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INEQUALITIES FOR THE INCENTER SIMPLICES
MA TONGY, ZHAO LINGZHI AND YUAN JUN

(communicated by V. Volenec)

Abstract. Let 1;(i =0,1,2,....,n) denote the incenter of facet F; of an n-dimensional simplex
Q4 and we call Q; = conv{ly,;,...,In} the incenter simplex of Q4 . In [3], L. H. Tang and
G. S. Leng conjectured

Vi) < V@),

with equality if and only if €, is a regular simplex. In this paper, we give a positive answer of
the conjecture. Further, we improve the condition of the equality holds.

1. Introduction

The setting for this paper is n-dimensional Euclidean space E". Let Q4 =
conv{Ag,Ay,...,A,} denote an n-dimensional simplex in E"(n > 3) with vertices
Ao, Ay, .., Ay, and V(Q,) the n-dimensional volume of Q4. Let F; denote the
(n— 1) -dimensional facet spanned by the vertex set {Ag, A1, ...,A;—1,Ait1,...,A,} and
I; the incenter of the (n — 1)-dimensional facet Fi(i = 0,1,2,...,n). Let p; be the
length of edge A;A;. Itis easy to get p; = pji, P = 0, and the matrix (p;) isa n xn
positive definite matrix.

Let P be an interior point of Q4 and H; the foot of the perpendicular drawn
from P to the facet F;(i = 0,1,2,....n). We call Qy = conv{Hy, Hy,...,H,} the
orthocentric simplex for P and Q4 . In [2], H. M. Su conjectured that

1
V(Qpy) < ﬁV(QA)a

with equality if and only if P is the circumcenter of simplex €, .
In [7], Y. Zhang gave a positive answer of the conjecture and improved the condition
of the equality holds. He proved the following theorem.

THEOREM 1. Let P be an interior point of an n-dimensionalsimplex Q4 and H;
the foot of the perpendicular drawn from P to the facet Fi(i = 0,1,2,....n). Then

V(Qu) < %V(QA). (1.1)
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Let (Ao, A1, ..., Ay) be the gauge barycenter coordinate of P about Q4 and 6;
the internal dihedral angle between facets F; and F; of Qa. The equality in (1.1)
holds if and only if
cos 0

A =

n(cos 0 + cos Oy cos Oy;)’
where i,jk=0,1,--- .nand i #j,i#k,j#k,.
Specially, when P is the incenter of simplex 4 in Theorem 1, then H;(i =

1,2...,n) become the tangent points of Q4 with its inscribe ball. We call simplex Qg
the tangent points simplex for P and €4, and obtain the following result.

COROLLARY 1. ([1]) Let T;(i = 1,2...,n) be the tangent points of an n-dimensional
simplex Q4 with its inscribe ball and Qr = conv{Ty, T}, ..., T, }. Then

V(@) < V(@) (1.2)

with equality if and only if Q4 is a regular simplex.
When P is the circumcenter of simplex €, in Theorem 1, then H;(i = 1,2...,n)

become the circumcenter of F;(i = 1,2,...,n). We call Qp the circumcenter simplex
of Q4 , and get the following result.

COROLLARY 2. Let O;(i = 1,2....n) the circumcenter of facet F; of an n-
dimensional simplex Q4 and Qo = conv{Oy, Oy, ..., 0,}. Then

1
V(Qo) < - V(&u), (1.3)
with equality if and only if Q4 is a regular simplex.

Let I; be the incenter of F;(i =0, 1,...,n). We call Q; = conv{ly, Iy, ...,1,} the
incenter simplex of Q4 . Itis easy to see that it is not the special case of Theorem 1. A
natural question is that for the incenter simplex, whether exists inequality analogous to

(1.1).
In [3], L. H. Tang and G. S. Leng conjectured that

1
V(L) < V()
holds, with equality if and only if €24 is a regular simplex. They proved the conjecture
is positive in E3.

In this paper, we give a positive answer of the conjecture in E". Further, we
improve the condition of the equality holds. Our result is the following theorem.

THEOREM 2. Let € be the incenter simplex of Qa. Then
1
V(@) < V() (1.4)

with equality if and only if there exist > 0(k =0, 1,2, ...,n) suchthat p; = p;p;j(0 <
i<j<n).
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2. Some lemmas

To prove Theorem 2, we need some lemmas.

LEMMA 1. ([2]) Let Qg4 be the coordinate simplex and Qp = conv{By, By, ...,B,}
be an arbitrary simplex in E". Let (A, Air, ..., Ain) be the gauge barycenter coordinate
of Bi(i=0,1,...,n) about Q4. Then

V(Qp)
V(Q4)

= | det(Ay)]. (2.1)

LEMMA 2. Let F; N Fj(i < j,i,j = 0,1,...,n) be the (n — 2)-dimensional sub-
simplex of simplex Q and Vy; be the (n — 2)-dimensional volume of F; N F;. Then
the barycenter coordinate of I; is

(Vio: Vit ot Vi1 10 Vit s Vst Vi),

Proof. By the definition of barycenter coordinate, we can get the barycenter coor-
dinate of I is

(01 Vaglods.dy * VagAihoAs..An & - VagAr A, _11o)s

where Vyoa,..4;_ 1A .4, denotesthe volume of 7 -dimensional simplex conv{Ag, Ay, ...,
Ai—1,1p, At ...7An}.

Since Iy is the interior point of Fy = conv{Aj,A,,...,A,}, we know that the
distances of Ay to conv{ly,A,,...,A,} and conv{Ay, Iy, As,...,A,} are equal, let A
denote the distance.

Let ro be the distance of Iy to the boundary of Fy((n — 2)-dimensional sub-
simplex). Then

1 2

(n—1)  _
Vias..a, = 1 AdsAn "o,

(n—1) o 1 V(an) -
AloAs..An T Ty VAdds Ay 05

where V() denotes the volume of & -dimensional simplex.

So
1 (n—1) 1 (n—1)

Vaohar.an = Vaotitods..an =+ Visaras. a0 0 = Vaias..a,ho
Vi) . =1
— V1A A3.. Ay T AAs. Ay
IR ST ) RN i)
- n—1 AzAgmAnrO . n—1 AlAgmA,,rO
_ =2 . y(n=2)
= Varas. 4,70 © Vaia, 4,70
= V()1 : V()z.

Then we get the barycenter coordinate of I is

(0 . V01 . V02 et VOn)~
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Similarly, we have the barycenter coordinate of I;(i = 0,1, ...,n) is
(Vio: Vit oot Vim0 Viggr ot Vi oo Vi) O
LEMMA 3. ([4]) Let pj; be the length of edge A;A;(i,j =0, 1,...,n) of simplex Q4
and R(Q4) the circumradius of Q4. Then

1
(n!V(Q4))?

LEMMA 4. ([4]) Let p; be the length of edge AjA;(i,j = 0,1,...,n) of simplex
Qu. Then

R*(Qy) = . det(—%p?j) . (2.2)

det(— pU

2n+1 H le’ (23)

0<i<j<n

with equality if and only if all ppp (i #J,i,j=0,1,...,n) are equal.

0ifP0j
LEMMA 5. ([5]) Let pjj be the length of edge AiAi(i,j = 0,1, ...,n) of simplex Q,
and R(Qy) the circumradius of Q4. Then

n+1

I1 oi>m (Zn

0<i<j<n

)ER@A)V(QA), (2.4)

with equality if and only if exist u (e > 0,k = 0,1,...,n) such that p; = wp;(i #
hibj= 0,1, 7”) .

LEMMA 6. ([6]) Let Qp = conv{Py, Py, ..., Py} be a m-dimensional simplex, p;;
denote the length of edge PiP;(i,j = 0,1,...,m). Then

VA(Qp) = (71)m+1D(P Pi,....,Py) (2.5)
P) — 2m(m|)2 0,715y m)y .
where D(Py, Py, ..., Py) denotes the (m + 2) -rank Cauchy-Mengv determinant, i.e.
01 --- 1
1
D(POaP17~-~7Pn1): . ’
: Jor
1

3. Proof of the Theorem

We keep the notations of the previous two sections.

Proof of Theorem 2. Let Q4 be the coordinate simplex in E". According to
Lemma 2, we can get the gauge barycenter coordinate of 1;(i =0, 1, ...,n)

Ii(li(% A’ib eeey A’l‘l’l)?
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applying Lemma 1, we find
V(Q 1
(@) _ | det(Ay)| = ———— [det(V;)| . (3.1)
V(QA) ty n n y
1>V
i=0 j=0
i
By Lemma 3, we know
|det (7)| = 2" (n!) (R(Qa)V(Q4))” (32)
then we have
| det(y/miy/mip;)| = 2" (n!) momy...my (R(Qa)V(Q4)) (3.3)
Let \/mi/m; = V;/p;(i,j = 0,1, ...,n) , then
1 2
momy...ny = — - H Vi;‘,
P o<i<j<n
SO
2
O<H< Vl]n
| det(Vy)| = 2" (n!)? - =5 - (R(Q4)V(Q4))*. (3.4)
Pj

Substituting (3.4) into (3.1) and applying arithmetic-geometric inequality, we get

==L EEE (R@Q)V(QW))
V() > Vi Pj
“oiz
i
2
Vi (3.5)
n+10,1\2 4 y
< WS (ray) @)
L U G 7
0<i<j<n
1
- 2" ()2 (R(Q4)V(Q4))%.
nnJrlpg

Applying Lemma 5 to (3.5) yields (1.4).

By arithmetic-geometric inequality and Lemma 5, we obtain that equality in (1.4)
holds if and only if both of the following conditions hold:

(I) All V40 <i<j< n) are equal;

(1) There exist we > 0(k =0, 1,...,n), such that p; = p;u;,0 <i <j < n.
Now we prove that (I) and (II) are equivalent.

In fact, when all V,-j(O < i< j< n) are equal, let

0 i=j
Vij:anza 61]:
1 P4
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Since
[det(Vy)| = Vi) - det(8y) = Varb|(—1)"n| = V74,
Using (3.4), we get

2 \Ga (R(Q4)V(Qa))?
nvzlli»; — 2”+1(l’l!)2 (V;,z) +1 . ( ( A) ( 12))
[T pf

0<i<j<n

)

then

2 n+1 %
I oi -0 (2-) r@ovie, (36)

0<i<j<n
By the equality condition of Lemma 5, we know that there exist W, > 0(k =
0,1,2,...,n), such that
pij = Witk (0 < i <j<n). (3.7)
On the other hand, if (3.7) holds, (3.6) holds too. Substituting (3.6) into (3.4)
yields .
[det(Vy)|=n [ Vi (3.8)
0<i<j<n

From Lemma 4, we obtain that there exist my(k =0, 1, ..., n), such that

et (o) | < nmoms..m) T 0}

0<i<j<n
Let \/m;,/m; = V,j/plj( =0,1,...,n), then
2
[det(Viy)l =n ] Vi (3.9)

0<i<j<n

Combining (3.8) and (3.9), and noticing the equality condition in Lemma 4, we
get that p;;/poipo;(i # j,i,j =0, 1,...,n) are all equal.

Specially, let p;; be all equal, applying Lemma 6, we know that all Vj; are equal.
So equality holds if and only if there exist y; > 0(k =0, 1,2, ...,n), such that

P = i (0 < i <j<n).
The proof is complete. [
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