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ON THE HYERS-ULAM-RASSIAS STABILITY
PROBLEM FOR APPROXIMATELY k-ADDITIVE
MAPPINGS AND FUNCTIONAL INEQUALITIES

KIL-WOUNG JUN AND HARK-MAHN KiM

(communicated by Th. M. Rassias)

Abstract. The purpose of this paper is to solve the generalized Hyers—Ulam stability problem for
a k—additive functional equation
Dm,lf (X, y) = 07

on the basis of direct method, where k=4m-i is a positive integer for each i = —1,0,1 and 2.

1. Introduction

In 1940, S. M. Ulam [28] gave a talk before the Mathematics Club of the University
of Wisconsin in which he discussed a number of unsolved problems. Among these was
the following question concerning the stability of homomorphisms.

We are given a group G and a metric group G' with metric p(-,-). Given € > 0,
does there exista 6 > 0 such thatif f : G — G’ satisfies p(f (xy),f (x)f (y)) < & for
all x,y € G, then a homomorphism h : G — G' exists with p(f (x), h(x)) < € for all
xeG?

In 1941, D. H. Hyers [10] considered the case of approximately additive mappings
f :E— E', where E and E’ are Banach spaces and f satisfies Hyers inequality

IF(x+y) =f @) = fOI <

forall x,y € E. It was shown that the limit L(x) = lim,_
and that L : E — E’ is the unique additive mapping satisfying

If () = L) < e

In 1978, Th. M. Rassias [23] provided a generalization of Hyers” Theorem which
allows the Cauchy difference to be unbounded.
Let f : E — E’ be a mapping from a normed vector space E into a Banach space

E’ subject to the inequality

I Ge4y) =f () =f DI < ellx]” + lIvllP) (L.1)
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for all x,y € E, where € and p are constants with € > 0 and p < 1. Then the limit
L(x) = lim,_, ! (gnx) exists for all x € E and L : E — E’ is the unique additive

mapping which satisfies

2¢ »
If ()~ L) | < 5 o] (12)

forall x € E. If p < 0 then inequality (1.1) holds for x,y # 0 and (1.2) for x # 0.
Also, if the mapping from ¢ to f (zx) is continuous in #, where 7 belongs to R, for
each fixed x in E, then L is R-linear.

In 1991, Z. Gajda [7] following the same approach as in Th. M. Rassias [23], gave
an affirmative solution to this question for p > 1. It was shown by Z. Gajda [7], as well
as by Th. M. Rassias and P. Semrl [24] that one cannot prove a Th. M. Rassias’ type
theorem when p = 1. The inequality (1.1) that was introduced for the first time by Th.
M. Rassias [23] provided a lot of influence in the development of a generalization of the
Hyers—Ulam stability concept. This new concept of stability is known as generalized
Hyers—Ulam stability or Hyers—Ulam—Rassias stability of functional equations (cf. the
books of P. Czerwik[4], D. H. Hyers, G. Isac and Th. M. Rassias [12]).

P. Gévruta [8] provided a further generalization of Th. M. Rassias’ Theorem.
During the last two decades a number of papers and research monographs have been
published on various generalizations and applications of the generalized Hyers—Ulam
stability to a number of functional equations and mappings (see [9, 17, 18, 19, 25]).

Let both E; and E, be vector spaces. First, we introduce the following four
functional equations of different types in sequence

gt lz (50 ) vton k)y>]

k=0

2m—1
4
=5 (7 ) feerem-1-2k)y)  (1.3)
2k+1
k=0
for all 2—-dimensional vectors (x,y) € E; X Ey, where m > 1. If m = 1, this equation
reduces to

Fx+y) +F2x—y) =2 (x+y) +2f (x —y) + 12f (x), (1.4)

which is in fact a cubic functional equation and the authors [15] have proved that a
mapping f : Ey — E, satisfies the equation (1.4) if and only if there exists a mapping
B : E| X Ey x E; — E; such that f(x) = B(x,x,x) for all x € E|, where B is
symmetric for each fixed one variable and additive for each fixed two variables. Further
they solved the generalized Hyers—Ulam stability problem for (1.4). In general we
are going to investigate the generalized Hyers—Ulam stability problem for the equation
(1.3).
Second, we consider the following functional equations

2m

2m
D [Z (4’;:1> f (x+(mk)y)] => (‘;Z: )f(2x+(2m12k)y) (15)

k=0 k=0

for all 2-dimensional vectors (x,y) € E; X Ey, where m > 1. If m = 1, this equation
reduces to

16[f (x +y) + 10 (x) 4+ 5f (x — y)] = 5f (2x +y) + 10f (2x — y) + f (2x — 3y),



ON THE HYERS-ULAM-RASSIAS STABILITY PROBLEM 897

which is equivalent to the following functional equation

Jr+2y) +£(x = 2y) +6f (x) = 4f (x +y) + 4f (x — y) + 247 () (1.6)

and has in fact as a solution f (x) = cx* with ¢ an arbitrary constant when f is a real
function. For this obvious reason, the above functional equation (1.6) is called a quartic
functional equation and every solution of the quartic functional equation is said to be
a quartic mapping [22]. In [3], Chung and Sahoo determined the general solution of
the quartic equation (1.6) without assuming any regularity conditions on the unknown
mapping f . On the other hand, it is easy to see that the solution f of (1.6) is even,
thus the above equation can be written in the following way

FQRx+y)+f(2x—y)+6f(y) =4f (x +y) +4f (x —y) + 24f (x),

of which the general solution is determined by a symmetric biquadratic mapping B :
E| x E; — E; between real vector spaces Ej, E, such that f (x) = V(x) := B(x,x) for
all x € E; [16, 20].

Next, we will try to find the general solution of the following functional equations

2m
24mt1 [Z (‘Z’:Lz )f (x+(m—k)y)

k=0

2m+1
= (4’;:2) £ (2x+(2m+1-2k)y) (1.7)
k=0

for all 2—dimensional vectors (x,y) € E; X Ey, where m > 0. If m = 0, this equation
yields

fQRx+y)+f(2x—y) =4f(x),
which is in fact a Cauchy—Jensen additive functional equation.

Finally we are going to investigate the generalized Hyers—Ulam stability problem
for the equations

. 2m+1 4m+3
dm+2 [Z (2k+1>f(x+(m—k)y)

k=0

2m+1
> (4’7;2_3)f(2x+(2m+1—2k)y) (1.8)
k=0

for all 2—dimensional vectors (x,y) € E; X Ey, where m > 0. If m = 0, this equation
reduces to

12f (x) +4f (x —y) =f (2x +y) + 3f (2x — y),

which is equivalent to the original quadratic functional equation

f+y) +f(x—y) =2f (x) +2f (), (1.9)

and thus has general solution f (x) = B(x, x) for a unique symmetric biadditive mapping
B:E; X E; — E; ([1]). A stability problem for the quadratic functional equation (1.9)
was solved by a lot of authors [12, 13, 26, 27]. Furthermore, Jun and Lee [14] have
proved the Hyers—Ulam—Rassias stability of the Pexiderized quadratic equation (1.9).

In the present paper, we will solve the general solution of the equations (1.3), (1.5),
(1.7) and (1.8) and we are going to investigate the generalized Hyers—Ulam stability
problem for these equations collectively.
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2. General solution

Let S be a commutative semigroup with a zero element and Y a Banach space.
For functions f : S — Y, we define the linear difference operator Apf by Apf (x) :=
fx+h) —f(x), x € S. Similarly, we define A} , f(x) := Ay, (Asf(x)) and
AZi_l__Jlan (x) := Ap,., (AZI,---,h,,f (x)), n=1,2,--- . Here we consider k—additive
mapping Vi : S* — Y, thatis, Vi(x1,x,---,x;) is additive in each of its variables
when the others are fixed. We say that V; is symmetric provided Vi (x1,x2, -+ ,Xx) =
Vi(y1,¥2, - ,yx) Whenever (yi,ya2,---,yx) is any permutation of (x1,x2,--- ,X) €
Sk, If Vi : S¥ — Y is symmetric and k—additive, let V;* denote the diagonalization
of Vi so that V;*(x) = Vi(x,x, -+ ,x) and note that V;*(rx) = r*V;*(x) whenever
xeSand re Q.

Now, the following functional equations

N (x) = A (1) =0, or AL, f(x)=0

were studied and proved by M. Fréchet [6] and by S. Mazur and W. Orlicz [21], and
then by D. Djokovié [5]. The Hyers—Ulam stability of these equations controlled by a
constant was established by D. H. Hyers [11] and by M. Albert and J. A. Baker [2].

LEMMA 2.1. A mapping [ : E; — Y satisfies the functional equation (1.3)
((1.5), (1.7) and (1.8), respectively) for all x,y € E; if and only if there exists a
symmetric k—additive mapping Vi : EX — Y such that f (x) = Vi(x,x, -+ ,x) forall
x € Ey, where k=4m — 1 (4dm,4m+ 1 and 4m + 2, respectively ).

Proof. Let f : E; — Y satisfy the functional equation (1.3). By putting x = 0 or
y = 0 in (1.3), it then follows easily that £ (0) = 0 and f (2x) = 2%f (x) forall x € Ey,
where k =4m — 1 (4m,4m + 1 and 4m + 2, respectively). If we replace y by 2y in
(1.3), one has

3" (g’:)f(x IPYETRS o (Z:’f 1)f(x L am— 1 2k)y)

k=0 k=0

for all 2—dimensional vectors (x,y) € E; x E;. Substitution of x with x 4+ 2my into
the above equation yields

% (Zt)f(x + (4m = 2k)y) = zmz_:l (2;"; 1>f(x + (4m— 1 = 2k)y),

k=0 k=0
which is written in the form of bounded 4m —th differences

Af (x) = %(—l)k( o )f(X+ ky) =0

dm —k
k=0

for all 2-dimensional vectors (x,y) € E; x E;. Thus f is a mapping vanishing
identically its kth difference with equal increments, where k = 4m (4m + 1,4m + 2
and 4m + 3, respectively). The other three cases for (1.5), (1.7), (1.8) are similar
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to the above argument. Since f(2x) = 2%f(x) for all x € E;, we conclude from
[3, 21] that there exists a symmetric k—additive mapping Vj : E’f — Y such that
f(x) = Vi(x,x, - ,x) forall x € Ey, where k =4m — 1 (4m,4m + 1 and 4m + 2,
respectively).

The converse is obvious. [J

Thus it is natural that a mapping T : E; — Y is called k—additive if the mapping
T satisfies k—additive functional equation, so called,

Dm’,-T(x, Y) =0,

for all 2—dimensional vectors (x,y) € E; X E;, where k = 4m + i > 1 is a positive
integer foreach i = —1,0,1 and 2.

3. Hyers-Ulam-Rassias stability

For convenience, we denote the perturbing terms of the equations (1.3), (1.5),

(1.7) and (1.8) by Dy —1f (x,¥), Dmaof (x,¥), Dm1f (x,¥) and Dy, of (x,y), respectively,
as follows:

Dy if (x,y) =
m—1 i 4m R 4m
74 [; <2k)f(x+ (m — k)y)] - ; (2k+ 1)f(2x+ (2m — 1 — 2k)y),
Dm,Qf(x’y) =
| o (4m+ 1 1 & /d4m+1
24 Lz_; ( ok )f(x+ (m—k)y)_ - kz:; (2k+ 1)f(2x+ (2m — 1 —2k)y),
Dy f (x,y) =

m 2m+1
dm+ 2 dm+2
p4m+l —k — 2 2 1 — 2k
lE_O (2k+1) (r+(m—k)y) ko( o )f(x+<m+ ),

and

Dyof (x,y) ==
mil ., 3 tl oy 3
k=0 k=0

for all 2-dimensional vectors (x,y) € E; X Ej.
In the following theorem, we are going to investigate the generalized Hyers—Ulam
stability problem for (4m + i)—additive functional equation

Dy, if (x,y) =0,

for each i = —1,0,1 and 2 subject to (4m + i) > 1. That is, we are looking for
conditions that an approximate mapping f of which the perturbing term satisfies the
inequality

||Dm.,if('x7y)|| < ¢,‘()C,y)
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differing by an approximate remainder ¢; is asymptotically close to a true mapping 7;
satisfying
DyiTi(x,y) =0
for each i = —1,0,1 and 2. We will also construct the true mapping near a given
approximate mapping with small error controlled by ¢;.
Let X be a topological vector space and let Y be a Banach space unless we give
any specific reference.

THEOREM 3.1. Suppose that for a fixed i = —1,0,1,2 and a fixed nonnegative
m=>=21 ifi=—1or0,
>

integer m with (4m + i) > 1 and m =
0 ifi=1or2,

a mapping
m

f : X — Y satisfies
||Dm,if(x7y)|| < ¢,‘()C,y) (31)

forall x,y € X and the approximate remainder ¢; : X* — R is a mapping such that

the series
¢i(2k-x7 zky) .
,;:0 7"””]( g i ¢1( % 2k) respectively

k=1

converges for all x,y € X, where ry; := 2%"*. Then there is a unique mapping
Tni: X — Y which satisfies the equation

Dm,iTm,i(x> y) = 07

that is, T, is (4m + i) —additive mapping, and the inequality

@)~ Tl < 1 3 A0
Lo (3.2)
(w )= Tl < Zrm, 05 )
forall x € X. The mapping T,,; is given by
Tt = Jim T2 (7,0 = tim i () (3)

forall x € X.
If, moreover, f is continuous, then Ty, ;(rx) = r*"'T, (x) forall r € R and all
xeX.

Proof. Step 1. We show that the following inequality

o

holds for all positive integer n and all x € X, where r,,; := 24mti

X) ‘ o R 0;(2%x,0)

rm,iz =0 rm,ik




ON THE HYERS-ULAM-RASSIAS STABILITY PROBLEM 901

Substituting y with 0 in (3.1), we obtain

peo-tel< 5

riﬂ i
for all x € X. To use induction argument we assume that the inequality (3.4) holds for
all positive integer n and all x € X. The inequality (3.5) and triangle inequality yield

(3.5)

n+1 n .on
po- | <l Sl
rm J T Tmi i
1 oi( 2"x 0) q>,-(2”x, 0)
< l Z I'm, z I'm l_n+2 (36)
1 0:(2%x,0)
B rmt Z rmz

for all x € X. Thus it follows by induction argument that the inequality (3.4) holds for
all positive integer n and all x € X.

Step 2. We claim that the sequence {f r(::):,f)

In fact, we see thatfor n > 1> 0

is Cauchy in the Banach space Y.

’ 2N FEw ’ _ ’ FRY)F@) ’ o ’ @Y f2) ’
rm,il rm,in = rm,il rm,il+1 rn1,i’171 rm,in
_ ! "& (2, 0) (3.7)
= T'm i2 m il+k
9 k=0 s
—0 as [ — oo

Therefore, we may define a mapping 7,,; : X — Y by

Toi(x) = tim L)

n— oo rmJ-”

for all x € X. Then by letting n — oo in (3.4), we arrive at the formula (3.2).

Step 3. We show that the mapping T, is a solution of the equation D, ;f (x,y) = 0
foreach i = —1,0,1 and 2.

If we substitute 2"x,2"y for x,y in (3.1) respectively, and divide the resulting
inequality by r,,;", and then take the limit as n — oo, then we see that

HDm,iTm,i(xa y)” = hm ’D lf Zny) H
n— o0 rmz

:(2"x, 2"y)

Tim,i

< lim =0

n—oo

forall x,y € X. Hence we find that T, ; satisfies the equation D, ;f (x,y) = O for each
= —1,0,1 and 2.
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Step 4. Let’s prove the uniqueness of the mapping 7,,; satisfying the equation
Dm,iTm,i(x>y) =0

and the inequality (3.2) for each i = —1,0, 1 and 2.
Assume that there is another mapping S : X — Y which satisfies the equation

Dm,iS(-x7 y) = 0

and the inequality (3.2) foreach i = —1,0,1 and 2. Since 7,,; and S are (4m +i)—
additive, we obtain that for each i = —1,0,1 and 2,

S(2"x) = rp"S(x) and Ty (2"x) = " Ti(x)

forall x € X and n € N. Hence it follows from (3.2) that

1 n n
1SG) = Twi()| = —[IS(2"x) = T (23|

L (Is@) — £ @) + If (") — T @) )

m,i

2

<
> ¢i (2n+kx7 0)

<
Vm’,'"Jrk

2

Tm,i =0
— 0 as n — oo.

for all x € X. Hence we find immediately the uniqueness of T,,; .

Step 5. The proof of assertion indicated by parentheses in the theorem is similarly
verified by the following inequality due to (3.5) and (3.4)

HJC rﬂ1lf 22""‘11 ()Dl 2k7

forall x € X. In this case, a mapping T,,; : X — Y is well defined by

‘ ~
r}’ﬂl

for all x € X by the similar method to (3.7). In particular, it should be noted that
T,,:(0) = 0 since Y2, 1, $9:(0,0) < oo and thus f(0) = 0 according to the fact of
(Pi(oa 0) =0.

Step 6. We prove that T,,; is homogeneous of degree 4m +-i for all real numbers.

For each r in R, we choose a sequence {g;} of rational numbers such that
{qx} — r as k — oco. Then f (2"qxx) — f (2"rx) by continuity of f as k — co. Since
the mapping T)i(x) = Vapmsi(x, x, - -+ ,x) is (4m+ i) -additive by Lemma 2.1, one gets
Tpn.i(kx) = k*"*T,, ;(x) for all integers k. Thus we lead to the relation

X mi X
Tm,i(-x) = Tm,i(k . %) = k4 * Tm,i(%)
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for all integers k # 0. Consequently it follows easily that T, ;(gx) = ¢*"*T,,;(x) for
all rational number g. Hence we figure out

2” 2"
Ts() = tim T2 iy g L0

n—oo Iy n—oo k—oo Iy "

4m—+i n Am-+i n
= lim lim ‘]"7f(2x) = lim ﬂ

n—00 k— 00 rmJ”

.n

n—oo T,

_ r4m+"Tm,,- ()C)

for all x € X. Therefore T, ; is homogeneous of degree (4m + i) for all real numbers,
as desired. This completes the proof of the theorem. [

From the main Theorem 3.1, we obtain the following corollary concerning the
Hyers-Ulam-Rassias stability of the equation D, ;f (x,y) = 0.

COROLLARY 3.2. Let X and Y be anormed space and a Banach space respectively.
Under the same notations given in Theorem 3.1, let € > 0,p # 4m + i be real numbers.
Suppose that a mapping f : X — Y satisfies

1Dif (e, )| < e([lxll” + [1¥117) (3-8)

Sorall x,y € X (for all x,y € X\ {0} if p < 0). Then there is a unique mapping
T : X — Y which satisfies the equation

Dm,iTm,i(x7y) =0
and the inequality

|lx][”
rm,i|217 - rm,i|

If () = Twi ()| <

Sforall x € X (forall x € X\ {0} if p < 0). The mapping T,,; is given by

if p<4m+4i

<Tm,i(x) = lm ry"f ( al ) if p> 4m+i)
e rm,in
forall x € X.
Furthermore, if f is continuous, then for each x € X, Ty ;(rx) = r*" T, ;(x) for
all r € R.

Proof. Taking ¢:(x,y) := &(||x|[”+]/y||?) in Theorem 3.1 foreachi = —1,0, 1 and
2, we obtain the conclusions concerning the stability of the equation D, fi(x,y) = 0.
If furthermore f is continuous, then the mapping T,,; : X — Y satisfies T,,;(rx) =
rm T, (x) forall x € X andall » € R by the same reasoning as the proof of Theorem
3.1. O

The following corollary implies the Hyers—Ulam stability of the equation D, if (x,y) =
0, which is an immediate consequence of Theorem 3.1.
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COROLLARY 3.3. Let X and Y be a normed space and a Banach space, respec-
tively, and let € > 0 be a real number. Under the same notations given in Theorem
3.1, suppose that a mapping f : X — Y satisfies

1D f (x,9)| < & (3.10)
forall x,y € X. Then there is a unique mapping Ty; : X — Y defined by T,,;(x) =
lim,— oo L r(j’y which satisfies the equation

Dm,iTm,i(x> y) =0

and the inequality
£

rm,i(rm,i - 1)

If () = Twi(0)[| < (3.11)

forall x € X.

Further, if f is continuous, then T, ;(rx) = r*" T, ;(x) holds for all x € X and
all r e R.

Thus as an application of Corollary 3.3, we answer the Hyers—Ulam question as
follows: Given € > 0, there exists a 0(€) := ry,i(Fmi — 1)e > 0 such that if a mapping
f : X — Y satisfies

[ D if (x,3)]| < 6
forall x,y € X, then thereisa (4m—i)—additive mapping T,,,; : X — Y which satisfies
the equation
Dn1,iTm,i(x7y) =0
and the inequality
I () = Tl <€
forall x € X.

The following corollary states that a continuous approximate real function of the
equation D, f (x,¥) = 0 can be approximated by a polynomial of degree (4m + i),
exactly.

COROLLARY 3.4. Let ¢; be a such mapping given in Theorem 3.1. Suppose that
amapping f : R — R satisfies

||Dm7lf(xay)|| < ¢i(x7y)
forall x,y € R. If f is continuous, then there is a unique polynomial T,; : R — R
defined by Ty, ;(x) = T i(1)x*"" which satisfies the equation

Dm,iTm,i(x7y) =0
and the inequality

m-+i 1 - ¢i(2k‘x7 O)
IF () = Ta(D™ ) < —5 3~ =
k=0 ot

Tim,i

m+-i 1 = X
(lf(x) - Tm,i(l)x4 * H < 2 Zr’"vik(Pi(?’o))
k=1

Vi

forall x € X.
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Proof. From Theorem 3.1, we obtain the conclusions concerning the stability of
the equation D, ;f (x,y) = 0 for each i = —1,0,1 and 2. Under the assumption
that f is continuous, the mapping T,,; : R — R satisfies Ty, ;(xr) = x*"*T,,;(r) for
all x € X and all r € R by the same reasoning as the proof of Theorem 3.1. Thus
Tpi(x) = x*™HT,, (1) is a polynomial satisfying the results stated in the corollary. [

4. Stability of Eq. (1.3) in Banach modules

In the last part of this paper, let B be a unital Banach algebra with norm | - |, and
let sM; and gM, be left Banach B—modules with norms || - || and || - || respectively.

As an application of the main Theorem 3.1 we are going to prove the generalized
Hyers-Ulam stability problem of the functional equation (1.3) in Banach modules over
a unital Banach algebra.

THEOREM 4.1. Let ¢_; : gM; x gM| — R be the mapping satisfying the
conditions in Theorem 3.1. Suppose that for some positive integer m, a mapping

f M — gM, satisfies

0 <= [ S5 () et n)

k=0
2m—1 41)
4m (
_ e 2t (2m—1—2k H
Y (e Jressen1-20)

< ¢—1 (M)C, My)
Sforall u € B(|lu| = 1) andforall x,y € gM,. If f is continuous, then there is a unique
(4m — 1) —additive mapping T_1 : pMy — gM, defined by (3.3) with i = —1 which
satisfies the equation
D,m,lT,](X, Y) = 07 Tfl(bx) - b4milT*1(x) (42)

and the inequality (3.2) with i = —1 forall b € B and for all x,y € gM, .

Proof. By Theorem 3.1 it follows from the inequality of the statement for u = 1
that there is a unique (4m — 1)-additive mapping 7T—; : gM; — M, defined by (3.3)
with i = —1 which satisfies the equation

Dy, —1T-1(x,y) =0

and the inequality (3.2) with i = —1 for all x,y € M. Under the assumption that f
is continuous, the mapping 7_; satisfies

T_i(rx) = 71T 1 (x), Vx €M, VreR.
Replacing x,y by 2"x,2"y in (4.1), respectively, and dividing it by r,, _", we figure
out
DY\ f (2", 2" 1 (2Mux, 2"
198, T e = Jim ol Iy o) B 2]

n— o0 rm771" n— o0 rm771”

=0
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forall u € B(|u| = 1) and for all x,y € gM;. Thus one concludes that 7_; satisfies

O:Du —lT_ ()C 0)
2m—1

__ ~dm—1 4m 1
=2 Z<2k>T_ (ux) Z (2k+1)T_1(2x),
which yields
T i (ux) = u*~'T_ (x) (4.3)

forall u € B(Ju| = 1) and for all x € gM].
The last equality is also true for u = 0 vacuously. Now for each element b € B
(b # 0) we figure out by (4.3)

b b
50 = T (] ) = o)
ol b
o b4m1 o
= I () = 5 T )

forall b € B(b # 0) and all x € M. So the mapping 7_, satisfies
T_l(bx) = b4m71T_1()C)

for all b € B and for all x € gM,, as desired. This completes the proof of the
theorem. [

Since C is a Banach algebra, the Banach spaces M; and M, are considered as
Banach modules over C. Thus we have the following corollary.

COROLLARY 4.2. Let ¢_; be the mapping defined in Theorem 4.1. Let My and
M, be Banach spaces over the complex field C. Suppose that a mapping f : M1 — M»
satisfies
D5, uf (6, )| < @1 (x, uy)
Sorall u € C(|lu| = 1) and forall x,y € M, . Iff is continuous, then there is a unique
(4m — 1) —additive mapping T—, : M\ — M, which satisfies the equation (4.2) and
the inequality (3.2) with m = —1 forall b € C and for all x,y € M, .

THEOREM 4.3. Let ¢_, be the mapping defined in Theorem 4.1. Suppose that a
mapping f : pM; — gM, satisfies

2m 2m—1

2 bt [ S (W)t = Y () ) s 2mo1-20m)
k=0

k=0

< 1 (wx, uy)

Sforall u € B(|lu| = 1) andforall x,y € gM,. If f is continuous, then there is a unique
(4m — 1) —additive mapping T—, : pM; — gM, defined by (3.3) with m = —1 which
satisfies the equation (4.2) and the inequality (3.2) with m = —1 forall b € B and
forall x,y € pM;.
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Proof. The proof is similar to that of Theorem 4.1. [

The generalized Hyers—Ulam stability problem in Banach modules over a unital

Banach algebra for other cases,

D5 of (6 ¥) || < o (uex, uy),
HDml (x,y)|| < ¢1(MX uy)
and  [|Dy,of (x,y)|| < ¢a(ux, uy)

is proved by the same manner as that of Theorem 4.1.
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