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THE REVERSE HARDY INEQUALITY WITH MEASURES

W. DESMOND EVANS, AMIRAN GOGATISHVILI AND BOHUMIR OPIC

(communicated by L. Pick)

Abstract. In this paper we characterize the validity of the inequalities

u(x) /( ;’X) g(y)du

Illp, (@)1 <€
q,(a,b),v

and
Hé’Hp,(a,b),/l <c

u(x) /( ) g(y)du

for non-negative Borel measurable functions g on the interval (a,b) CR, where 0 <p <1,
0 <gqg <+00,A, u and v are non-negative Borel measures on (a,b), and u is a weight
function on (a,b).

q,(a,b),v

1. Introduction

In [8] G. H. Hardy proved the following celebrated inequality: Let 1 < p < +00
and f anon-negative measurable function on (0,+o0). Then,if € < 1/p’ =1—1/p,

/Om (XH /Oxf(r) d;)p dx < c/om (x°f (x))" dx (1.1)

for some constant ¢ independent of f. If € > 1/p’, the inequality takes the form

/Om (XH xmf(t) dt)p dx < c/om (x°f (x))" dx. (1.2)

The best possible constants ¢ in (1.1) and (1.2) are equal and this common value was
determined by E. Landau in [10] as

c=le—1/p'|". (1.3)
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In [3] G. A. Bliss established the inequality

</O+°° (x_é_,# /Oxf(t) dt)q dx)é . C( O+oo wr dx>1%

for 1 < p < g < 400 and proved that the best possible constant is

1\ 1/ _ —r/q
= () G
q roor

where r = g/p — 1 and B is the classical beta function.
During the last two decades, many authors have considered extensions of the form

(o [roa) a) <e( [ owrwra) o
INCCIALD) /
(/ab (W(x) [f(r) dt)q dx)é <c (/ab(v(x)f(x))p dx)l% , (1.5)

with —oo < a < b < +00 , w,v weightson (a,b), 0 < g < +o0, 1 < p < +00.
The weights w and v for which (1.4) and (1.5) hold for all non-negative f have been
completely characterized. The solution of this problem (under different assumptions
on p and q) is associated with the names M. Artola, J. S. Bradley, V. Kokilashvili,
V. G. Maz’ja, B. Muckenhoupt, A. L. Rozin, E. Sawyer, G. Sinnamon, G. Talenti,
G. Tomaselli and others. We refer to [13] and [9] for a survey of results.

In [16] E. Sawyer noted that if 0 < p < 1, then the inequalities (1.4) and (1.5)
hold only for trivial weights. This observations led to a study of the so-called reverse
Hardy inequalities

([ (0 [ )" o)
</ab <W<x> / 0 dr) q dx> ,

b P
> ( / (v()f () dx> (1.7)
inthecase 0 <p < 1.

However, these are integral forms of inequalities first considered by E. T. Copson in
[4, 5] for infinite series; such reverse inequalities for infinite series were also investigated
by G. Bennett [2] and K.-G. Grosse-Erdmann [7]. Conditions on the weights w, v,
which are either necessary or sufficient for (1.6) and (1.7) tohold when 0 < ¢ < p < 1
were established by P. R. Beesack and H. P. Heinig [1]. Discrete analogues of (1.6)
and (1.7) were proved in [7], where it is also remarked that the techniques used in
the proofs may be applicable to the continuous versions of the inequalities, namely to

and

p

b )z
> ( [ owray dx) (1.6)

1

_Q=

and

==
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(1.6) and (1.7). No estimates of the constants ¢ are mentioned in [7]. In the case that
0 < p,q < 1 the characterization of inequalities (1.6) and (1.7) was given in [14].
In this paper we make a comprehensive study of general inequalities of the form

|mwm@mu<cuuy/ 5(y) di (18)
(a%) q,(a,b),v
and
|mwm@mu<cuuy/ 5(y) di (1.9)
(%) q,(a,b),v

involving non-negative Borel measures y and v, with complete proofs and estimates
for ¢, providedthat 0 <p <1 and 0 < g < o0 . In addition to the extra generality
and the filling of gaps in previous works on these inequalities, this approach unifies the
continuous and discrete problems, so that the integral and series inequalities follow as
particular cases. As in [7], our method is based on a discretization of function norms.
The general inequalities (involving three non-negative Borel measures A, yu and v)
mentioned in the Abstract of this paper are reduced either to (1.8) or to (1.9).

The paper is organized as follows. We start with notation and preliminary results
in Section 2. General discretization formulae of weighted function norms are given
in Section 3 while necessary and sufficient conditions for the validity of the inequality
(1.8) or (1.9) can be found in Section 5 or in Section 4, respectively. Finally, in Section 6
we show that the results from Sections 4 and 5 can be used to characterize the validity
of inequalities mentioned at the Abstract of this paper.

2. Notation and preliminaries

Throughout the paper we assume that / := (a,b) C R. Let u be a non-negative
Borel measure on /. We denote by B* (I) the set of all non-negative Borel measurable
functions on 7. If E is a nonempty Borel measurable subset of I and f is a Borel
measurable function on E, then we put

5
vm@w—(évwwmg L 0<p< o,

I o £ := supfer: u{y € E: |f (y)| = a} > 0};

the symbol xr stands for the characteristic function of the set E. In the notation
Wf llpEp> 0 <p < +oo, we omit the symbol p if u is the Lebesgue measure on 1.

By A <B we mean that A < CB with some positive constant C independent of
appropriate quantities. If A SB and BSA, we write A ~ B and say that A and B are
equivalent.

We put
£ if 0<p<I,
400 if p=1,
5 if 1<p<+oo,
1 if p=+o0,
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and 1/(+00)=0,0/0=0, 0-(+00) =0 and Z = Z U {00, +00}.

DEFINITION 2.1. Let NM € Z, N < M. A positive non-increasing sequence
{1, is called almost geometrically decreasing if there are & € (1,+00) and L € N
such that

1
Tkgark,L forall ke {N+L,...,M}.

A positive non-decreasing sequence {0y ¥ is called almost geometrically increasing
if there are o € (1,+00) and L € N such that

o, = aoy—; forall ke {N+L,...7M}.

REMARK 2.2. Definition 2.1 implies that if 0 < g < 400, then following three
statements are equivalent:

(i)  {m ¥, isan almost geometrically decreasing sequence;

(ii)  {t/}¥ is an almost geometrically decreasing sequence;

(iii) {7, 7} is an almost geometrically increasing sequence.

Let ) # 2 C Z, 0 < q < +oo and let {w} = {Wi}rcz be a sequence
of positive numbers. We denote by ¢7({wy}, Z) the following discrete analogue of
a weighted Lebesgue space: if 0 < g < 400, then

“{md2) = Hahez: Nz = (O a7 < +o00}

keZ
and

2wt 2) = {aheez s Nadllio gy 2) = Sug\aka\ < +oo}.
ke
If wy =1 forall k € Z, we write simply ¢(Z) instead of ¢4({w}, Z).

Given two (quasi-)Banach spaces X and Y, we write X < Y if X C Y and if
the natural embedding of X in Y is continuous.
We quote some known results. Proofs can be found in [11] and [12].

LEMMA 2.3. Let NM € Z, N < M. Then, for any positive sequence {7 }}
and all m € 7 satisfying N <m < M,

M
> u St (2.1)
k=m
or
Z Tk 5 T (22)
k=N

if and only if the sequence {T }}L, is almost geometrically decreasing or increasing,
respectively.



THE REVERSE HARDY INEQUALITY WITH MEASURES 47

LEMMA 2.4. Let g € (0,+00], NM€Z, N<M, Z={N,N+1,...,M —
1,M} and let {7 }}y be an almost geometrically decreasing sequence. Then

k
Tk Z am ~ ||TkakHl4(Z) (23)
m=N 19(Z
and =
1T sup amllp(z) = [l Tal| o 2) (2.4)
N<m<k

for all non-negative sequences {ai}¥., .

LEMMA 2.5. Let g € (0,+00], N<M, NM€Z, Z={N,N+1,....M —
1,M} and let {0}, be an almost geometrically increasing sequence. Then

M
O Zam ~ HO'kak”gq(Z) (25)
m=k
and #2
ok sup amll(z) =~ || Okarlla z) (2.6)

IMX
for all non-negative sequences {a}¥y .
The following two lemmas are discrete versions of the classical Landau resonance
theorems. Proofs can be found, for example, in [6].

LEMMA 2.6. Let 0 <p < g < +oo, 0 # ZC Z and let {Vi}rez and {witicz
be two sequences of positive numbers. Assume that
C({w}, 2) = L1({wit, 2). (2.7)
Then
{weve Hieee 2y < G, (2.8)
where C stands for the norm of the embedding (2.7).

LEMMA2.7. Let 0 < q<p < +oo, 0 # ZC Z andlet {vi}cz and {wi}icz
be two sequences of positive numbers. Assume that (2.7) holds. Then

H{wivi Hierz) < G, (2.9)

where 1/r:=1/q— 1/p and C stands for the norm of the embedding (2.7).

3. Discretization of function norms

In this section we define a discretizing sequence for a non-negative, non-decre-
asing, finite and right-continuous function ¢ on (a,b) C R. We use this sequence
to discretize function norms, more precisely, we find discrete norms equivalent to the
original ones.

If ¢ is a non-negative and monotone function on (a, b), then by ¢(a) and ¢(b)
we mean the values @(a+) := lim,— .4 @(¢) and @(b—) := lim,—,_ @(7), respectively.
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LEMMA 3.1. Let ¢ be anon-negative, non-decreasing, finite and right-continuous
function on (a,b). There is a strictly increasing sequence {x}"\/, —0o <N < M <
+o0, with elements from the closure of the interval (a,b), such that:

(i) if N > —oo, then @(xy) > 0 and @(x) = 0 for every x € (a,xy); if
M < 400, then xy+1 =b;

(ii) @(xer1—) <20(x) if N<k<M;

(iii) Z(p(xk—) < (p(xkﬂ) lf N<k<M.

Proof. Define the sets Ay by
Av={t€ (a,b): 2" < (r) <2}, ke (3.1)

Let {Amk}ﬁ”:,v be the maximal subsequence of {A;}recz which contains only
nonempty sets and let x; = infA,, . The assumptions on ¢ and (3.1) imply that the
sequence {x;}., is strictly increasing. Moreover, if N > —oo, then @(xy) > 0 and
@(x) =0 forevery x € (a,xy). If M < 400, then x < b and we put xy = b.

By the right continuity of ¢,

2 L pag) < 2™ i N <k <M. (3.2)
If xp <1< xpy1,then ¢ € A, . Together with (3.2), this implies that
Q1) < 2" < 20(x)
and (i) follows. Similarly, if x;_1 < ¢ < xi, then
20(1) < 2- 21t L2 2k = Mt DMt (g y)
and (iii) follows. O

DEFINITION 3.2. Let ¢ be anon-negative, non-decreasing, finite and right-continuous
function on (a,b) . A strictly increasing sequence {xk}ijl , —00 < N<M<K +o0,is
said to be a discretizing sequence of the function @ if it satisfies the conditions (i) — (iif)

of Lemma 3.1.

REMARK 3.3. We shall use the following convention: if N = —oco, then we put
xy = limg_,_ o x¢. Itis clear that if N = —oo and xy > a, then ¢(x) = 0 for all
x € (a,xy) (cf. condition (i) of Lemma 3.1).

THEOREM 3.4. Let v be a non-negative Borel measure on I = (a,b) such that
the function @(t) = v(a,1] is finite on I. If {x;}¥\} is a discretizing sequence of the
function @, then

/ W) av(e) = S h(w)via, %] (3.3)
(a,b) =N

for all non-negative and non-increasing functions h on I.
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Proof. Ttis easy to see that function ¢ is right-continuouson (a, b). Since

lim ¢(1) = 1i1+n ola+1/n) = lilll v(a,a+ 1/n]

=v (m(a,a + l/n}> =v(0) =0,

n

the discretizing sequence {xk}M+1 of the function ¢ satisfies N = —oo or x, > a.
Moreover, by the construction of the sequence {x;}}}, (cf. conditions (ii) and (iii)
of Lemma 3.1),

v(a, x1) < 2v(a, x4 if N<k<M, (3.4)
and

via,xe—1) < =v(a,xg] if N<k—1<M. (3.3)

N —

Using (3.5), we obtain

v(a,xk] + v[xk_l,xk].

1
V(a, xi] = v(a,xe—1) + V[xi—1,x] < 3

Consequently,
v(a,xk] < 2v[xk_1,xk] if N<k—1<M. (36)
Applying the equality v(a,xy) = 0 and (3.4), we arrive at

M M M

/(avb)h(t)dv(t)—];v /[ IRCLCED WISKERNIES) SR

k=N k=N

for all non-negative and non-increasing functions / on /. To prove the reverse estimate,
we distinguish two cases.
First assume that M — N < 1. Consequently,

1 < 1 <
/ ()dV() EZ/ Ez Xk axk
(a,b) =N ¥ (a:xz]

which is the desired reverse estimate.
Suppose now that N + 1 < M. Using the estimate

%(a,xN] (t) + X(a,xNH Z Xxk . ‘Ck 2 forall rel
k=N+2

and the monotonicity of 4, we obtain

1
/(u’b)h()dv() Z 5 </(a~,XN]h(t)dV(t)+/(a,xNH] kZN‘iz/xk »
= % (h(xN)V(aJCN} +h(xN+1)V((1,XN+1] —+ Z h(xk)v[xkl,xk}> .
k=N+2
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Now we apply (3.6) to get
M

1
/(a,b) h(r) dv(r) > 2 Zh(xk)"(a,xk],

k=N

and the result follows. [J
We shall need an analogue of Theorem 3.4, where L!'(Vv)-norm is replaced by
a weighted L°°(v)-norm. But there is a substantial difference between these two

cases. While the function ¢(¢) := v(a,1], t € I, corresponding to the former case is
right-continuous on I, the function

@(1) := lullo gy, t€I, with ueB(I), (3.7)

cannot be right-continuous on /. (To see it, let I = (0,2), u = x0,1] + 2X(1,2) and let
v be the Lebesgue measure on /. Then ¢(1) =1 but @(14) = 2). Therefore, in the
following theorem we consider the function ¢ defined by

(p(t) = ||”||<X>.,(a.,t+].,v = All)rg ||”||<X>.,(a.,S],v> tel, (3'8)

instead of @ given by (3.7). Note also that the assumptions on A are more restrictive
there.

THEOREM 3.5. Let v be a non-negative Borel measure on I = (a,b) and let

u € B (I) be such that the function ||ul|o (aqv < +00 forall t € I. If {x i is
a discretizing sequence of the function @(t) = ||ul|sc (as4],v, t € I, then

||h”||00,(a,b),v ~ sup h(xk)||”||00,(a,xk+],v (3~9)

for all non-negative, non-increasing and right-continuous functions h on 1I.
Proof. Since, cf. Lemma 3.1 and Remark 3.3,
]| so,(axy),y =0 when xy > a,
and
[ulloo (@tr)v < 2lulloo @y I N <k<M,
we obtain
[uhl|co.apy.y < sup [uhlloo fx,).v
N<kSM

< sup h(xk) HuHoo,[xk,ka),V

A

<2 sup ()|l oo (a1 v-

A

The reverse estimate is obvious since the properties of & imply that

[uh|lco (@p)v = sup [[uhlloo (axt)v
N<kSM

> sup ()|l co (a1, 0
N<k<M
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Let ¢ be a non-negative, non-decreasing, finite and right-continuous function
M+1

on (a,b). Using a discretizing sequence {x},_y of ¢, we define the sequence of
intervals {J;}2 as follows:
Ji=(xxin], if N<i<M, and Jy = (ub) if M<-+oo. (3.10)

COROLLARY 3.6. Let 0 < g < 400. Suppose that | and Vv are non-negative
Borel measures on 1 = (a,b). Let v be such that the function @(t) = v(a,1] is finite
n (a,b). If {x )3 is a discretizing sequence of @, then

/(x,b)gd‘u ~ (Z (/Jkgdu> V(a,xk]> (3.11)

k=N
M 7
Neloeeanall, o ~ (Z 11% 1 v<a7xk]> (3.12)
k=N
forall g € BY(I), where {Ji ), is defined by (3.10).

q.1,v
and

Proof. We prove (3.11) only (the proof of (3.12) is analogous). By Theorem 3.4,
1
q

‘ /(x,b)gdu ~ <1§ </(Xk~,b) gdu> v(a,xk]>
M M q
- d (a, x]

The condition (iii) of Lemma 3.1 implies that {v(a, x;]}*L,, is an almost geomet-
rically increasing sequence. (We can take o = L = 2 in Definition 2.1. Indeed, by
the monotonicity of ¢ and the condition (iii) of Lemma 3.1, 2¢(xx—1) < 2¢(x—) <
O(xx41) if N <k < M, and, onputting k— 1 = m—2, we arrive at 2¢(x,—2) < @(x;)
if N+2<m<M.) Thus {v(a,xk]é}ﬂ”: n 1s also an almost geometrically increasing
sequence and (3.11) follows on applying Lemma 2.5. [

q.1,v

L
q

COROLLARY 3.7. Suppose that U and v are non-negative Borel measures on
I = (a,b). Let u € B™(I) be such that the function @(t) = ||u| (ay,v is finite on

(a,b). If {x 3ty is a discretizing sequence of the function @(t) = ||ul|co,(ar+)v-
t €1, then
u(x)/ gdu A sup (/ gdu) N4l oo (@11, v (3.13)
(x,b) oty Nsksm \
and
()18 1o )1l | o1y = SUP 118l oo aallttll o @il v (3.14)
N<kEM

forall g € BY(I), where {Ji ), is defined by (3.10).
Proof. This follows from Theorem 3.5 and Lemma 2.5. [J
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4. The reverse Hardy inequality

In this section we characterize the validity of the inequality

lewllp.(ap)u < € , gEBT(I). (4.1)

u(x) /( ) g(y)du

q,(a,b),v
Our first result concerns the case when 0 < g < p < 1.

THEOREM 4.1.  Assume that 0 < g < p < 1. Let u and v be non-negative
Borel measures on I = (a,b) C R. Letr w € BY(I) and let u € B*(I) satisfy
lullg(an,v < +00 forall t € I. Then the inequality (4.1) holds for all g € B*(I) if
and only if

Ari= sup (Wil @l < oo

x€(a,b)
The best possible constant ¢ in (4.1) satisfies ¢ = A; .
Proof. Let 0 < g < 1. By Corollary 3.6,

~ <§Mj ( /Jkgdu>q Jull?

k=N

—

é
am&v) (4.2)

for all g € BT (I), where {x;}{" is a discretizing sequence of the function ¢(r) =
HMHZ(M oo 1 € (a,b), and {J}}L is defined by (3.10). By Lemma 3.1 (cf. also
Remark 3.3),

u() /( gare

q,(a,b),v

if xy>a, then |uly )y =0; (4.3)
if M<+oo, then xy.; =b;

1l e 0 < 200l e i N <K< M (4.4)

2 gy < Nl if N<k<M. (4.5)

axr) a XV

Assume that A; < +o0. This condition and (4.3) imply that
HWHP’,(ILXN]# =0 if Xy > da. (46)

Consequently, w = 0 u-ae. in (a,xy] if xy > a, which yields ||w||, 4y = O if
xy > a. Therefore,

M
|gw||p,<a,b>,u:<2 ||gw|§,,k,u> forany g€ B*(I). (4.7)
k=N

S|

By Holder’s inequality (with the exponents 1/p and p’/p),

el s < N8I s Wy o N < k<M. (4.8)



THE REVERSE HARDY INEQUALITY WITH MEASURES 53

Identity (4.7) and inequality (4.8) give

1
M

»
Wl o < (Z |g|';,fk,y||w|§,,,k,u>

k=N
1

P
p
< (Nzll':EMlW”p/Jk#lul (a.xg], (_ ||8||11kﬂ|uH (av],v > .

Moreover, using the inequality 0 < g/p < 1 and (4.2), we arrive at

M
q
(annwl 19 o )
k=N

gdu

1
q
IgW||p,<a,b>,n<< sup (Wil g1l oy,
N<kSM

KX

~ ( Sup HWH[)/JkHHu” axk >
M

KX

alab)y  (49)
Applying (4.4), we get

SupM ||WHP’J/<,N (axger),v

<274, (4.10)

The inequality (4.1) (with ¢ <A, ) follows from (4.9) and (4.10).
We now prove necessity. The validity of the inequality (4.1) on B (I) and (4.2)

imply that ” 1 y 4 L
(Z ||gW|Z,Jk,u> Se (Z (/J gdu) laell? v> (4.11)
k=N k

k=N

1 1 _
g <25 U0 [l o gl

forall g € BT (I).
Let gr € BT (I), N < k < M, be functions that saturate Holder’s inequality (4.8),
that is, functions satisfying

sup gk C Ji, HngLJk# =1 and Hng”kay = ”WH Pl Ik (412)
Then we define the test function g by
M
8= Zak8k> (4.13)
k=N

where {a;} is a sequence of non-negative numbers. Consequently, (4.11) yields

b :
(Zapnw,, ) y(zaznunz,(mxk]y) , (4.14)
k=N

and, by Lemma 2.6,
(4.15)

9

sup [l lll
k<M

AU
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Assuming that xy > a, testing (4.1) with g = X4, and using (4.3), we arrive
at |wl|p, (g = 0. This implies that w = 0 u-a.e. in (a,xy]. Consequently, (4.6)
holds. Therefore, on using (3.10),

Ap = sup sup ||WHp’,(a,x],u||”||,;(la,x),v
N<k<M xEJ;

and hence
Ap < sup ||W‘|p’7(av-’fk+1]ﬂlv#H”Ht;(lavxk]vv'

X

Applying (4.6) and (3.10) again, we arrive at

k v
/
Al < Nsup (Z |w||£,71’_#> ||u||q’(1a’x’(]’v if 0<p<1

SKSM\ =y
and
A< sup [ sup Il ) Il i p =1
N<kSM \N<i<k D
Now, the fact that {||u||q_(lu v M is almost geometrically decreasing (cf. (4.5)) and
Lemma 2.4 imply that

ArS sup ([wllpr g

AU

which, together with (4.15), yields A; Sc. O
REMARK 4.2. Let A; be the number defined in Theorem 4.1. If p = 1, then

-1
el oo

e e N

Indeed, exchanging essential suprema, we obtain

Ay = || Iwllos (au |”H;(1a,x),v

)

= ||ws)llull

o0{ahit] oo, (a )

—1
= Wl | oy

In the rest of the paper we shall need the Lebesgue-Stieltjes integral. To this end,
we recall some basic facts.

Let @ be non-decreasing and finite function on the interval I := (a,b) C R. We
assign to @ the function A defined on subintervals of I by

A(le, B]) = o(B+) — o(a—), (4.16)
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Ale, B)) = o(B—) — o(a—), (4.17)
Ao, B]) = o(B+) — o(a+), (4.18)
A(, B)) = o(B—) — p(a+). (4.19)

The function A is a non-negative, additive and regular function of intervals. Thus
(cf. [15]), it admits a unique extension to a non-negative Borel measure A on /. The
Lebesgue-Stieltjes integral [, f d is defined as [, f dA .

In this section the role of the function ¢ will be played by a function 2 which
will be non-decreasing and right-continuous on I. Consequently, the associated Borel
measure A will be determined by (cf. (4.18))

A((e, B]) = h(B) — h(ct) forany (o, ] C 1 (4.20)

(since the Borel subsets of I can be generated by subintervals (a, ] C I).
Consider now the inequality (4.1) in the case when 0 < p < I, p < g < 40
and define r by 1 11
- (4.21)
r-p q
In such a case we shall write a condition characterizing the validity of inequality
(4.1) in a compact form involving j'(mb)f dh, where f (1) = ||w\|;,’(a’t]’u and h(r) =
—||u||;(ru’t+]’v, t € (a,b). (Hence, the Lebesgue-Stieltjes integral f(u’b)f dh is defined
by the non-decreasing and right-continuous function 4 on (a,b)). However, it can
happen that |||y, (4], = O forall z € (a,c) with a convenient ¢ € (a,b) (provided
that we omit the trivial case when u = 0 v-a.e. on (a,b)). Then we have to explain
what is the meaning of the Lebesgue-Stieltjes integral since in such a case the function
h = —o0 on (a,c). To this end, we adopt the following convention.

CONVENTION 4.3. Let I = (a,b) CR, f : I — [0,400] and h : [ — [—00,0].
Assume that & is non-decreasing and right-continuouson 7. If 4 : I — (—00,0], then
the symbol fl f dh means the usual Lebesgue-Stieltjes integral. However, if h = —o0
on some subinterval (a,c) with ¢ € I, then we define [, f dh only if f =0 on (a,c]

and we put
/ fdh= f dh.
1 (e,b)

In the proof of the next theorem we shall use frequently the Lebesgue-Stieltjes
integral jJ dp, where @ is a non-decreasing, finite and right-continuous function on
I = (a,b) and J is a subinterval of I of the form (a, ), [, B) or (o, pB]. The
formulae (4.19), (4.17) and (4.18) imply that

/’ do = o(B—) — 9(a), (422)
(o, B)
/' do = p(B—) — pla—), (423)
[o,B)

/mdwzwm—mw» (424)
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THEOREM 4.4. Assume that 0 <p <1, p < q < 400 and r is given by (4.21).
Let u and v be non-negative Borel measures on I = (a,b) CR. Let w € BT (I) and
let u € B*(I) satisfy ||ullg aq,v < +00 forall t €I and u # 0 v-a.e. on I. Then
the inequality (4.1) holds for all g € BY(I) if and only if

1
_ T Wl )
A ([l (“Nl) |+ T < oo
( (@h) P (at)u q;(at+],v ||M||q,(a,b),v

The best possible constant ¢ in (4.1) satisfies ¢ = A;.
REMARK 4.5. Let g < 400 in Theorem 4.4. Then
ellg a1 = llullg @y forall zel,

which implies that

1
N
to= [ Il (lulg) )+ e
( (@h) P (at.u q,(at],v Hqu,(a,b),v

Proof of Theorem 4.4. Let 0 <p <1 and p < g < +00.

(i) Suppose first that q < 4o00. Let {x}M} be the discretizing sequence of the
function @(f) = ||u|| (agv ! € (ab). Then (4.3)- (4.5) are satisfied. Moreover, by
Corollary 3.6, (4.2) holds where {J;}} is given by (3.10).

Assume that A, < +oo. This condition, (4.3) and Convention 4.3 imply that
(4.6) holds and, as in the proof of Theorem 4.1, we arrive at (4.7). Thus, using (4.8),
the discrete version of Holder’s inequality (with the exponents ¢/p and r/p ) and (4.2),
we obtain

M ’
18Wllp.(a.6)u < (Z ||g||€:-’k~,l‘v||w|[’;l7]k#>
k=N
L 1
M a [/ M r
< (Z HgH[{,JkyH Hq (a,xg], ) (Z |W||;’:-’k~,“||u||qa(raaxk]vv>

k=N k=N
u 1
~ |[u) / gdu (Z Il sl ) .
(x,b) afab)y \k=N (4.25)

By (4.5),

20l o <M g < Nl i N < k1< M.
Therefore,

el v < 27 Ml .
which yields
Hqu’(a’ka),v - Hqu’(a’kad)’v 2 (1 - 275)”””;(’;’”(“)"} lf N < k < M- 2
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Assume that N < M — 2. On using (4.4) and the last estimate, we arrive at

M M
D) T T =t S 4 P P
k=N k=N
M-2
SN (2 A AN
k=N
S L T AR T A
+ ||W\|£uM,l,u||"||q,<a,b>,v + ||WH£I.JM,M |u\|q.,<’a,b>,v-
(4.26)
Now, by (4.23) with ¢(t) = 7“““;(1171‘],\/’ tel,and [a, B) = [Xks1,%%13), N <k <

M —2,or [o, B) = [xm, D), we obtain that

Z ||WH P u |I/tH J(axg],

M-2
<3 Il / a (~lull;7, )
=N [kt Xk43)
Wy /[ 4 (=l ) + 2090l
XM

Z / ||WH;)’,(a,t],M d (7HMH¢;(ra,t],V)

[t ¥ee3)

[l (<l + 200 ol
[a,b)
<2 /( T (1) + 20005 o

’

SA3
(note that we have used (4.6) and Convention 4.3), that is,

M

DIl g ullully o S AR (4.27)
k=N

If N > M — 2, then (4.27) can be proved more simply (and we leave it to the reader).
The inequality (4.1) (with ¢ < A, ) follows from (4.25) and (4.27).

For necessity we apply the same argument as in the proof of Theorem 4.1 to get
(4.14). Next, by Lemma 2.7,

u ;
(anﬁ,kunun ]> <e. (4.28)

k=N
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As in the necessity part of the proof of the Theorem 4.1, we can show that (4.6) holds.
Together with (3.10), (4.24) and (4.22), this yields

s> / 90 () + 190,
k=

ab

M—

Zuwnf Y G T

—N Ik

i /( () 11

AM 5
M—1
< S I el Iyl (4.29)

k=N

Thus, using (4.6) and (3.10) again, we arrive at

M 5
153 (S ) g, 1 00

k=N

and M r
Assz<sup il ) 7o i =1L

v \W<i<k

Now, the fact that {{|ul[, (, ., LM is almost geometrically decreasing (cf. (4.5)) and
Lemma 2.4 imply that

M
A3 Wl (4.30)
k=N

which, together with (4.28), yields A; Sc.
(ii) Suppose now that ¢ = 4+o00. Let {x; be a discretizing sequence of the
function @(t) = ||u| s (a+],v> € (a,b). By Lemma 3.1 (cf. also Remark 3.3),

}M+1

if xy>a, then |ullo (guy).v=0; (4.31)
if M < +oo, then xpyy = b;

HMHOO,(ILX/(H),V < ZHMHOO,(a,ka,V if N<k<M,; (4.32)

2||M||Oo’(a’xk)’v < HMHOO,(,J,kaH,V if N<k<M. (4.33)
Moreover, by Corollary 3.7,

u(x)/ g(y)du A~ sup (/ gdu) ll2t| 0o, (a5 +1,v (4.34)
(x,b) N<k<M \ J

forall g € B*(I), where {J;}) is given by (3.10).

00,(a,b),v
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Assume that Ay < +oo. This condition, (4.31) and Convention 4.3 imply that
(4.6) holds, and, as in the proof of Theorem 4.1, we arrive at (4.7). Thus, using (4.8)
and (4.34), we obtain

18wl (annl,k,l ||5,,,k,u>

1

P

<<N335»Mugnuk,u - )(Z 91l )

1

P

u(x) /( s (an,, el s ) .
X

Analogously as in the case (i), we arrive at

M 5
(ZlWH,, Joulln ||;§,<a’xk+],v> SAs. (4.36)

k=N

1
p

~
~

ooy(@b),v (4.35)

Therefore, (4.1) (with ¢ S A, ) follows from (4.35) and (4.36).
Now, we prove necessity part. The validity of the inequality (4.1) on B (I) and
(4.34) imply that

M P
(Z HgW“p.lk y) SC sup (/ ng) ||u||oo,(a,xk+],v (437)
N<ksm \ J,

k=N

forall g € B (I). Let gy € BT(I), N < k < M, be functions satisfying (4.12) and
define the test function g by (4.13). Consequently, (4.37) yields

1

M P
(Z a£|W||ZI,Jk,H> < sup ak||”||00,(a,xk+],va
= N<k<M

KX

and, by Lemma 2.7,

M 5
(Z |W||Z/,Jk,u||u||;p,<a,xk+],v> <ec. (4.38)

k=N

The same idea as that used in part (i) shows that (cf. (4.29)—(4.30))

M
AL S Wl 1 i (4.39)
k=N

which, together with (4.38), yields A, <c. O

In the case when 0 < p < 1, p < g < +00 we have seen that the validity of the
inequality (4.1) on BT (I) is characterized by the condition A; < +0o. The following
theorem shows that there is another quantity equivalent to A;.
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THEOREM 4.6. Suppose that all the assumptions of Theorem 4.4 are satisfied.
(i) Let
Wil (@i SIWlp @gu forall t€(a,b). (4.40)
Then A, =~ Az, where

1
' limt—>a+ HW” ! (a,t),u
teim ([ Wil d (9l ) )+ e
( (ab) q(a1),v P'y(at+]u My — s [[ul] g0, v

(ii) Let

||w\|p/’(a’t],u < HWHp’,(a,z),u forall 1€ (a,b). (4.41)
Then A, =~ A4, where

1
Do limea (Wl e
A4Z: / u—r d(Wr/a ) + P~,~,~,.
( w l ||q,(a,r+],v Wl (a4 limy oy {2l g, (a),v

REMARK 4.7. Theorems 4.4 and 4.6 imply that if the weight w satisfies (4.40),
then the conditions A, < +o00 and A3 < 400 are equivalent. Similarly, if w satisfies
(4.41), then the conditions A; < 400 and A4 < +oo are equivalent.

Note also that if p’ < 400 and |||, (@ < +oo forall ¢ € (a,b), then
Wl (@i = Wl (asu forall ¢ € (a,b) and therefore w satisfies (4.40). In this
case the condition A3 < +o00o reduces to

(L

since lim; . ¢ ||W|ly (@s)u = 0.

Suppose now that p’ = 400, the weight w satisfies (4.40), and A3 < +o0.
Moreover, let lim; 4 |||4,(4),v = 0. Then the second term in A3 has to be finite
which can happen only if lim; . ||W||oo (4,0 = O (cf. our convention that 0/0 = 0).

Let u be a non-negative Borel measure on (a,b) which has no atoms. Then it is
clear that the condition (4.41) holds.

Suppose now that p’ = 400, the weight w satisfies (4.41), and A4 < +00.
Moreover, let 1lim, ., ||u||g,(a.v = 0. Then the second term in A4 has to be finite
which can happen only if lim; . ||W||oo (4,0 = O (cf. our convention that 0/0 = 0).

7

Nl (|w||;/,<u,,],u)> < +oo (4.42)

’

Proof of Theorem 4.6. It is clear that it is sufficient to verify the implications:
A < +oo= Ay SA;, =34, (4.43)
Ay < 400 =A;SAr, =34 (4.44)

Let {xk}kM: 4;\11 be the discretizing sequence from the proof of Theorem 4.4.

(i-1) Assume first that A3 < +o0. If xy > a, then, by (4.3) (if ¢ < +o0) or
by (4.31) (if ¢ = +00), [|ullg(axy).v = 0. This means that ||ul| 7, , = +oo forall
t € (a,xy]. Together with the fact that the first term in A3 is finite, this implies that

Hw||p/,(a,,w is constantin  (a,xy]. (4.45)
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Hence, since also the second term in Az is finite,
Hw||p/,(a,,w =0 in (a,xy]. (4.46)

Therefore, (4.6) is satisfied. Consequently, (4.30) holds (cf. (4.29)-(4.30)) if g <
+00, or (4.39) holds if ¢ = 4+00. Thus, we obtain

M—1

S S 14 A 1 RIS 11 A 1 oy (4.47)
k=N

The condition A3 < 400 also implies that ||wl|, ., , < +oc forall 1 € (a,b).

Assume first that lim; . [|[Wl[, (9u = 0. Together with (4.24) and (4.22), this
yields

sz/

(@ 41]

(10 o) oo (191 ) o

and, in view of (3.10) and (4.6), we arrive at

A5 (Z [ a1 )) il o1 (448)

The fact that {{|u|_ (aet], Ly is almost geometrically decreasing, Lemma 2.4, (4.4)
or (4.32) and (3. 10) imply that

M

Z/ ||WH at+ )HMH aka
k=N

<Y / 905 ) Nl
Z / AT (T

<A (4.49)
Suppose now that lim; 4 W], (4 7 0. The condition A3 < +oc implies
that lim, ¢ [|ul[g (v # O (therefore xy =a and N > —o0). By (4.47), (4.24) and
(4.22),
M—1

I [/( T )ﬂ&fglwllzaw,n#] Il o1
X1

k=N
1 r
| () + im0 ]| o
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and, in view of (3.10) and (4.6), we arrive at

M
A5 Z(Z/ 1917 s >| (A
k=N
M
(i 151 ) 3

k=N
=1 +15.

Analogously as in (4.49), we obtain
I} SAL
Furthermore, as a consequence of Lemma 2.3, we get

L < hm wll,

a7 S AL

(ap),v~

Thus, the estimate A, < Aj follows from (4.50)—(4.52).

(4.50)

(4.51)

(4.52)

(i-2) Assume now that Ay < +oo and the weight w satisfies (4.40). Then (cf.

the proof of Theorem 4.4) (4.6) holds. Together with (3.10), this shows that

limy o ||WHr/( 7
Z/Huu o (9 as100) +

limy g+ [Ju Hq,(a,t),v

= Vi + Vs

In view of (3.10), (4.24), (4.22) and (4.40),

M
B ANy (S (/20
k=N
M—1
Z\ atae ) I a1l 10 191 (0 0
k=
M-
|| g (et W17 a1l (g 191 )
k=N
Using (4.6) and (3.10), we arrive at
p Y
TED DA ) SN MR
k=N i=N

and

Vis ZIIMII (@t <S<ur<>k|W||p J,y) it p=1

N<i<

(4.53)

(4.54)
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Now, we deduce from the fact that {HuH v TN

creasing sequence and from Lemma 2.4 that

is an almost geometrically de-

M
VeSSl W1
k=N

This estimate and (4.27) if (g < +00) or (4.36) if (¢ = 400 ) imply that
Vi <AL (4.55)

If xy > a, then lim; 4y [[W|p ()4 = O by (4.6). This means that V, = 0 and
the estimate Az <A, follows from (4.53) and (4.55).
If xy = a, we use the definition of V, and (4.22) to get

V) = (rgr(gllwl,ﬁ/,(a’,)#) (/(a ( ||u|| (], )+ ”u”;(ra,b),v>
< ( L () + ol ,M|u|;(a,b>,v>

SAS, (4.56)

and the estimate A3 A, follows from (4.53), (4.55) and (4.56).

(ii-1) Assume now that Ay < +oo and the weight w satisfies (4.41). A similar
idea to that used in part (i-1) shows that [[w||, (44, = O forall ¢ € (a,xy). This
implies that Hw||p (ayy)u = 0, and, on using (4.41) (with ¢ = xy ), we arrive at (4.6).
Therefore, as in part (i-1), we see that (4.47) is satisfied. The condition A4 < +o0 also
implies that [|wl|}; ., < +oo forall 1 € (a,b).

First assume that lim; gy [[W]|p (a0 = 0. Using (4.47), (4.41) and (4.22), we
obtain

M—1
ZYE SN AN AR U AW e
k=N
M—1
S () Wl + [ @ (905 ) Dl
k=N (a%41) (ab)

and, in view of (4.6), we arrive at

A i(Z / I (o )) Wl foeye (457)

k

The fact that {{|u|_ (aet], Ly is almost geometrically decreasing, Lemma 2.4, (4.4)

or (4.32) imply that
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M

B [ () Bl
k=N Iﬁ vckka
M
=53 (o N
- N/m . ! (at+]u q,(aXps1),V
M
§j/ el sy (915 ar10)
k=N Y INPxs)

N

(4.58)

Suppose now that lim; 4 [[Wl|, (4 7 0. The condition A4 < +oc implies
that lim, ¢ [|ul[g (v 7# 0 (therefore xy =a and N > —o0). By (4.47), (4.41) and

(4.22),
M—1
%sZV (191 arep) + im0l ]muw
k=N (axpsr)

/W (IIwH (at+]n )+tggl+\|w||,,,, ]|u| sty

and, in view of (4.6), we arrive at

w3 (5Ll )) s
IN[x;xit1)
M
+ <tlﬂ1r[2r Wl () > Z| ,xk+

k=N
=1L+ D. (459)

_|_

Analogously as in (4.58), we obtain
I} SA). (4.60)
Furthermore, as a consequence of Lemma 2.3, we get

S im0 fim ) SAG (4.61)

Dok t—a+ v

Thus, the estimate A, S A4 follows from (4.59)—(4.61).
(ii-2) Assume now that A, < +oo. Then (cf. the proof of Theorem 4.4) (4.6)
holds. This shows that

A4%Z/

IN[xg Xk 11)

lim, s w7,
N P
|| ||q,(u,t+] (HWH at+]H) + limtﬂLH* ||M||;

= Vi+ Vs (4.62)

(at).u

(a,t),v
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In view of (4.22), "
D DI Ay Y (/AW
k=N (axgi1)
< 3 Wl Pl (4.63)
Using (4.6) and (3.10), we arrive at
k , '
V1<Z |uall  atv (_Zlélwllﬁ,,,i,u) if 0<p<l,

and

M r
Vl 5 Z Hu‘g{a,kar],V (Niugk ||W|P'Ji~#> if p= L.
1

Now, we deduce from the fact that {HuH (axtlv M

creasing sequence and from Lemma 2.4 that

M
VeSS Nl g9l
k=N

This estimate and (4.27) if (¢ < +00) or (4.36) if (¢ = 400 ) imply that
Vi S AL (4.64)

If xy > a, then lim, ., [|[W|p (an),u = O by (4.6). This means that V; = 0 and
the estimate A4 S A, follows from (4.62) and (4.64).
If xy = a, we use the definition of V, and (4.22) to get

:tl_l}(}lJrHW”p’,(a,t),y (/(a’b) ( ||M|| JS(at+], )—’_HMH >
< ( L () + ol ,u|u|q,(a,b>,v>

<AL (4.65)
The estimate A4 <A, follows from (4.62), (4.64) and (4.65). O

is an almost geometrically de-

REMARK 4.8. One can see from the proof of Theorem 4.6 that the implication
Az < +o00 = Ay <Az holds without the additional assumption (4.40). Similarly, the
implication A, < 400 = A4 SA; holds without the additional assumption (4.41).
Consequently, under the assumptions of Theorem 4.4,

Az < 400 = Ay SAQ <A3
Moreover, if
ltllg.(a1.v S Nllga).vs (4.66)
then A3 SA4. Consequently, if (4.66) holds, then under the assumptions of Theo-
rem4.4, Ay 8 A3 ~ Ay
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To characterize the validity of inequality (4.1) forall g € B (I), in Theorems 4.1
and 4.4 we have supposed that the weight function u satisfies
l|ul| g @,y < +oo  forall tel (4.67)
The next theorem concerns the case when (4.67) is violated.

THEOREM 4.9. Assume that 0 < p < 1 and 0 < g < 4+00. Let u and v be
non-negative Borel measures on I = (a,b) C R. Let w € B™(I) and let u € B*(I)
be such that (4.67) does not hold. Put

=inf{r €1 ||ullg@qv = +00}. (4.68)

(i) If T = a, then the inequality (4.1) holds for all g € B*(I).
(i) If T € (a,b) and u({T}) = 0, then the inequality (4.1) holds for all
g € BY(I) if and only if the inequality

lgwllp.@r)u S (4.69)

) [ ) du
" (xT) q,(a,T),v
holds for all g € B*((a,T)).

(iii) If T € (a,b) and u({T}) > 0, then the inequality (4.1) holds for all

g € BT(I) if and only if
w(T) (AT SudTH g a0 (4.70)

and the inequality (4.69) is satisfied for all g € B*((a,T)).

REMARK 4.10. To characterize the validity of inequality (4.69) on (a,T) if
T € (a,b), one can use Theorems 4.1 and 4.4 since |ulq 4,y < 400 for all

€ (a,T).
Note also that condition (4.70) holds if and only if

either 0 <||ul (0 < +00 and w(T) < +oo,
<400 and w(T)=+oc0 and u({T}) = +oo,
v=0 and w(T) =0,

or ]| g,(a,7),v = +00.

or  |ullg(a

s

(a,7),v
or 0 <[lullq@n.v
(a,T)
(a,T)

Proof of Theorem 4.9. We prove only part (iii) since proofs of parts (i) and (if)
are similar.
Let T €I and u({T}) > 0. Take g € S*(I), where

S*(1)={geB*(I): IE=E, C (T,b), u(E) >0, andg >0onE}, (4.71)
and choose n € N such that u((T 4+ 1/n,b) N E) > 0. Together with (4.68), this

implies that
u(X)/ 8(y)du > (/ 8(y) du) [ullg.(a.7+1/nv = +00.
(x,b) aab)v (T+1/n,b)




THE REVERSE HARDY INEQUALITY WITH MEASURES 67

Thus, (4.1) holds trivially for g € S*(I). Consequently, (4.1) is satisfied for all
g € B*(I) if and only if (4.1) holds for all g € B*(I) \ S*(I).
If g€ BT (I)\ ST(I), then f(xb>g(y) du = 0 forall x € [T, b). Hence,

q,(a,b),v

u(x) /( e u(x) /( s

q,(a,T),v

~
~

+ g(MuATH) [lullg.(a1).v-

q,(a,T),v

u() /( | st

Since also
181y (a0 2 1gWllp (000 + &TIW(T) (TP,
we see that (4.1) holds for g € B™(I) \ ST(I) if and only if the inequality

gWllp a1y + S(DW(T) (AT

u(x) /( . g(y)du

<

~

+&(M)n{THullg@r).v
a(aT)v (4.72)

is satisfied for such g. However, (4.72) holds on B*(I) \ S*(I) if and only if both
(4.69) and

g(MWT){TH)'” S e(MUATH ullg a1y
are satisfied on B*(I) \ ST(I). Consequently, (4.1) holds for all g € B¥(I) \ ST(1) if
and only if both (4.69) holds on B*((a,T)) and (4.70) is satisfied. O

5. The reverse Hardy inequality for the dual operator

Let I = (a,b) C R and let u be a non-negative Borel measure on . The aim of
this section is to characterize the validity of the reverse Hardy inequality involving the
operator H* given by

(H'g)(x) == /( SO, g B, xel

which is the dual operator to that one given by

H@ = [, geB W, xel
x,b

To this end, we are going to make use of the results for the Hardy operator H proved in

Section 4. Our next assertion is a counterpart of Theorem 4.1.

THEOREM 5.1.  Assume that 0 < q < p < 1. Let u and v be non-negative
Borel measures on I = (a,b) C R. Letr w € BY(I) and let u € B*(I) satisfy
l|ul|j1.6),v < +00 forall t € 1. Then the inequality

1gWllp,(apyu < € (5.1)

u() /( s

q,(a,b),v
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holds for all g € B™(I) if and only if

By = S'(pr) ||W‘|p’,[x,b),y||”||;(lx7b),v < +00. (5'2)
xXeE(a,

The best possible constant ¢ in (5.1) satisfies ¢ ~ B .

Proof. If A is a non-negative Borel measure on I, we denote by A a non-negative
Borel measure on [ := (—b, —a) defined by

M(E) = A(—E), where —E:={-x: xcE}.
Similarly, if 4 € B*(I), then the function & € B*(I) is given by

h(x) :=h(—x), xel.

/Ehd/'L :/_Eizdi (5.3)

for any Borel subset E of I. (Indeed, this is a consequence of the fact that (5.3) holds
for any step function & € B*(I).) In particular,

Now it is clear that

lewllp. @) = 18Wlp.(~b.—a).i
and

u(x) /( )g(y) du

mw[ e

q,(a,b),v q,(=b,—a),v

Moreover, since (by (5.3))

| eau= | adn it xe(-b-a),
(a,—x) (x,—a)

we arrive at

u(x) /( )g(y) du

mw[ s

Consequently, the inequality (5.1) holds for all g € B (I) if and only if the inequality

mm[ s

q,(a,b),v q.(—b,—a),v

18W|1p,(—b,—a)a < € (5.4)

q,(—=b,—a),v

holds for all § € B*(I).
As il g=px,v = lltllg[=xp).v < +00 if x € (=b, —a), we deduce from Theo-
rem 4.1 that the inequality (5.1) holds on B*(I) if and only if

swp ¥l g E s < oo (55)
x€(—b,—a)
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However, using (5.3) and its analogue

7llo.£2 = NAll oo —p.75 (5.6)
we see that the condition (5.5) coincides with (5.2). O

REMARK 5.2. Let B; be the number defined in Theorem 5.1. If p = 1, then

-1
B = welelylon|

Indeed, using the idea of the proof of Theorem 5.1, we obtain the result from Remark 4.2.

Consider now the inequality (5.1) on B*(I) in the case when 0 < p < 1,
p < q < o0 and define r by 1 11

S (5.7)

As in Section 4, in such a case we shall write a condition characterizing the validity
of the inequality (5.1) on B*(I) in a compact form involving the Lebesgue-Stieltjes
integral f(a b) f dh, say. In contrast to Section 4, now the Lebesgue-Stieltjes integral

f(mb) f dh will be defined by a non-decreasing and left-continuous function h on I.

We shall see in our next theorem that f (¢) = Hw||;,,[t’b>’u and h(r) = HuH;{t_ v =
lim,_,,— HuH;[’s,b)’v, t € (a,b). However, it can happen that ||ul|,;— 4, = 0 for all
t € (¢,b) with some ¢ € (a,b) (provided that we omit the trivial case when u = 0
v-ae. on (a,b)). Then we have to explain what is the meaning of the Lebesgue-
Stieltjes integral since in such a case the function # = 400 on (¢, b). To this end, we

adopt the following convention.

CONVENTION 5.3. Let I = (a,b) CR, f : I — [0,400] and & : [ — [0, 400].
Assume that & is non-decreasing and left-continuous on /. If & : I — [0,400),
then the symbol fl f dh means the usual Lebesgue-Stieltjes integral (the measure A
associated to & is given by A ([, B)) = h(B) — k() if [a, B) C (a,b) —cf. (4.17)).
However, if h = +00 on some subinterval (c,b) with ¢ € I, then we define fl f dh
only if f =0 on [¢,b) and we put

/ fdh= [ fan
1 (a,c)

THEOREM 5.4. Assume that 0 <p < 1, p < g < +0o and r is given by (5.7).
Let u and v be non-negative Borel measures on I = (a,b) CR. Let w € BT (I) and
let u € B*(I) satisfy ||ullgp),y < +00 forall t € I and u# 0 v-a.e. on I. Then
the inequality (5.1) holds for all g € BY(I) if and only if

1
_ C Wl sy
Beim ([ el (o) |+ e < o
( (ah) p[tb).u q,[t—=.b)v Hqu’(a’b)’V

The best possible constant ¢ in (5.1) satisfies ¢ ~ B, .
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REMARK 5.5. Let g < 400 in Theorem 5.4. Then
Null g j—p),v = lullg e,y forall zel,

which implies that

1
N ey
Be= ([l () |+ e,
( (@) pli[tb).u q,[t,b),v Hqu,(a,b),v

’

Proof of Theorem 5.4. As in the proof of Theorem 5.1, one can show that the
inequality (5.1) holds on B*(I) if and only if the inequality (5.4) is satisfied for all
g € B*(I). Thus, by Theorem 4.4, the inequality (5.1) holds on B*(I) if and only if

1
B L Y,
190 o d (<Nl ) |+ T E < oo, (58)
</<> P 0030) | il comars

It is clear that

¥l (. ~a)a = Wl (apye and liillg (b~ = [llg(@p)v-— (5.9)

Moreover, by the definition of the Lebesgue-Stieltjes integral,

150 nad (< ie) = [ 19l cagadh =1, (5.10)
/(b,a) P’ bJ]H bf+] (7])77“) P,( bat]wu

where A is the non-negative Borel measure associated to the non-decreasing and right-

continuous function ¢ := —|[|i| (_, 5 . t € (=b,—a), thatis,

A((a,B)) = @(B) — @(a) forany (a,p]C (~b,—a).
r (5.6),

¥ (—pia = Wl (py e forall € (=b,—a),

Since, by (5.3) or

we obtain from (5.3) that

1:/ 1l wlz/ Wl 1 dA, (5.11)
(_b _a) p 7( b'rt] ’/Ll (a’b) p 7[t’b) ’/Ll

s

where A(E) = A(—E) if E is a Borel subset of 1. In particular, if [a, 8) C (a,b),
then
l([OhB)) = A((=B,~a]) = ¢(~a) — ¢(-P)
—Nall gt —eyo T Nl —piro
= *H“Hq’[a_,b),v + H“Hq,[ﬁ_,b),v

(the last equality follows from (5.3) and (5.6)). That means (cf. (4.17)) that the
non-negative Borel measure A is associated to the non-decreasing and left-continuous
function ¢ given on (a,b) by

0() = ull ;7. 1€ (a,b).
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Consequently,

[ :/ 1 d () (5.12)
/(aﬁ,,) p[b)u (ah) plib)u q[t—b),v

The result now follows from (5.8)—(5.12). O
The following assertion is a counterpart of Theorem 4.6.

THEOREM 5.6. Suppose that all the assumptions of Theorem 5.4 are satisfied.
(i) Let
Wl -y S Wl e forall 1 € (a,b). (5.13)
Then B, ~ Bs, where

1
D limep— Wy )
B3:: / u—r d(*eri ) + P~,~,~,'
( () l ||q,(t,b),v | ||p J[t—.b),u lim,_,_ Hqu,(z,b),v

(ii) Let

Wl ey S Il oy forall ¢ € (a,b). (5.14)
Then B, =~ By, where

1
' lim, HW”p’ (t,b),u
By = / ul| d(—wﬁf ) + —
( () [ ||q,[f b)v | Hp J[1—=b).u limy,—p— ]l (1) v

Proof. Tt is left to the reader. [

We conclude this section with counterparts of Remarks 4.7, 4.8, 4.10 and Theo-
rem 4.9 (proofs are left to the reader).

REMARK 5.7. Theorems 5.4 and 5.6 imply that if the weight w satisfies (5.13),
then the conditions B, < +o00 and B3 < +oo are equivalent. Similarly, if w satisfies
(5.14), then the conditions B, < 400 and B4 < +oc are equivalent.

Note also that if p’ < +oo and |w, 4 < +oo forall ¢ € (a,b), then
Wl =5y = Wl ey forall # € (a,b) and therefore w satisfies (5.13). In this

case the condition B3 < +o0o reduces to

1

( /( , ||u||%(f,b),vd(||w|;,,[,_,b>,u)> < +oo (5.15)

since lim, ., [[Wl|, (1.p),u = 0.

Suppose now that p’ = 400, the weight w satisfies (5.13), and B3 < +00.
Moreover, let lim; ., [[ul|4,5),, = 0. Then the second term in B3 has to be finite
which can happen only if lim; ., ||W||c,(t.5),u = O (cf. our convention that 0/0 = 0).

Let u be a non-negative Borel measure on (a,b) which has no atoms. Then it is
clear that the condition (5.14) holds.

Suppose now that p’ = 400, the weight w satisfies (5.14), and By < +00.
Moreover, let lim; ., [|ul|4,5),, = 0. Then the second term in By has to be finite
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which can happen only if lim; ., ||W||,(t.5),u = O (cf. our convention that 0/0 = 0).

REMARK 5.8. The implication Bz < +00 = B, < B3 holds without the additional
assumption (5.13). (This follows from Remark 4.8.) Similarly, the implication B <
+00 = B4 < B, holds without the additional assumption (5.14). Consequently, under
the assumptions of Theorem 5.4,

B3 < 400 = B45B2 §B3~
Moreover, if
[[ll g fi—p).v S N1ellg. (1), (5.16)
then B3 <B,. Consequently, if (5.16) holds, then under the assumptions of Theo-
rem 5.4, B, =~ B3 =~ By.
To characterize the validity of inequality (5.1) on B*(I), in Theorems 5.1 and 5.4
we have supposed that the weight function u satisfies
lwllg,jep),y < +oo forall rel. (5.17)
The next theorem concerns the case when (5.17) is violated.

THEOREM 5.9. Assume that 0 < p < 1 and 0 < g < +00. Let U and v be
non-negative Borel measures on 1 = (a,b) CR. Let w € B"(I) and let u € B*(I)
be such that (5.17) does not hold. Put

T :=sup{t €1: ||lullgp),v = +00}.

(i) If T = b, then the inequality (5.1) holds for all g € B (I).
(@) If T € (a,b) and u({T}) = 0, then the inequality (5.1) holds for all
g € BY(I) if and only if the inequality

1gWllp, ) S (5.18)

u(x) / g(v)du
(Tx) q,(T.b),v
holds for all g € BT ((T,b)).
(iii) If T € (a,b) and u({T}) > 0, then the inequality (5.1) holds for all
g € BT(I) if and only if
w(T)(u{TH)? SuATH g, 1,00 (5.19)
and the inequality (5.18) is satisfied for all g € B*((a,T)).
REMARK 5.10. To characterize the validity of inequality (5.18) on (T,b) if T €
(a,b), one can use Theorems 5.1 and 5.4 since ||u||y,5),» < +oo forall € (T,b).
Note also that condition (5.19) holds if and only if
either O <[lul (7p),v < +oo and w(T) < +o0,
or 0 <l[lullgrp.v <+oo and w(T)=+4occ and u({T}) = +oo,
or lullg, .60,y = O and w(T) =0,

or l|ullg,7.6),y = +o0.
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6. Reverse Hardy inequalities involving three measures

So far we have studied the reverse Hardy inequalities of the form

18Wllp (b < € M(X)/ g(y)du , g E€B(I), (6.1)

Sx q,(ab),v
where 0 < p < 1, 0 < ¢ < +o00, 4 and v are non-negative Borel measures on
I := (a,b) C R, w and u are weight functions on I and either S, = (a,x) or

Sy = (x,b) forall x € I.
Now, we replace the left-hand side of inequality (6.1) by ||g]|, ()2 » Where A4 is
a non-negative Borel measure on /, that is, we consider the inequality

u(x) / ¢(v)du

., g€ BY(I). (6.2)
q,(a,b),v

||g||p,(a,b),l <c

We claim that to characterize the validity of (6.2) on B (I) itis enough to characterize
the validity of (6.1) on B* (1) . To see it, assume that (6.2) holds for all g € B*(I). Let
E C I be such that u(E) =0 and put g = xg. Then

Oé/g(y)du=u(SmE)<u(E):o forall xel.
Sx

Therefore, the right-hand side of (6.2) is zero, which implies that

1/p y
0= 18l = ( / dx) — (@),

that is, A(E) = 0. Hence, the measure A is absolutely continuos with respect to u,
and, by the Radon-Nikodym theorem, there is v € B (I) such that dA = vdu . Putting

w = v'/7 we have dA = w” du . Consequently, for any g € BT (I), we can rewrite the
left-hand side of (6.2) as

1/p 1/p
lgllp.(ap)r = (/ g dl) = (/ (gw)? dH) = ||gWllp.(ab).us
(a,b) (a,b)

and our claim follows.

COROLLARY 6.1.  Assume that 0 < p <1, 0 < g < +00. Let A, u and v
be non-negative Borel measures on I := (a,b) C R and let u € B™(I). Then the
inequality (6.2) holds for all g € B (I) if and only if the measure A is absolutely

1/p
continuous with respect to [ and the inequality (6.1) with w := (%) holds for all
g€ BT(I).
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