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ON BEHAVIOUR OF THE RIESZ AND GENERALIZED
RIESZ POTENTIALS AS ORDER TENDS TO ZERO

A. D. GADJIEV, A. ARAL AND ILHAM A. ALIEV

(communicated by D. Bainov)

Abstract. In this paper, we present the Riesz potentials /% and the generalized Riesz potentials
I$ as the families of positive linear operators, depending on parameter o > 0. We investigate
their pointwise convergence and convergence in the norm as o — 0. We investigate also the
order of approximation of these families and show in particular that the order of approximation
at the Lipschitz points is independent from Lipschitz degree.

1. Introduction

The Riesz potentials /* and the generalized Riesz potentials I are defined in
terms of Fourier and Fourier-Bessel transforms, F and F,, by the formulas

F(I%)(x)= x| *F(f)(x), xeR", a >0, (L.1)
Fy(I%f) (x) = x| " Fy(f) (x), xeRL, a>0, (1.2)
where the equalities are understood in the sense of distribution theory. These potentials
are interpreted as a negative fractional powers of the Laplace operator (—A) = = 0‘)—; ,
k=1""k
and the singular Laplace-Bessel differential operator (—A,) = — ( % i—" a%) ,
=1 " n OXn

respectively. The boundedness properties of these potentials and their inverses on the
relevant L, (R", dm) spaces were studied by many authors (see [13], [12], [11], [2], [4],
[5] and references therein).

In this paper, we consider the potentials /* and I as families of linear positive
operators depending on a parameter ¢« > 0, then we investigate the approximation
properties of these families as ¢ tends to zero. Note that the classical Riesz and Bessel
kernels as approximations of the identity has been studied by T. Kurokawa [8]. (See
Remark 3.5 at the end of Section 3).

The paper is organized as follows. In Section 2 we give background with the basic
notations, definitions and auxiliary lemmas. The main results of the paper are given in
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Sections 3 and 4. In particular, in Section 3, it has been shown that lirr%) (I%f) (x) =
o—

f (x), if x is the "Lebesgue point” of f € L, (R%, x2'dx). The same statement
is true also for the classical Riesz potentials. In Section 4 we investigate the order
of approximation of a given function f by means of the Riesz potentials, using the
modulus of continuity of f. We show also that the order of approximation at the
Lipschitz points is independent from the Lipschitz degree of function f.

2. Preliminaries
Let x = (x1,..., X—1,%) = (¥, x,) € R, Rl = {xeR":x,>0}. We
denoteby L, y = L, , (R) the class of measurable functions f on R” with the norm
/p
Wl = | [ @] <o,
R}

where v > 0 is a fixed parameter, 1 < p < oo and dx = dx;...dx,. The notation
L, = L, (R") will be used for the Lebesgue space of functions with the norm || ||, =

/p
<f If (x)| dx) - Weset 7' ={xeR.:|x| =1} and [$7'| = [ 62d0.
st
The Fourier-Bessel transform of the function f : R, — C is defined by

( Vf /f _lx )J ‘(xnyn)x dx yE]R"

R}l
Here X' -y = xiy1 + - + X Vn1, J3 (1) = 2T (A + 1)t 7 (1), # (1) is

the Bessel function of the first kind. The Fourier-Bessel harmonic analysis is adopted
to the generalized convolution

f @g)(x /f Wy, x € R,

where T7 is the generalized translation operator, acting according to the law

T
r(v+1
T'g (x) = (71“2))/5, (x' =y, \/x2 — 2x,y, cos & +y,%> sin? ! ada (2.1)
0

(3

(see [9], [7], [16],[4], [5] and [1]). The translation operator (2.1) represents the ordinary
(Euclidean) translation in x' = (x,...,%,—1) € R""! and the generalized (Bessel)
translation in x,— variable. It is known that (see, e.g. [10])

@) NTfl, < Il ¥y €RL 1< p < oo 22)

by NTf =fl,,—0as |y —0.
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By using (2.2)-a) and the Riesz-Thorin interpolation theorem, it is not difficult to prove
the corresponding Young inequality for the generalized convolution :

1 1 1
Hf(gg”;’,v< Hf“p,v”qu,v? 1<pa q, rgoo, ;+_: -+ 1 (23)

Given a function g : R, — C, we introduce the generalized maximal function
Mg (x) = Supm/ T ¢ ()| v dy,

where

BY = vy € L, bl <o} and 0 (n,v) = [y
By

LEMMA 2.1. (See [14], [6]). Let f € L, . Then
1M, <cllfll,,, 1<p<oo

m{x: |Myf (x)] > A} <c|[f\|17v//l , VA >0,
where m (E) = [x2Vdx, E C R".
E

We now give the notion of “d,— point” of f : R% — C. Remind that a point
x € R" is called d— point of function f : R"— C, if

h—>0h§2n /f Ydy =f (x) , where Qn:/dx.

ly—x|<h Jx|<1

Analogously we give the following

DEFINITION 2.2. A point x € R”, is called d,— point of function f : R} — C, if

liny sy | (P70 =7 () s =o. (24)

B

By making use of the Lemma 2.1 and relevant maximal function technique (see
[13], p. 5-9) one can be prove that almost all points of R” are the d,— points of
f € L,,v. Note that the definition of d— point associated with nonizotropic distance is
given in [3].

The Riesz potentials /*f and the generalized Riesz potentials I$f, initially defined
in terms of Fourier and Fourier-Bessel transforms by (1.1) and (1.2) respectively, can
be represented as the integral operators of convolution type. Namely,

(r°f) ﬁW" (=) dy
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where "
l" n—
cu(a) = (ﬂ) . O<a<n, (25)
272 (9
and
(125 () = (@) [ 1" (P )i,
R}
where
r (n+2v—a)
Cnv (@) = 2 , 0<oa<n+2v (2.6)
2T (4)T (v )
The operator I%f is well defined for f € L, (R"), 1 <p < oo, if 0 < ax < o

and the operator IJf is well defined for f € L, v, ] < p < oo, if 0 < a < %}V
(see, [13], [12], [4] and [5]).

LEMMA 2.3. Forany r >0

lime, (@) [ by = 1. .7

Proof. Setting 8" = {y:y € R", |y| = 1} and by passing to polar coordinates
y=p0, 0<p<r, 0=(0),...,0,1,6,) € S', wehave

O{
n—2 n—
/| [ N /9%19_ |sn1.

Since (see [7], p. 15)

N /92vd9_n"7”7r(v+ l

7 rER)
we have )
e 1 w—n I'(V+
/|)’|a 2 y2dy = aro‘n et 71“((@) , (2.8)
2
and therefore, by (2.6) and (2.8),
o r (n+2vfoc) ro
o—n—2v 2y 2
n dy = . 2.9
C7v(a)/+y yn y F(n+2v)2ar( %) ( )

Now the relation (2.7) is a simple consequence of (2.9). O
REMARK 2.4. Tt follows from (2.6) that

llm cn: \4 (a) _ F ("‘EZV)

a=0  a _HZF(V-I-%)
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and therefore,

2 n— 1
env(0) ~co as oo —0 ; c:l“<n+2 v)/ﬁ(_zl)l“(v—ki). (2.10)

The similar arguments show that

limocn(a) / y|*"dy=1, ¥r>0, and c,(a) ~ca as o — 0.
o—

[yl<r

(here ¢ =T (%)/2n"?).

This Remark will be used below.

Here and below the letter ¢ is used for a constant that can be different at each
occurrence. The notation C designates the class of all continuous functions on R”, and
C (K) stands for the space of continuous functions on compact K with the sup-norm. We
will write “@ (a) = o (1) as o0 — 07 if iiir%)qo(oc) =0,and“¢ (a) = 0 (y(a)) as

oa—07if | (o) <cy (o) as o — 0.

3. The approximation properties of the families /Jf and /%f

In this section we investigate a convergence of the families IJ'f and I%f as
o — 0.

THEOREM 3.1. Let f € L, ,, 1 <p < co.

() I limf () =L 1€C, then lim (%) (x0) = L. (3.1)
In particular, if f is continuous at xo € R"., then éiirh (I%f) (x0) =f (x0) .

(i) If f is real function and xli_)rilof (x) = £o0, then élglo (I%f) (xp) = £o0.

(iit) If f € Ly,v N C for some 1 < p < oo, then for any compact K C R,

R _
I [15F = Flleg) = O-

Proof. (i) Since I% is a linear operator, it can be assumed that f is a real valued
function and —oo < I < co. Now the condition limf (x) = [ yields that forany & > 0

X—X0

one can find § > 0 such that |x — xo| < & implies
|Tf (xo) —I| <€, Vy € B§. (3.2)
We have

(1) (0) ~ 1 = an(@) [ 17" (P (o) o3y —
J,

4
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= auul@) [ DI (1 ()~ )2

.
Bs

+1 cn,\,(a)/|y|a7”72"yﬁvdy—1
By

venlo) [T (T ) )2y
R \B}
= h(a)+i(a)+i(a).
By the Lemma 2.3, limoiz (a) =0.
o—
Using (3.2) and Lemma 2.3 we have

i (@) < ey (@) / T (o) — 1y2dy
5
< ecn,v(a)/\y\“_"_zvyﬁvdy= O(1)e as a—0.
5

Since € > 0 is arbitrary we have that lirr%) i1 (o) = 0.
o—

Let us estimate i3 (o). By making use of the Holder’s inequality (cf. (2.3) with
r=00), and (2.2) we have

1y’
lis ()| < cnv () [T°f (x0)ll,,, /M” (@2 2y
B+
< Ay (@) env (@) [IF]],,, 84 2P,
where 1 +pi, =1, ,and
1 L ifp=1
A, (o) = / —1/p’ (3.3)

’ |5t ((n+2v) (p’fl)fap’) it p> L.

Since A, (a) = 0 (1) as a — 0 and linbc,“, (a) = 0, itfollows that limi; (o) = 0.
o—

oa—0
Thus, (3.1) is proved for a finite /.
(ii) The following calculations show that (3.1) is true also for [ = +oo. Let
limf (x) = +oo (the case of [ = —oo is proved analogously). For a given M > 0
xX—X(
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there exists 8 > 0 such that 7°f (xo) > M forany y € B}. Using this observation we
get

(1) (0) = env(@) [ DI (1 () 2y

.
Bs

+cn, v (@) / [ 2 (Tyf (xO))yivdy

RY\By

Mc, v () / %" y2dy

WV

—en(@) [ BITTTS (o)l
RY\By
By the Holder’s inequality,
—n—2 (n
/ VTS (o) vy < Ap (0) [IF ], 84727,
R”\B}
where A, (o) is defined as in (3.3). Now it follows that
—n—2 (n
(1) (x0) = Men, v () / VT vy — Ay (e) euy () [, 8472,

By
Owing to Lemma 2.3, the last expression yields

limi(r)lf (IZf) (x0) = M, YM > 0,

o—

and therefore
lim (IZf) (xp) = +o0.

(iif) Let f € L, yNC, 1 <p < oo and K C R’ be any compact set. Since f
is continuous on R’ and uniformly continuous on K, given € > 0 there exists 6 > 0
such that sup |T°f (x) —f (x)] < & forany y € Bf. For given x € K we have
x€K

(1) ()~ @) = ante) [ DI (1F 00— () )o2as
B+
4 @) | en@) [ 15y -1

venv(@) [ DI (0 ) (G4

R \Bj
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Further,

—n-2
1 ~llew < ean @) [ B2y
7

—n—2
+ Wl fenv (@) [ 172520y = 1)+ 4, (@) 7] 0 (@),
B+

where A, (a) is defined by (3.3). Now by making use of Lemma 2.3 and the fact that
lin%)cn,v (a) = 0 we have
o—

. o _
I [15F = Flleg) = O-
The proof of the theorem is completed. [J

The following analog of the Theorem 3.1 for the potentials /* can be proved by
the same way.

THEOREM 3.2. Let f € L,, 1 < p < 0.
(i) If limf (x) =1, then limo (If) (x0) = 1.
X—X0 a—
In particular, if f is continuous at xy € R", then (}Ciir%) (I*f) (x0) = f (x0) -
(it) If f isreal function and limf (x) = oo, then lin}) (I*f) (x0) = Fo0.
X—X0 o—
(iii) If f € L,NC forsome 1 < p < oo, then for any compact K C R"
. ar _

tim (1~ £ ey = 0.

The following statement strengthens the part (i) of Theorem 3.1, and shows that

the family If, o > 0 convergesto f as a — 0 atthe d,—points of f € L, , (i.e.
almost everywhere).

THEOREM 3.3. Let f € L, y, 1 < p < co. Then
lim (17f) (x) = f (x)
a—0
for any d,— point x of f (i.e., almost everywhere).

Proof. Let x be a d,— pointof f . Then owingto (2.4), given & > 0 there exists
0 >0 suchthatfor 0 < p <

/ (Tyf (x) — f (x) )yﬁwy <o (n, v)pe. (3.5)
By
The last two terms of the right hand side of the equality (3.4) tend to zero as o — 0

by the same argument as in proof of the Theorem 3.1 Let us show that the first term in
(3.4) tends to zero at any d,— pointof f € L, ,. Setting

A@) =an (@) [ 1 (PF () =1 )iy,

.
Bs
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and passing to the polar coordinates, y =0, 6 € §""', 0 <1< §, we get

Ala) =cpy( / / (o T’G (x) f(x))e,fvt"+2V—1dtde. (3.6)

Sn 1

Set )
F(p) = / — / (T’ef (x) —f (x))e,fvt”*zvfldtde, 0<p<é.
0 SK*I

By virtue of (3.5) we have
IF(0)] < o (n, v) e, (3.7)

Taking in mind that

dF (p) = / (17 ()~ () ) 240 | p+>~ap.
st

we have from (3.6)

A(ar) = cuyv(a) [ p*™""2"dF (p)

ot ~—

13
= Cnyv (a) <p0571172VF (p) g — (O{ —n— 2V)) /F (p) pOl*anv—ldp.
0

By (3.7),
y 7 limp* " ~%F (p) = 0
p~>0

for any o > 0, and therefore,
5
A(a) =cy(a)F(8) 8% + ¢,y (a) (n+2v — /F p* " dp.
0

We have by (3.7)
s

)
60{
[F@pe gl <0 vy [p5ap =0 v T
0 0
Since ¢,y (@) =0 (1) asa — 0 and ic,,(a) =0 (1) as o — 0 (cf. (2.10)),

it follows that
Alo)=0o()+O(l)e=0(1)e as o — 0.
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The last estimate shows that limA (&) = 0 and the proof of the theorem is com-
o—
pleted. O

By the same way it may be proved the following theorem on convergence of
(I%f) (x) as a — 0 inevery d—pointof f € L,, 1 <p < oo.

THEOREM 3.4. Let f € L, (R"), 1 < p < o0. Then
lim (1°F) (x) = f (%)
a—0
for any d— point x of f (i.e., almost everywhere).

REMARK 3.5. The statement of Theorem 3.4 has been proved by T. Kurokawa
[8], using another method.

4. An estimate of approximation

In this section we estimate the order of approximation of a function f by means
of the families /%f and I%f as o — 0.

Let K C R" be a compact and @y (6) be the modulus of continuity of f on K,
that is (see [15])
o (8) = sup [If (x+y) —f (e
lyl<é
THEOREM 4.1. Let f € L, N C, 1 < p < co. Then there exists ¢ = const such
that

\1°f *chK <cwp (o) as a— 0. (4.1)
Proof. For x € K we can write (cf.(3.4))
%) () —f (x) / IV () —F ()] dy
yl<1

FIF ()] [en( >/ " dy 1

lyI<1
() / I 1 G+ )] d. (42)
[y[>1

We estimate each integral separately. To estimate the first expression on the right of
(4.2), we will use the following well known property of the modulus of continuity:

F o4y s Wl <o b <o (148, aso
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By making use of this estimate and Remark 2.4 we have

ea(0) / 1 (e ty) —F ()] dy <

ly[<1

1 —n —n
s @ | o [ b aye [Ty | <o (@) wa 0. @3)

[yI<1 <1
Further,
. r n—o 1 r n—ao —T(z 20(1—* g+1
cn(a)/ ly|“ " dy—1 = ( = ) — 1= ("3 )n ng)a (5 )
L(3) 2¢T(§+1) r(3)2T (5 +1)

<1
Since by L’Hospital law the limit

L D(s5) T (52T (5 4 1)
a—0 o

exists and is finite, we have

cn(a)/ W% dy — 1= 6(1)a as & — 0. (4.4)

lyI<1

Finally, the Holder’s inequality with 117 + [% =1 yields

ae) [ b e vlay < Il (v (g—a))_l/plcm)

[y|>1

< cllfll, enlo) <cliffl, o (4.5)

(More simple calculations show that the same estimate is true when p = 1).
Now the estimation (4.1) follows from (4.3), (4.4) and (4.5), by taking into account
the following inequality:

2

o<
ay (1)

o (o), (ax<1). O

Our next goal is to estimate the order of approximation of function f at the
Lipschitz points. It follows from estimation (4.1) that if f € Lipf, then

1°F = llogey < co as o = 0.

However the next theorem shows that the order of approximation at Lipschitz point is
independent from the Lipschitz degree 8. We state this interesting result for general-
ized Riesz potentials /&. Note that the same statement is also true for classical Riesz
potentials 7.
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DEFINITION 4.2. A point x € R’} is called a Lipschitz point of degree 8 > 0 of

function f : R’ — C, if there exists § > 0 and ¢ > 0 such that the inequality

sup |Tf (x) —f (x)] < chP.
[yI<h

holds for any &, 0 < h < 4.

THEOREM 4.3. Let f € L, N C, 1 < p < oo, and x € R be a Lipschitz point

(of degree 3 > 0) of function f . Then
Iyf)(x)—f (x) =0 (1) a as aa— 0.

Proof. For the simplicity of the calculations, suppose § = 1 in the Definition 4.2.

Asin (3.4) we have

(1) ()~ 00 = env(e) [ DI (TF (0 ~7 ()33

B
—n—2
ﬁmcmm/w*“ﬁ@4
Bf

vele) [T (Pr @ )ay
REABY
= ji(a) +ja(a) +j3 ().
Since x is a Lipschitz point (of degree ) we get
T () —f Wl <y, y € B,
and therefore
i (@) < cenv(@) [ BT My
B}

1 (210

= C|S1_1|Cn’v(a)a—4>ﬁ = ﬁ(l)a as a — 0.

Let us estimate j3 (¢¢) . Using the Holder inequality we have
1/p'
i (@] < enn(@ Il | [ BTy
LAVH
= Ay (@) Ifll,cnv(a),
where A, (a) is defined by (3.3). Owing to (2.10) and (3.3) we get
B@)=01)a aso — 0.
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Let us estimate now the term j, (o) . By passing to the polar coordinates we have

o Sﬂ—l
0t a = E
B}

where

557 = /Qﬁvde - F(im)z

n—1
Sy

The simple calculations show that

(@) = cn(@) / 2 a2 dy — 1
B+

%> r (n+2v)
+2

(e oo (14
(

20T (14 §) T (5™
By making use of the L’Hospital law we have
. 1 r n+2v—o —20T (1 +&\T n+2v
llmjz ((X) — — lim ( 2 ) ( 2) ( 2 )
a0 o I (£2¥) a—0 o
1 ) (n+2v) .
- *E (W +21n2+F (1)
Therefore,
p@)=01)o as a—D0. (4.9)
Finally, using (4.6), (4.7), (4.8) and (4.9) we get

(If) (x) —f x) =0 (1) o as o — 0.
The proof is completed. [
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