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CIRCULAR INTERLACING WITH RECIPROCAL POLYNOMIALS

PIROSKA LAKATOS AND LASZLO LOSONCZI

(communicated by Z. Daroczy)

Abstract. The purpose of this paper is to show that all zeros of the reciprocal polynomial

m

Pm(z) = ZAkzk (ze ©)
k=0
of degree m > 2 with real coefficients Ay € R (i.e. Ay # 0 and Ay = A, for all

k=0,..., [%] ) are on the unit circle, if there isa B € R such that A;,B > 0,|A;| > |B| and

m—1

|Am+B| > Z ‘Ak"'B_Am‘

k=1
holds.
If the inequality is strict then the zeros of Py, have the form et (G=1,...,[%]) where
2(— 1)m 2jm

— << - U:l,...,[%})

m
and they are simple (for odd m, in addition to these zeros, —1 = e~ '" is a zero t00).
This implies that the polynomial Py, (with Ap > 0) and z2™ — 1 satisfy the circular
interlacing condition.
If in the inequality (for the coefficients) equality holds, then double zeros may arise, we
discuss how this can happen.

1. Introduction

Recently J. Mckee and C. Smyth [6] proved that there are Salem numbers of
every trace. One essential part of the proof was a novel construction of polynomials of
specified negative trace, using pairs of polynomials whose zeros interlace on the unit
circle.

A pair of relatively prime polynomials P and Q are said to satisfy the circular
interlacing condition if they both have real coefficients, positive leading term, and all
their zeros lie on the unit circle, and interlace there. The last condition means that the
zeros of P and Q can be written as ¢'% and ¢ j=1,...,m respectively where

al<Bl<a2<B2<"'<am<ﬁm<al-
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The importance of interlacing polynomials is shown by the following

PROPOSITION 1. (J. Mckee and C. Smyth [6]) Suppose that the polynomials P
and Q satisfy the circular interlacing condition, have integer coefficients, and that P
is monic (and thus cyclotomic). Then

(a) if P(1) =0, or Q(1) = 0 and 2P(1)—Q'(1) < 0, then (z* — 1)P(z) —z0(z)
is the minimal polynomial of a Salem number (or perhaps a reciprocal Pisot number),
possibly multiplied by a cyclotomic polynomial. [Note: one of P(1) and Q(1) is always
zero.]

(b) always (z*> —z—1)Q(z) — z0(z) is the minimal polynomial of a Pisot number

The starting point of this paper was different. We were looking for sufficient
conditions, more general than the previous ones ([3, 9, 4]), which ensure that all zeros
of reciprocal (or self-inversive) polynomials are on the unit circle. The interlacing is a
byproduct, which in the light of the paper [6] seems to be important.

The first author [3] proved that all zeros of the reciprocal polynomial

ZAkz (ze C)

of degree m > 2 with real coefficients Ay € R (i.e. A, # 0 and Ay = A,y for all
k=0,..., [2] ) are on the unit circle, if

m—1
‘Am‘ 2 Z‘Ak_Am| (1)
k=1

holds, moreover the zeros are located quite regularly.
A. Schinzel [9] generalized this result for self-inversive polynomials. He proved
that all zeros of the polynomial

= ZAka S (C[Z]
k=0
satisfying
A €CA, #0,A,_r=¢€A;r (k=0,...,m)withafixede € C, |e| =1 (2)

are on the unit circle if
m

[Anl > inf Z|CA —d" A, (3)

\d | 1
If the inequality is strict the zeros are simple. Polynomials satisfying (3) are called
self-inversive see e.g. [1, 2, 7).
The authors proved [4] that if the coefficients of a self-inversive polynomial P,
satisfy the inequality

m—1
1
|Am| 2 5 § |Ak‘ (4)
k=1

then all zeros of P, are on the unit circle. Moreover, they found the approximate
location of the zeros.
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Here we find a common generalization of the conditions (1), (4) in case of recip-
rocal polynomials. Also the approximate location of the zeros is given and the case of
multiple zeros is studied.

Our basic tool is the Chebyshev transformation of semi-reciprocal polynomials.
Concerning this transformation we refer to [3].

2. The main result and its proof

MAIN THEOREM. All zeros of the reciprocal polynomial P, (z) = >k = 0" Ak
(z € C) of degree m > 2 with real coefficients Ay € R (i.e. Ay, #0 and Ay = Ap—i

forall k=0,..., [%] ) are on the unit circle, if
m—1
|Am+B‘ 2 Z‘Ak+B*Am| (5)
k=1

holds with some B € R satisfying
AnB >0, |A,| = |B|. (6)

Moreover if the inequality (5) is strict and m = 2n is even then the zeros of Py,
have the form e*% (j = 1,...,n) where

2(‘]27’11)71<uj<22]—: G=1,...,n) (7)

and they are simple.
If the inequality (5
—1 =™ and et (j =

) is strict and m = 2n + 1 is odd then the zeros of P, are
1,...,n) where

20— m 2in
(j )<u‘< j

2n+1 ST+ 1

G=1,...,n) (8)

and they are simple.

REMARK 1. With B = 0 we obtain from (5) the condition (1) of the first author
[3], while with B = A,, we obtain condition (4) of [4]. In the second case our result for
the location of zeros gives the same as in [4], in the first case it differs from that of [3].

REMARK 2. If in (5) strict inequality holds then, by (7), (8) the polynomials P,
(with A, > 0) and Q,,(z) := 7" — 1 satisfy the circular interlacing property.

REMARK 3. (added in proof) It is easy to check that in case of A,, > 0 (5) holds
with some B € R satisfying A,, > B > 0 if and only if one of the inequalities

m—1
Am 2 Z |Ak_Am‘>
k=1

m—1

2Am 2 Z |Ak|a
k=1

m—1
24, —A; = > |Ax—A;] where i=1,...,m—1 issuchthat A,, > A; > 0,
=1
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is satisfied, that is if (5) holds with B=0, B=A,,, B=A,,—A; (i=1,....m—1,
A,, > A; > 0) respectively. In this way one can get rid of the inconvenient existence
condition (concerning B) in the main theorem.

Proof. We show that all zeros of the Chebyshev transform 7P,, of P,, are in the
interval [—2,2].
. . T — 1 .
With the notation vj(z) =27 +2Z '+ .-+ 1= 1 ei(z) =7, wi(z) =
) [
Z4+1(G=0,1,...), ax=Ar+B—A, (k=0,...,m) we have for even m = 2n

P2, (2) = (A — B)vau(2) + Zakek “Wan—2k(2) + anen(z),

hence by the linearity of the Chebyshev transform

n—1

TPy (x) = (A — B)Tvau(x) + Z ay T (ex - wan—ox) (x) + anT(e,)(x).
k=0

The Chebyshev transforms we need here have been calculated in [3]. Thus we have

TP (x) = (4 = B) [0, (5) + Uai (3)] +Z2aan ((3) +alo (3)

where T, and U, are the nth Chebyshev polynomial of the first and second kind,
defined by T,(cosx) = cosnx (n = 0,1,...) and U,(cosx) = Si"g;tcl)x (n =
—1,0,1,...) respectively (see for example in [8]).

For odd m = 2n + 1 we have Py,11(z) = (z + 1)P2,(z) with

=

Py,(2) = (A — B)ou(2) + Y arer(2)Wan—2(2)

k=0
where
= Van < n n—
Vzn(z)zeril():ZZ +Z2 2+"'+Z2+1:Vn(22),
z+1
. wonr1—(z) 2T 41
Won—2k(2) = = k=0,...,n).
2n-24() z+1 z+1 ( )

Taking the Chebyshev transforms of these functions from [3] we get

Tf’z,,(x) = (Am — B)Tf/zn(x) + Zaﬂ'(ek . Wzn_zk)(x)
k=0

= =0 (3) + e [one (3) - v (3)]

From now on we treat odd and even m’s separately.
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In the proof we may assume that A,, > 0,A,, > B > 0 (otherwise, if A,, <0, we
multiply P,, by —1 and replace B by —B).

Case 1. m = 2n is even. Let

i jm
x; =2cosy; with yj:J—:J— (j=0,...,n)
m n
then
. . . 2n+1 . . j
U, ()&) UL (ﬁ) _ sm(r?+ 1)y LI sm. "{ yj _ sin (]ﬂ;l; Z)
2 2 siny; siny; sin 5y; sin 5
sin j7 T ;
= — Jjﬂ cosjz— + cosjm = 2ndp + (—1Y
sin 57 n
X jm . Jjkm . jkm
Ty (E) = cos(n — k)y; = cos(n — k)— =cos ( jm —— ) = (—1) cos—
n n n

where §;; denotes Kronecker’s symbol (§; =0 if i #j and &; = 1).
Thus, for j = 0,...,n we have

n—1
4 k.
TPy (xj) = (—1Y [Zn(Am —B)djo + (An+B) + g 2ay cosJTn- +a, cosjﬂ] 9)
k=1

where @y = Ay +B— A, (k=1,...,2n).
Assume that strict inequality holds in (5). We claim that

sgn TPy, (x;) = (—1Y (j=0,...,n). (10)

To prove this we observe that by (5) and by a; = @y

m—1 n—1 n—1
193
Ay + B> Z lax| = Z2\ak| + |an| = ZZ akcos%‘ + |ay cosjm|
k=1 k=1 k=1

therefore the expression E; in bracket in (9) can be estimated as

n—1

k=1

ik .
ax cosj—‘ — |ay cosjrm| > 0.
n

Hence there is a zero o; of the Chebyshev transform 7P, in each interval
1%, x41[ G = 0,...,n — 1) and by Lemma 1 of [3] the corresponding zeros of P,
are e where o = 2cosuj, u; € [0, 7] proving (7) and showing that the zeros are
simple.

Assume now that equality holds in (5) i.e.

m—1

An+B = |Ac+B—Ay|.
k=1
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By A, +B >0 thereisa ko € {1,...,m — 1} such that Ay, + B— A, # 0. Let

0 —

1
Ay = Ay — 7 sen (A + B~ Ay),

m—kU -

1
AV = A - 7 5en (Ayiy + B = Ay).
For [ € N large enough, say [ > [y, we have
1
!
Al + B = Aul = [k + B = Au| = 7 < Ay, + B~ A,

AN+ B~ Au| = Aty + B — Al — % < |Am—to + B — Ay.

Denoting by P,[fl] (I = lp) the polynomial obtained from P, by replacing its
coefficients Ag,, Am—k, by A,EIA,A,[Q_ &, respectively the condition (5) holds with strict
inequality for P,[ﬁ thus all of its zeros are on the unit circle. On the other hand the zeros
of Pl tend to the zeros of P,, as [ — oo (see [5] Theorem (1,4)) we conclude that the
zeros of the latter are on the unit circle too. In this case in (7) some inequality signs

may have to be replaced by equality signs and P,, may have multiple zeros.
Case 2. m =2n+1 isodd. Let
2jm 2jm

x; = 2cosy; with y; = e

Gi=0,...,n)

thenforall j=0,...,n

u, ()ﬁ) _sin(n+ 1)y; sin (Z5y; 4 3y) 1 (sin ntly, . cos 2”2“yj>

2 siny;  2sin %yj cos %yj 2\ sin %yj cos %yj
1 ( sinjn cosjm 1 —1y
Szt COS 3 CO8 711
U (xj) U (xj) _sin(n—k+1)y; sin(n—k)y;  cos sz)ﬂyj
ok 2 T siny; siny;,  cos 1y
. 2%j . <
_ cos (]n— anl) _ (—1) cos 2
COS 57 €08 5,77
Thus, for j = 0,...,n we have
_ (—1y . 2jkm
TPy (x))=——— | (2n+1)(A,,—B)dj+(A,,+B 2 . 11
200 o i |2+ An=B)n (At )+k2:; apcos 3= | (11)

Assume that strict inequality holds in (5). We claim that

sgn (TP (x)) = (=1y (j=0,1,...,n). (12)
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To justify this observe that by (5)

n

An+B> 2al>) 2
k=1 k=1

2jkm
2n+ 11"

ay cos

therefore the expression E; in bracket in (11) can be estimated as

2jkm
2n+1

E_,-)Am—&—B—Z2 ag cos

k=1

>0

Hence there is a zero o4 of the Chebyshev transform 7. P,, in each interval
%, %41 j = 0,...,n — 1) and by Lemma 1 of [3] the corresponding zeros of P,
are e where a; = 2cosuj, u; € [0, 7] proving (8) and showing that the zeros are
simple.

Assume now that equality holds in (5). We can complete the proof analogously
to the case 1, by obtaining the zeros of P,, as limits [ — oo of zeros of a sequence

of polynomials 13[211” where the (modified) coefficients of the corresponding sequence

P[ZIL .1 satisfy (5) with strict inequality. Again in this case in (8) some inequality signs

may have to be replaced by equality signs and P, may have multiple zeros. [

3. Multiple zeros

From the proof of the Main Theorem it turns out that multiple zeros are possible
only if in (5) equality stands.

In the sequel suppose that equality holds in (5), and for the sake of definiteness
consider the case of even m = 2n. As we have seen in the proof, the zeros of P,, are
e (j=1,...,n) where u; are limits of u!"

J
the zeros of P[ZZL satisfying

+idl . .
asl — o0, e 7 (j=1,...,n) being

G-Um g jm .
PR U

Taking the limit we get

0<u <—<---<

3|

Uy <— << Uy ST (13)

For each j = 1,...,n in the inequality Ufnl)” <u; < J;” only at one side can be
equality, at the other side strict inequality must hold.

If 0= uy (u, = m) then by Lemma 1 of [3] ¢ = 1(¢" = —1) is a double zero
of P2n~

If in two consecutive (double) inequalities of (13) we have equalities in the middle
and inequalities at the sides, i.e. we have

i — 1w 7T i+ 1)
UERIL I S 2}

n
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7T
forsome j=1,...,n— 1 then ZCosJ— is a double zero of 7P,, and by Lemma 1 of
[3] e are double zeros of P,,.
Thus the multiple zeros of Py, can be at most double zeros and these double zeros

can only be the numbers e* & (j=0,...,n).
Suppose that A, > 0,Az, > B > 0 and equality holds in (5).

i
In order that e’ for j = 0,n be adouble zero of Py, it is necessary and sufficient

2n .
that Ay, + B = Y |ai|, TPy, (2cosZ) =0, orby (9)

k=1
n—1
Ary + B — Z2\ak| — \an\ =0
k=
1 (14)
n—1 k
2n(Az, — B)djo + (A2 + B) + Z2akcos — +aycosjmr =0
k=1
hold.
In order that e = for j=1,....,n— 1 be double zeros of Py, it is necessary

2n , .
and sufficient that Ay, + B = Y |ag|, TP, (2cos &) = 0, (TPy,)'(2cos ) = 0, or
k=1

by (9)

n—1
Ay + B — Z2\ak| —la,| =0
k=1
n—1 ik
A2,1+B+Z2akcosj— +a,cosjm =0 (15)
k=1
Aoy — s1n k’"
(2sm2]” +22akn— sm’;” =0

hold.

Rewriting the condition (7Py,)' (2 cos 17”) = 0 as the third line of (15) requires
some calculations.

First we differentiate 7P,, and use the identity T, = nU,—; to obtain

(TP2)" (x) = AZ”Z_B [U’ (2) +U,_, ( )} +Zak Up—i—1 (;) :

With x = cos ¥ we have after some simplifications

Ul () = 48N+ )0 dD _ nsin(n +2)8 — (n+2)sinnd
" dd sind  dx —2sin’ 9

and

2nsin @ (cosn® + cos(n + 1)9) — 2sinnd(1 4 cos ¥)
—2sin’ 9 '

U,(x) + U,y (x) =
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where for sin ¢ = 0 the right hand side is defined by its limit.
We get, after some trigonometric manipulations, that

1Y+ (1 4 cos Z —1y+!
U, (cos]—> + U, _ l(cos]n> (-1 ( ”> *( Yy’ n
n n

sin2 Z 2sin2 £

and finally
. kjm
JT e (Azn — sm -
TPy,) (2cos™= ) = (—1y*'= §2 —k)—=L
(TP2) ( cosn) =D 2 2sm2’" - a{n s1n/—”

the formula we used in (15).
From the systems of equations (14), (15) one can easily find conditions for the

coefficients of P,, which ensure that e are double zeros of it. The case of odd
degree can be dealt with similarly.
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