [ +9ﬂ+ 5B /2) >

For m = 3 we shall follow the same routine as m = 2. First assume that ¢ < % .
Then (n =5, or6)

e t+m 2
T 65 13
which follows
n+x _ 5S¢
= —.
6 26
Therefore
2\ /3
2s1n2C() sm;—z<2sinl—§) — b {IJF%]
40 8
> 05543 — — |14+ —| = 0.5543 — 0.5384 > 0.
81 [ * 97r2] ~
If t > 7, then
6.5 13

1/3
4 2 2
2sin = C() sm8— 2sin 3y 40 1+—ﬂ+3— > 0.66 — 0.5486 > 0.
9  8ln?
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6. Proof of Theorem1: 7 <x< 7

In this section we consider % < x < m. First we assume that n > 4 and then we
check for n = 2 and 3. Itis trivial for n =0, 1.

61. n>4.

Assume that n > 4. Denote

Z 1 Sin(k =+ %)x
oS = 2t smE

Then by means of summation by parts (we set m = [5] and recall that by, = by ),

= ibk cos kx
k

n—

= Z(bk — bk+1)Dk(x) + b”D”(x)

=0

- o

>~

= Z(bZk — b2k+2)D2k+1(X) + b,,Dn(x) (16)

».
Il
- o

3

—

(bok—2boky2+bok ) X

T
(=}

m

X ZD2J+1 +(ban—bami2) > Daji1 () +buDn(x).
j=0

Itis easy to check that by —2boy 2 +bori4 > 0. We show that ZJI.;O Dyjy1(x) > 0.
We have

_ k41 1 U |
ZD2]+1 > + .£st1n(21+§)x

2sin
2 j=0

_ k1 +cos’2—‘—cos(2k+%)x
2 4sin 3 sinx
o

~ 4sin%sinx
1

x 3x 5
=——|(k+2 - —(k+1 - - 2k + —)x| .
Fsin % sinx {( + )cos2 (k+1)cos 5 cos( +2)x]

5
{Z(k + 1)sin )_ZC sinx + cos % — cos(2k + §)x}

Set t = m — x and define

Fr(t) = (k+2)s1n§ (k+ )sin%—sin(Zk—F%)t.
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Then Z]];O Dyj11(x) is apositive multiple of Fy(¢). We have F;(0) =0, F;/(0) =
0 and

k+2 27(k+1 3
F'(1) =~ g COS% - %Cos % + <2k+ %) cos(2k + %)t.

When (2k+ 3)t < ¥, ie. 1 < 5505,

5\° 2m 28k+29
F,'!’(t)><2k+ 5) cos?ﬂ—T+

15 125
> <8k3 + 30K 4+ —k + ?) x 0.3 — (3.5k +3.625) > 0

forall k > 0. Thus, f0r0<t<20k+25, ¥ (1) > 0. Whenmgtgg,

Fi(t) > (k+2)

dr 1 4 \°
20k+25 6 \20k+25
127 1 12z \°
= (——"_)|-1>0
20k+25 6 \20k+25

for all k£ > 0. Therefore, for 7 < x < 7, ZJ o D2j+1(x) > 0. By this (16) can be
simplified as following:

C,,(x) > (b() —2by + b4)D1 (x) + b,D, ( )

+(k+1)

2 1 sin(k+ 1)
i~ bn A .
9( + cosx) + 5+ 25’
2 1 1
> = Z_
9( + cosx) + b, B 2sin§}
2 (1 1
z bulZ —
z gl +cosn)+ba )3 2sin§}
20
9

(1 —&-cosx)—&-—{l— IX]

= 18sin% [4sinxcos)—£ +55in§ 75} .

Define

G(x) = 4sinxcosg + SSin% —-5.

Then G(7/2) > 0 and G(x) = 0. In addition,
') = f,--féf,( 2 105)cos s
G'(x) —4cosxcos2 2 sinxsin 5 + 5 €08 5 = 12 cos 3 10.5) cos 5 < 0

for § < x < m. Hence G(x) > 0 for § < x < m. This proves C,(x) > 0 on [%, )
forn>4.
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6.2. n=2 and 3.

It remains to prove Theorem 1 for n = 2 and 3 on [%, n) .Forn=2,
2
Cy(x) =14 cosx + 3 cos 2x

4 cos’ x + cosx + !
== X X+ =
3 3

1 3\ 13
=-12 - - ——>0.
3(cosx+4> +3 16>
For n = 3, noting that —1 < cosx < 0 when § <x <,

2
Cs3(x) = Co(x) + 3 cos 3x

4 |
= gcoszx—kcosx—i- 3 + §(4cos3x— 3 cosx)

8 cos3 + 4 0052 cos x +
== X+ = X — X+ =

3 3 3
> 8 cos? +4 cos’ x + cos® x + !
= —= - X x4+ =

3 3 3

1 —cos?x

=—>0.
3

Now we have completed the proof of Theorem 1.
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