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INTERNAL CUBIC SYMMETRIC FORMS

IN A SMALL NUMBER OF VARIABLES

RAGHIB ABU-SARIS AND MOWAFFAQ HAJJA 1

Abstract. We consider means of the form μ = 3√f , where f is a cubic symmetric form in
n variables, and we show that if n � 4 and μ is internal on the points (x1, · · · , xn) where
xi = 0 or 1, then μ is internal for all points (x1, · · · , xn) with xi � 0 for all i . We highlight
the similarity between this internality problem and the parallel problem pertaining to copositive
symmetric cubic forms.

Mathematics subject classification (2000): 26D05.
Key words and phrases: Internality, means, symmetric cubic forms, copositive forms.

RE F ER EN C ES

[1] R. ABU-SARIS AND M. HAJJA, Quadratic means, J. Math. Anal. Appl. 288 (2003), 299–313.
[2] R. ABU-SARIS AND M. HAJJA, Geometric means of two positive numbers, Math. Inequal. Appl. 9 (2006),

391–406.
[3] J. M. BORWEIN AND P. B. BORWEIN, Pi and the AGM - A Study in Analytic Number Theory and

Computational Complexity, Wiley, New York, 1986.
[4] P. S. BULLEN, Handbook of Means and Their Inequalities, Kluwer Academic Publisher, Dordecht,

Holland, 2003.
[5] M. D. CHOI, T. Y. LAM AND B. REZNICK, Even symmetric sextics, Math. Zeit. 195 (1987), 559–580.
[6] M. HAJJA, Root quadratic and rational quadratic means, Math. Inequal. Appl. 6 (2003), 581–593.
[7] M. HAJJA, Copositive symmetric cubic forms, Amer. Math. Monthly 112 (2005), 462–466.
[8] W. R. HARRIS, Real even symmetric ternary forms, J. Algebra 222 (1999), 204–245.
[9] J. F. RIGBY, A method of obtaining related triangle inequalities, with applications, Univ. Beograd. Publ.

Elektrotehn. Fak. Sci. Mat. Fiz. No. 412-460 (1973), 217–226.
[10] H. D. URSELL, Inequalities between sums of powers, Proc. London Math. Soc. (3) 9 (1959), 432–450.

c© � � , Zagreb
Paper MIA-10-78

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


