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BESSEL POTENTIAL SPACES WITH VARIABLE EXPONENT
PETR GURKA, PETTERI HARJULEHTO AND ALES NEKVINDA

(communicated by B. Opic)

Abstract. We show that a variable exponent Bessel potential space coincides with the variable
exponent Sobolev space if the Hardy-Littlewood maximal operator is bounded on the underlying
variable exponent Lebesgue space. Moreover, we study the Holder type quasi-continuity of
Bessel potentials of the first order.

1. Introduction

The (classical) Bessel potential space £*”(R"), 1 < p < oo, consists of all

functions u,
u=gqx*f, where f € [’(R").

Here g is the Bessel kernel of the order o > 0. It is well know that when o is a
natural number the space £%7(R") (with the norm of u defined as [|f ||;»(r») ) coincides
with the Sobolev space W*?(R") and the corresponding norms are equivalent. The
aim of this paper is to study this question in variable exponent case, that is, when the
exponent p is a measurable function p: R" — [p,,p*], 1 < p. <p* < 0.

If the variable exponent Lebesgue space /(") (R") is defined (see the next section),
the variable exponent Sobolev space W*?(")(R") consists of all measurable functions
u € [’V)(R") whose distributional derivatives up to the order k belong to /() (R").
These spaces have attracted steadily increasing interest over the past five years. The
research was motivated by the differential equations with non-standard growth and
coercivity conditions arising from modeling certain fluids called electrorheological
(cf. [21]).

We define the variable exponent Bessel potential space £%*() (R") as in the clas-
sical situation. Assuming that the Hardy-Littlewood maximal operator M is bounded
on the variable exponent Lebesgue space L") (R") we show that the variable exponent
Bessel potential space £¢7()(R") and the Sobolev space W*?()(R"), k € N, coincide
and their norms are equivalent.

As an application we study the Holder type quasi-continuity of Bessel potentials
of the first order. More precisely, we show that each function u € £'7)(R") coincides
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pointwise outside a small set (measured by the Bessel capacity ) with a Hélder continuous
function w € £'7()(R") and the norm of the difference u — w in £'*()(R") is small.

2. Variable exponent spaces

Let G be a measurable subset of R” (with respect to n-dimensional Lebesgue
measure), by |G| we mean its n-volume, and Y will represent the characteristic
function of G. For r € (0,00) and x € R" let B(x,r) denote the open ball in R" of
radius r and center x.

By the symbol P(R") we denote the family of all measurable functions p(-) :
R" — [1, 0] . For p(-) € P(R") put

p« i=essinfp(x), p*:=esssupp(x).
xeR? xeR"

Furthermore, we introduce a class B(R") by
B(R") ;= {p € P(R"); 1 < px <p* < oo}.
Let p(-) € B(R"). Consider the functional

oo lf) = [ P ds

on all measurable functions f on R”". The Lebesgue space with variable exponent
[P)(R") is defined as the set of all measurable functions f on R” such that, for some

A>0,
o) (f /2) < o0,
equipped with the norm
W o0 :inf{)t > 05 0p()(f /A) < 1}. (2.1)
Recall that (cf. [14, (2.9) and (2.10)]),

o /If lpy) =1 forevery f with 0 < ||f||,.) < o0, (2.2)
i [lfllpe) <1 then 0,0y () < IIf lloc (2.3)
0p(7(f) <1 ifandonlyif |f||,) <1, (2.4)
op()(f) — 0 ifand onlyif |[|f|[,.) — O. (2.5)

The Hardy-Littlewood maximal operator M is defined on locally integrable func-
tions f on R”" by the formula

1
MF(3) = sp s / e (2.6)

r>0

DEFINITION 2.1. By M(R") denote the class of all functions p € B(R") for which
the operator M is bounded on L7()(R"), that is,

1Mf llpcy < Clfllpe (2.7)
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with a positive constant C independent of f .

REMARK 2.2. For example, p(-) € M(R") if the following two conditions are

satisfied:
c

p(x) —pW)| € ————, hK—yI<1/2,
- logg\x =) (2.8)
Ip(x) —p()| < ma ly[ > |x].

For more details see [2], [3], [5], [15], [17] and [18] where various sufficient
conditions for p(-) € M(R") can be found.

Let p(-) € B(R") and k € N. We define the Sobolev space with variable exponent
Wk,p(<)(Rn) by
WEPO(R™) := {u; DPu e IPO(R") if |B] <k},
equipped with the norm
[l wrper = Z ||Dﬁ”||p(-)7
|BI<k

Py
where B € N is a multi-index, || = i + -+ + B, and DP =

The Bessel kernel g, of order o, o > 0, is definedby ~ 0% - Ox"

n/2 e (LY /s (o—n) /2 AS "
ga(x):%/e s=(@ /s (e )/27, xeR". (2.9)
0

Let p(-) € B(R") and o > 0. The Bessel potential space with variable exponent

£%PC)(R") is, for a > 0, defined by

LR = (= g f f € LOE),
and is equipped with the norm

ullep(y = I llpc- (2.10)

If =0 weput go*f :=f and £L2?0)(R") := [’()(R") (normed by (2.1)).

We write A<SB (or AZB) if A < c¢B (or cA > B) for some positive constant ¢
independent of appropriate quantities involved in the expressions A and B,and A ~ B
if ASB and A2 B.

3. Relationship between Sobolev and Bessel potential spaces

The main result of this section is the following theorem.
THEOREM 3.1. Let p € M(R") and let k € N. Then
kPO (R = wheO)(R?)
and the corresponding norms are equivalent.

Before we prove the main theorem we shall need some auxiliary results. First we
introduce some notation.
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If f belongs to the Schwartz class S, the Fourier transform of f is the function
Ff or f defined by

) =flx)= | Fly)e ™ dy,
Rn
Let us summarize the basic properties of the Bessel kernel g, oo > 0:

go is nonnegative, radially decreasing and / ga(y)dy =1, (3.1)
Rﬂ

ga(8) = (1 +E) 72 EeR, (3.2)
gO(*gB :g(X+Ba aaﬁ >0

Let 8y denotes the Dirac delta measure at zero. For o > 0 we define the measure
Ug on measurable sets E C R" by

Ua(E) = &(E +Zb0€ k) /ng y) dy, (3.3)
where b(at, k) = (—D (%) = GL T (@/2) = j), k=1,2,... . Since

> Ib(a, k)| < oo, (3.4)
k=1

the measure U, is a finite signed Borel measure on R”. For oo = 0 we set Uy = & .
This construction uses the Taylor expansion of the function ¢ — (1 — t)“/ 2. a>0,
€ (0,1], to give

|x|* — (1 1 /2 1 — blo k) (1 2\ —2k/2 R”
(1+ [x]2)e2 — 71+|x|2 - +Z (o, k) (1 + [x[7) y XEKR,
k=1
which implies that (for o¢ > 0)
~y_ R
M(X(-x) - (1 + |x|2)a/2' (35)

Obviously, (3.5) holds for a = 0, too. (For more details see [19, p. 32] and [23,
p. 134].)
We define the Riesz transform R;f , j = 1,...,n, of a function f € S by the

formula
yj
/ MTJHf(x —v)dy.

[y|>e

Rif (x) = (RetDR)) i

n(n+1)/2 e—0s

Recall that (cf. [23]),
—ixj ~

F(Rif )(x) = T ‘ f(x).
Let B = (P1,...,Bs) € Nj be a multi-index. Then the multi-Riesz transform Rg

is defined as
Rpf =RP oo R, (3.6)
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Let f € S. Then it is easy to verify (cf. [19]) that

ARp ) = (T (T2 ), (3.

[ [

FRy 0F) ) = (S23)" (22 fi, (3:8)

FDPF)(x) = (=2mi) PLAP £ (x) (3.9)

[ x|

(xP = b ).

LEMMA 3.2. Let p(-) € M(R"). Then there exists a positive constant C such
that, for any o0 > 0 and f € [’V)(R"),

[F *f“p(') < C|lpr(<)' (3.10)

Proof. Using (3.1) and putting € = 1 and g4 = @ = ¥ in Theorem 2(a) on
page 62 of [23] we obtain a point-wise estimate

(8 /) () SMf(x), xER' (a>0).
Hence, by (2.7) the inequality (3.10) follows. [

LEMMA 3.3. Let p(-) € M(R"), o« > 0 and B € Nj. Then there exists a
positive constant C such that, for any f € Lp('>(R”),

ke * fllpey < CIFllpc)s (3.11)
IR S llp) < CIF lloce)- (3.12)
Proof. 1t is easy to calculate
(o #f)(x) = £ (x) + > b(or,k) (g2 #f ) ().
k=1

Then, by (3.10) and (3.4),

bt oy < IF oy +- D bt ) e iy < IF o (1€ 1B 1) S

k=1 k=1

which proves (3.11).

To prove (3.12) we use the results of L. Diening and M. Ruzi¢ka [8, Prop. 4.3]
and L. Diening [6, Thm. 8.14] that under the assumption p(-) € M(R") there exists a
positive constant ¢ such that, for any f € L’¢)(R"),

IRif ey < clfllpey, J=1,-..,n
Applying (3.6) and iterating this inequality we obtain (3.12) with C = c/fl. O

LEMMA 3.4. Let p(-) € M(R"). Then
(i) C3°(R") is dense in WFPC)(R"), k € N;
(ii) the Schwartz class S is dense in L%")(R"), o > 0.
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Proof. The density in (i) follows from the assumption p(-) € M(R") by [7,
Cor. 2.5].

Let us prove (ii). If a = 0, the result follows from density of C3°(R") in
PO(R") (cf. [14, Thm. 2.11]). Let o > 0 and u € £*P)(R"). Then there is a
function f € IP1)(R") such that u = g, *f . By density of C5°(R") in [70)(R") we
can find a sequence (f;); C C3°(R") C S converging to f in 170 (R"). Since the
mapping f +— g *f maps S onto S (cf. [23]), the functions u; := gq *f;, j € N,
belong to §. Moreover,

= wjllocp() = I =fillp()y = 0 as j— oo

and the assertion follows. [

LEMMA 3.5. Let f € S and k € N. Then

k

f = 8k * Z (,fl) 8k—m * W * (72717)7’" Z (rg)RB (Dﬁf)7

m=0 |Bl=m

m!

where (}g) = m
Proof. (Cf. [19, Lemma 5.15]) Let f € S. Using the Binomial Theorem we have
er;:() (r];) Z|ﬁ\:m (g) ‘XTBI o "x’%ﬁn
(1+ |x|2)2k/2
k
1 k) 1 x| —m m\ [ =21\ Bu —27mx2\ B
= s = 7 (=2m) (B) (=)™ - ()™
(1+|x|2) 2 mZ:O <m (1+|x|2)T (IHX\Z) 2 ﬁ%ﬂ B [x] [x]
Consequently, by (3.8), (3.5) and (3.2), we obtain

k

FE) =80 Y (8) 8o () (—21) 7" D (§) FRp(DPF)) ().

m=0 |B ‘ =m

1=

The result then follows by applying the inverse Fourier transform. [
LEMMA 3.6. Letf €S, ke N and B € N},
DP(grxf) = 2m)P giypy + yp * Rp f -
Proof. (Cf. [19, Lemma5.17]) Let f € S. By (3.9), (3.2) and (3.5),
FDP (e 1) (x) =(=272)P L) f ()

o T e (H - (G0

=(27)"P1 gy (x) Bypy () F(Rp () ().

The result now follows by applying the inverse Fourier transform. [

Bl < k. Then
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Proof of Theorem 3.1. (i) Let f € £FPC)(R"). In view of Lemma 3.4 we can
assume that f € S. Then there is a function h € S such that f = g, * k. By (2.10),
Lemma 3.5, Lemma 3.2 and Lemma 3.3

If [l wior = Z |DBpr Z ||DB (g * h) H

IBI<k IBI<k
= > 11Cm) P gy g * Ryl < e ltlloy = e If llpt:
IBI<k

where ¢ > 0 is a suitable constant independent of f .
(if) We prove the reverse inequality. Let f € W*P()(R"). Again, by Lemma 3.4,
we can assume that f € S. Then, by Lemma 3.5, Lemma 3.2 and Lemma 3.3

IF ot = | S w20 Y (3R (%) |
m=0 |Bl=m

< YD gy = I It

|BI<k

p(+)

with a suitable constant ¢ > 0 independentof f. [

4. Capacity
Let EC R", o >0 and p(-) € B(R"). Define a capacity in £%"()(R") by
Capmp(,)(E) = inf g, (f ),

where the infimum is taken over all f € L”<‘>(R”) with g4 *f > 1 on E. Since g, is
non-negative (cf. (3.1)) we can assume that f > 0.

LEMMA 4.1.  Let p(-) € B(R"). The capacity Cap, ., is an outer measure.
That is,

(1) Capipo(0) = 0

(ii) if E1 C Ea, then Cap, .\ (E1) < Capg, . (E2);

(iii) if E; CR", i=1,2,..., then

Cape, . (UE) <D Capg . (E
i=1

Proof. The property (i) immediately follows on putting f = 0. The property (if)
follows from the fact that every test function of E; is also a test function of E| .

Next we prove (iii), following [13]. We may assume that .-, Capy ) (Ei) <
c0. Let & > 0 be fixed. For every i € N choose f; € [7(")(R") such that g, *f; > 1
on E; and

|1 d < Cape ) + 5
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Put f := sup;f; and E := UX\E;. If x € E then x € E; for some i € N and
(ga*f)(x) = (ga *fi)(x) = 1. Thus, f is atest function for E. Set h = max;gi<ifi
and define X; = {x € R"; it (x) = f;(x)}. Consequently, R" = U X; and

k k
X) [P (x) [P (x) [P
[ meara <3 [reop e < [ e e

< i Capy ) (Ei) + € < i Capg ) (Ei) + €.
i=1 i=1
Since hy /' f , by the Monotone Convergence Theorem we have
3 (x)[P@ dx < i Capy, ) (Ei) + €.
! i=1
Letting € — 0 we obtain the assertion. [

The ordinary Sobolev capacity is defined by
Cp((E) = inf oyrp) (u)

where
owipe) (1) = / (|u(x) |”(") + |Vu(x)‘l’(x) ) dx
R}‘l

and the infimum is taken over all u € W'»()(R") for which there is an open set G O E
suchthat u > 1 a.e. on G.

It is possible to show that if p € B(R") then C,.) is an outer measure and an
Choquet capacity [12, Corollaries 3.3 and 3.4]. Relationship between the capacities
Cap, () and Gy is formulated in the next lemma.

LEMMA 4.2.  Assume that p(-) € M(R") and E C R". Then

Dy "

Cap, (. (E) < cmax{Cy)(E)™, Gy (E) 7= }

and
.

P Pl
Cp((E) < Cmax{Cap,(E)"", Cap,.,(E)r }.

Here ¢ and C are positive constants independent of E.
Proof. Let u € W17P<‘>(R”), u > 1 on an open neighborhood of E, be a test

function for C,((E). By Theorem 3.1 there exists f € L’()(R") so that u = g; *f ,
and

ullwreer 2 If Nl (4.1)
Obviously, f is a test function for Capp(_)(E) and

wmwméymwm (4.2)
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By (2.2) it is easy to see that for a function g € L’)(R"),

[ 16 e < max (sl sl ) (43)

el < max { ([ leeopean) ™ ([ lewpa) L @

Applying (4.2), (4.3), (4.1) and (4.4), we arrive at

and

Cap,y. / ()P < max {7122 IF )

< max {[[ue]l s el lp(<)}§ max{gwl,,,(‘)(u)p*/” , ooy ()P /p*}n

and the first inequality follows.
Let £ > 0. Take f > 0,f € L’C)(R"), such that g; f > 1 on E and

Qp()(f) < Capl,p(<)(E) + €.

Since f > 0, the function g; * f 1is lower semi-continuous and so, the set
E.={xeRY ﬁ‘*’; > 1} is open and contains E. Thus,

Co)(E) < oo (32£) < (1 - €)™ oot (g1 %)
Letting € — 04 , we obtain
Cp(-)(E) < oppe) (81 %)

Now, by Theorem 3.1, we have

o (E) < owor (g1 %f) < max {llgn £ I g1 % [y }
< max {Ilgr + £ 1175 lgn £ 15} = max {1150, IF I, 3
< max{g,(,(f /7", 0p() () P}

which completes the proof. [

5. Holder type quasi-continuity

In this section we study point-wise behavior of functions from £'*()(R"). First
we investigate a quasi-continuity of such functions.

PROPOSITION 5.1.  Let p(-) € M(R"). Every u € L'"W(R") is quasi-
continuous. That is, for every € > 0, there exists a set F C R", Capl’p(_)(F) < €, 50
that u restricted to R" \ F is continuous.



670 PETR GURKA, PETTERI HARJULEHTO AND ALES NEKVINDA

Proof. Let u =g xf € EI’P<‘>(R”). Then, by Lemma 3.4, there is a sequence
u = g1 *fi € S converging to u in £'7()(R"). We may assume without loss of
generality, by considering a subsequence if necessary, that

||M,'—M,'+1||1;p(.) <4ii, i= 1,2,.... (51)

Put

Ei = {x € R |u;(x) —uir1(x)| >27}, i=1,2,..., and Fj:UE,-.

i=j

Continuity of the functions u; implies that the sets E;, Fj, i,j = 1,2..., are
open. By Theorem 2.2 of [12], the functions |u; — u;y;| belong to W'PC)(R") if
u; € WPO(R"), i =1,2,...,and so, using Theorem 3.1, we have that 2/|u; — u; (| €
£'7C)(R"). Hence, for every i = 1,2,... , there is a function /; € I’(")(R") such that
2|u; — ui1| = g1 * ;. Using (5.1), (2.3) and definition of the norm (2.10), we obtain

Cap, .y (E;) < /R ()P dx < (| allpy = 2'Mwi — wisi lipy <277, i=1,2,....
Given € > 0, choose j € N so that 2!~/ < ¢. Now, Lemma 4.1 (iii) implies that

oo

Caplp Z Caplp E;) < 22*" <2 < el

i~
Moreover, for every x € R" \ Fj and every k,l € N, k> 1 >j,

k—1

() = e ()] <Y Jui(x) — wz (x Zz <2

i=l

Hence, the sequence {u;}; is uniformly convergentin R" \ F; which implies that
the function v := lim;_,  u; restricted to R”" \F] is continuous. Put

G :={x e R"ulx) —v(x)| >0}, F:=F;UG.

Obviously, the function u restricted to R” \ F is continuous, and so, it remains to
prove that
Cap, (G \ F;) = 0. (5.2)

Given k € N, by the uniform convergence of {u;}; to v on R"\ F; wefind ip € N
such that, for any i > iy,

{x e R"\ Fj; |u(x) —v(x)| > 2/k} C {x e R*"\ F}; |u(x) —u;(x)| > 1/k}.
Moreover, for any i > iy,

{x e R"\ Fj; |u(x) —ui(x)] > 1/k} C {x € R"\ Fj; g1 * |k(f —fi)|(x) > 1}.
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Consequently, using (if) of Lemma 4.1 and the definition of capacity Cap, .y,
we obtain, for any i > iy,

Caplvpm({x ER"\ Fj; |u(x) —v(x)| > 2/k})

< Capy ) ({x €R"\ Fj: o [k(f —fi)](x) > 1})
< Qp()(klf 7fi|)'
Letting i — oo, we obtain, in view of the fact that ||[f —fi||,.) = [|u—uil[ 1) — O

and (2.5), that
Capljp(,>({x ER"\ F;; |u(x) —v(x)| > 2/k}) =0.
Since k € N wasarbitrary, the assertion (5.2) now follows by (iii) of Lemma4.1. [

Our second aim is to generalize the result of J. Maly [16] on Holder type quasi-
continuity. The idea of the proof of Maly can be applied in spaces £'#() (R"), too.

DEFINITION 5.2. Let Q be a bounded domain in R”. Say that # : Q — R is an
o -Holder-continuous function on Q if

qup 1)~ _
X,yeQ ‘x 7y‘
X7y

First, let us formulate the result.

THEOREM 5.3. Let p € M(R") and let p* < n. Suppose that

P*(P* *80)
0<a< ﬁm, (53)

where 0 < &y < px — 1 and 0 < B < &/p.. If u € L'PC)(R") then, for any € > 0,
there exists an o -Holder continuous function w on R" such that

= wlhigey < & Capyypy e, (fx € B5w(@) # u()}) < e.

Before proving Theorem 5.3 we need some preliminary results. The following
embedding theorem can be found in [24, Section 2.7.1].

LEMMA 5.4. Let r > n and let u € LY (R"). Then there is a positive constant
¢ = c¢(n,r) such that

Jux) = u(y)| < cllullirlx =y and fu(x)] < e ull i (5.4)
forall x,y e R".

LEMMA 5.5.  Assume that p(-) € MR"), p* < n, 0 < & < p. — 1 and
0< B <e/ps. Let ue £L'O(R") with |[ull1p.) < 1| and u = g *f . Then there
exist bounded functions ug € El’p<'>(R”), O0<R<1, ug = g1 *xfr, so that

RIE& flu— “R||1;p(<) =0, (5.5)
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Op()—eo(f —fr) < cRPP+==a0)/P", (5.6)

and
lur(x) —ur(y)| < Clx—y|P if [x—y| <R (5.7)

Proof. Given u = g, xf € £"O(R"), where f € [PV)(R"), lullipey =
If[lp) < 1.Let R € (0,1) and Ag = R~BlP=—&)/& Pyt

Mg = {x € R";|f (x)| = Ar}-
Clearly, (2.3) yields

MRl < 0p()(f /Ar) < Ag"" (5.8)
We set
L 0 if xeMpg L
fR(x) T {f(X) if XER”\MR and up:= 81 *fR~

Obviously, the functions ug are bounded and belong to £''*()(R"). Since |Mg| —
0 as R — 0 (cf. (5.8)), we have by (2.5)

e = urllipey = I = Ffrllp) = If 2mellpy =0 as R— 0.

By the Holder inequality (cf. [14, Thm. 2.1]), (2.4) and 0 < & < p. — 1 we arrive
at

Op()—e(f —fr) = s I ()P de K1 Q)P 20y ) —eo) 1T lpy e < 1MRIP
R

Hence and from (5.8) we obtain (5.6).
It remains to prove (5.7). Put

_ ng — Bp«(p+ — &)
& — Bp« '

Since 0 < B < &/p« and p. < p* < n we find that r > n and r — p(x) > 0,

x € R". As the functions |fg| are bounded by Az and 0,(.)(fz) < 0p()(f) < |Ifllp() <
1, it implies

or(fr) = [ frCOPP ()Y dr < A " g0 (fr) < Ag 77

R7

thatis, ug € £ (R") and |jug||1, < AL 7" forall R € (0, 1). Consequently, using
(5.4), we obtain, for |x —y| < R,

ur(x) — ur(3)| < el =" < el —y|AYT
< clx — y| T RTBP ) rmp)[(re0) |y — |1/ r=Blps—E0) (r=p)/(re0)
= clx —ylf

and (5.7) is verified. O
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Similarly as in the classical case, the space W!'?()(R") is also closed under
truncation.

LEMMA 5.6. Let u € W'?C)(R") and let T > 0. Then the function v =
max { — 7, min{7,u}} belongsto W'P\)(R") and satisfies ||u—v||ype < |[u]lwipe -

Proof. The assertions immediately follow from the fact that the space W'#(") (R™)
is a lattice (see [12, Thm.2.2]). O

Proof of Theorem 5.3. Fix u € £'"*0)(R") and &€ > 0. We may assume that
llull1;p) < 1. Let ug = g1 *fr have the same meaning as in Lemma 5.5 and let o be a
number from (5.3). Denote u; := ug; and f; := fr, , where the sequence {R;} C (0, 1]
is chosen so that

Ry=1, R, <3RY, j=0,1,..., (5.9)
and (cf. (5.5))
D i = il < 00 (5.10)
j=1
For j € N put
E;={xeRY, (x) — uj(x)| > R}

Then, using the inequality
g (R “If 1 =fil) (x) = Ry “[gu+ (fira—f;) (0)| = Ry “Juja (¥) —wi(x)| > 1, x € Ej,
and (5.6), we get

Cap, py e, (E)) < 0p)—eo R i1 — i) SR ™ 0,00 (If = fil + i1 — f1)
<ol ZCR—a(p —Eo)Rﬁp* (p«—¢0)/p* Czp*RBP* (px—€0)/p* —a(p™ —&0)

Since the exponent on R; is positive, we can find by (5.9) a number jo € N such
that

anplp ) £ (5.11)

J=o

and (cf. (5.5) and (5.10))

e = wig | py + D Ntgr = il < & (5.12)

J=o
For j € N define the functions
vj = max { — R, min{RY, uj1 —u;}}.

The functions v; belong (by Lemma 5.6 and Theorem 3.1) to £'*()(R") and it is
easy to see that

E; = {x e R"vj(x) # ujs1(x) —uj(x)}, jeN. (5.13)
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Set

w —uJO+ZVJ and E —UE

J=io J=Jo
Then, by (5.13), w = u outside E, that s,

E D {x € R%u(x) # v(x)}.
Moreover, by (5.11) and Lemma 4.1 (iii) ,
Cap, )¢, (E) < €.

Concerning the o -Holder continuity of w, observe that it is enough to estimate
[w(x) —w(y)| for |x —y| < Rj, asthe function w is bounded. Choose x,y € R" such
that 0 < [x —y| < R;, and find k € N, k > jo, so that

Rii1 < |x —y| < Ry. (5.14)
|ujo( ) - ujo( )‘ < C|x—y‘B.
If jo <j < k we deduce from (5.7) that
Vi) = v < Cle— ).
If j > k then, by (5.9) and (5.14),
Vi) = v < )] + ()] < 2RY < 2°7P2RE < 2F Py
Using (5.9), we obtain

o 1 o oa—p o
<——=1Io < —F5————R <5 —————=
log2 C R S (B—a)log2 * (B—o)log2

Consequently,

e — y|P.

W) = w) < fujo (¥) — ujo (v |+Z i) =)+ D i) =)

J=Jo j=k+1

<Clk+1)|x—y|f + Z k=2 x —y|*
J=k+1

oo
She=yl*(1+ 30 272) Sl -y,
Jj=k+1

Finally, by (5.12),

[l = wllipe) < [l = o[l +Z||V;H1p
J=Jo

< o= wjy 1) + Z lujr1 — wjllipe) < €
J=io
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and the assertions are verified. [

REMARK 5.7. The assumption p* < n in Theorem 5.3 is quite natural. If p, > n
then every Sobolev class has a continuous representative and the classical Morey’s
inequality [10, Theorem 3, on p. 143] together with [14, Theorem 2.8] implies that

L
Px

lu(y) —u(z)] < Cr— P /( : |VulP*dx < C(1 + |B(x, r)|)r1_1%\|Vu||p(.)
B(x,r

for every u € W'"?O)(R"), r > 0 and y,z € B(x,r). Thus every Sobolev class has a
locally (1 — -*)-Holder continuous representative which, by [11, Theorem 4.7}, is

1
v(x) = rgl(l)|er|/“

The last claim follows by an observation that if two continuous functions coincide
almost everywhere then they actually coincide everywhere.

Related results concerning Sobolev spaces W'?()(Q) on an open bounded subset
Q of R” with p(x) > n forall x € Q are derived in [9].

REMARK 5.8. One of the referees pointed out to us a recent preprint [1] where the
spaces of Bessel potentials over the spaces L7(")(R") were investigated. Among other
results the authors independently proved Theorem 3.1 and showed that C3°(R") is
dense in £%PC)(R") if a@ > 0, p(-) satisfies conditions (2.8) and 1 < p. < p* < n/a
(cf. Lemma 3.4 (ii) ).

Acknowledgement. We are grateful to the referees for their valuable suggestions
and comments.
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