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INEQUALITY OF O’NEIL–TYPE FOR CONVOLUTIONS

ASSOCIATED WITH THE LAPLACE–BESSEL

DIFFERENTIAL OPERATOR AND APPLICATIONS

V. S. GULIYEV, A. SERBETCI AND Z. V. SAFAROV

(communicated by V. Burenkov)

Abstract. In this paper we prove an O’Neil-type inequality for the convolution operator ( B –
convolution) associated with the Laplace-Bessel differential operator. By using an O’Neil-
type inequality for rearrangements we obtain a pointwise rearrangement estimate of the B –
convolution. As an application, we obtain necessary and sufficient conditions on the parameters
for the boundedness of the fractional B -maximal operator and B –fractional integral operator
with rough kernels from the spaces Lp,γ to Lq,γ and from the spaces L1,γ to the weak spaces
WLq,γ .

1. Introduction

The potential type integral operators associated with the Laplace-Bessel differential
operator

ΔB =
n∑

i=1

∂2

∂x2
i

+
γ
xn

∂

∂xn

(see [1, 4, 6, 7, 11]), are playing an important role in harmonic analysis, theory of func-
tions and partial differential equations. Here we study the convolution (B -convolution),
the fractional maximal function (fractional B -maximal function) and fractional integral
(B -fractional integral) with rough kernel, associated with the Laplace-Bessel differen-
tial operator.

Let R
n
+ = {x = (x1, ..., xn) ∈ R

n : xn > 0} , and define

Lp,γ ≡ Lp,γ (Rn
+) =

⎧⎨
⎩f : ‖f ‖Lp,γ

≡
(∫

R
n
+

|f (x)|pxγndx

)1/p

< ∞
⎫⎬
⎭ ,

where γ > 0 is a fixed parameter and 1 � p < ∞ .
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Denote by Ty the shift operator (B–shift) acting according to the law

Tyf (x) = Cγ

∫ π

0
f

(
x′ − y′,

√
x2
n − 2xnyn cosα + y2

n

)
sinγ−1 αdα,

where Cγ ≡ (∫ π
0 sinγ−1 αdα

)−1
= π− 1

2Γ
(
γ+1

2

)
[Γ
( γ

2

)
]−1 and x = (x′, xn) , x′ ∈

Rn−1 .
We remark that the B -shift is closely related to the Laplace-Bessel differential

operator ΔB . The shift operator Ty generates the corresponding convolution (B -
convolution)

(f ⊗ g)(x) =
∫

R
n
+

f (y)Tyg(x)yγndy.

The paper is organized as follows. In Section 2, we give some lemmas needed
to facilitate the proofs of our theorems. In Section 3, we show that an O’Neil-type
inequality for rearrangements of the B -convolution holds. In Section 4, we prove
an O’Neil-type inequality for B -convolutions. In Section 5, we obtain rearrangement
estimates for the fractional B -maximal function and B -fractional integral. We prove the
boundedness of the fractional B -maximal operator and B–fractional integral operator
with rough kernels from the spaces Lp,γ to Lq,γ and from the spaces L1,γ to the weak
spaces WLq,γ . We show that the conditions on the parameters ensuring the boundedness
cannot be weakened.

2. Some auxiliary lemmas

In this section we formulate some lemmas that will be needed later.
For the B -shift operator the following two lemmas hold.

LEMMA 1. 1. Let 1 � p � ∞ , f ∈ Lp,γ (Rn
+) , then for all y ∈ R

n
+

‖Tyf (·)‖Lp,γ
� ‖f ‖Lp,γ

. (1)

(see [10]).
2. Let 1 � p, r � q � ∞ , 1/p′ + 1/q = 1/r , pp′ = p + p′ , f ∈ Lp,γ (Rn

+) ,
g ∈ Lr,γ (Rn

+) . Then f ⊗ g ∈ Lq,γ (Rn
+) and

‖f ⊗ g‖Lq,γ
� ‖f ‖Lp,γ

‖g‖Lr,γ
. (2)

LEMMA 2. For any measurable set A = (A ′, An) ⊂ R
n
+, A ′ = A1 × ... ×

An−1 ⊂ R
n−1, An ⊂ (0,∞) and for any y ∈ R

n
+ the following equality holds∫

A

Tyg(x) xγndx = Cγ

∫
(y,0)+Ã

g

(
z′,
√

z2
n + z2

n+1

)
dμ(z, zn+1), (3)

where Ã = A ′ × (−m, m) × [0, m) , m = supAn, dμ(z, zn+1) = zγ−1
n+1 dzdzn+1 .
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The proof of Lemma 2 is straightforward after applying the following substitutions

z′ = x′, zn = xn cosα, zn+1 = xn sinα. (4)

The following two Hardy inequalities (see [12]) have an important role in proving
our main results:

LEMMA 3. Let 1 < p � q < ∞ . There exists a constant C independent of the
function ϕ such that

(∫ ∞

0

(∫ t

0
ϕ(s)ds

)q

w(t)dt

)1/q

� C

(∫ ∞

0
ϕ(t)pv(t)dt

)1/p

(5)

if and only if

K = sup
r>0

(∫ ∞

r
w(t)dt

)1/q(∫ r

0
v(t)1−p′dt

)1/p′

< ∞, (6)

where p + p′ = pp′ . Moreover, if C is the best constant in (5), then

K � C � k(p, q)K. (7)

Here the constant k(p, q) in (7) can be written in various forms. For example (see
[14])

k(p, q) = p1/q(p′)1/p′ or k(p, q) = q1/q(q′)1/p′ or k(p, q) =
(

1 +
q
p′

)1/q(
1 +

p′

q

)1/p′

.

LEMMA 4. Let 1 < p � q < ∞ and let v and w be two functions measurable
and positive a.e. on (0,∞) . Then there exists a constant C independent of the function
ϕ such that

(∫ ∞

0

(∫ ∞

t
ϕ(s)ds

)q

w(t)dt

)1/q

� C

(∫ ∞

0
ϕ(t)pv(t)dt

)1/p

(8)

if and only if

K1 = sup
r>0

(∫ r

0
w(t)dt

)1/q(∫ ∞

r
v(t)1−p′dt

)1/p′

< ∞.

Moreover, the best constant C in (8) satisfies the inequalities K1 � C � k(p, q)K1 .
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3. O’Neil-type inequality for rearrangements of B -convolutions

In this section,we establish a relation between shift operator Tyf and γ -rearrangement
of f . We show that for the B -convolution an O’Neil-type inequality for rearrangements
holds.

Let f : R
n
+ → R be a measurable function and for any measurable set E ,

|E|γ =
∫

E xγndx . We define γ -rearrangement of f in decreasing order by

f ∗(t) = inf {s > 0 : f∗(s) � t}, ∀t ∈ [0,∞),

where f∗(s) denotes the γ -distribution function of f given by

f∗(s) = |{x ∈ R
n
+ : |f (x)| > s}|γ .

We note the following properties of γ -rearrangement of functions (see [3, 13]):
1) if 0 < p < ∞ , then∫

R
n
+

|f (x)|pxγndx =
∫ ∞

0
(f ∗(t))p dt; (9)

2) for any t > 0 ,

sup
|E|γ=t

∫
E
|f (x)|xγndx =

∫ t

0
f ∗(s)ds; (10)

3) ∫
R

n
+

|f (x)g(x)|xγndx �
∫ ∞

0
f ∗(t)g∗(t)dt. (11)

The function f ∗∗ on (0,∞) is defined by f ∗∗(t) = 1
t

t∫
0

f ∗(s)ds, t > 0.

We denote by WLp,γ (Rn
+) the weak Lp,γ space of all measurable functions f with

finite norm
‖f ‖WLp,γ = sup

t>0
t1/pf ∗(t), 1 � p < ∞.

LEMMA 5. For any measurable set A ⊂ R
n
+ and for any y ∈ R

n
+

sup
|A |γ=t

∫
A

Ty|f (x)|xγndx = Cγ

∫ t

0
f ∗(s)ds. (12)

Proof. By Lemma 2 we have∫
A

Ty|f (x)|xγndx = Cγ

∫
(y,0)+Ã

∣∣f (z, zn+1)
∣∣ dμ(z, zn+1), (13)

where f (z, zn+1) = f
(
z′,
√

z2
n + z2

n+1

)
, zn+1 > 0 , dμ(z, zn+1) = zγ−1

n+1 dzdzn+1 . For

the function f (z, zn+1) the analogous equality (10) is also valid (see, for example [3])

sup
μ(Ã )=t

∫
Ã

|f (z, zn+1)|dμ(z, zn+1) = Cγ

∫ t

0

(
f
)∗
μ (s)ds, (14)
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where
(
f
)∗
μ (s) = inf

{
t > 0 : μ

({
(z, zn+1) :

∣∣f (z, zn+1)
∣∣ > t

})
� s
}

.

Note that μ
(
(y, 0) + Ã )

)
= |A |γ and

(
f
)∗
μ (s) = f ∗(s) . Indeed, taking into

account (4) we have

μ
({

(z, zn+1) ∈ R
n+1
+ :

∣∣f (z, zn+1)
∣∣ > t

})
=

∫
{x∈R

n
+:|f (x)|>t}

xγndx = f∗(t).

Consequently, (
f
)∗
μ (s) = inf {t > 0 : f∗(t) � s} = f ∗(s).

By (13) and (14) we have

sup
|A |γ=t

∫
A

Ty|f (x)|xγndx = Cγ sup
μ(A )=t

∫
(y,0)+A

|f (z, zn+1)|dμ(z, zn+1)

= Cγ

∫ t

0

(
f
)∗
μ (s)ds = Cγ

∫ t

0
f ∗(s)ds.

Thus Lemma 5 is proved. �
The following theorem is one of our main results which shows that an O’Neil-type

inequality for rearrangements of the B -convolution holds. The methods of the proof
used here are close to those in [8].

THEOREM 1. Let f , g be positive measurable functions on R
n
+. Then for all

0 < t < ∞

(f ⊗ g)∗∗(t) � Cγ

(
f ∗∗(t)

∫ t

0
g∗∗(u)du +

∫ ∞

t
f ∗(u)g∗∗(u)du

)
. (15)

Proof. For t > 0 we choose a measurable set Et such that

{x ∈ R
n
+ : |f (x)| > f ∗(t)} ⊂ Et ⊂ {x ∈ R

n
+ : |f (x)| � f ∗(t)} .

Let
f 1(x) = (f (x) − f ∗(t)) χEt(x), f 2(x) = f (x) − f 1(x).

For any measurable set A ⊂ R
n
+ with measure |A |γ = t , we have∫

A

(g ⊗ f 1)(x)xγndx =
∫

R
n
+

f 1(y)yγndy
∫

A

Tyg(x)xγndx.

Hence by Lemma 5, we obtain∫
A

(g ⊗ f 1)(x)xγndx � Cγ

∫ t

0
g∗(u)du

∫
R

n
+

f 1(y) yγn dy

� Cγ

∫ t

0
g∗∗(u)du

∫
R

n
+

f 1(y)yγndy

= Cγ

(∫
Et

f (y)yγndy − tf ∗(t)
)∫ t

0
g∗∗(u)du.
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Thus by (10) we have

(g ⊗ f 1)∗∗(t) =
1
t

sup
|A |γ=t

∫
A

(g ⊗ f 1)(x)xγndx

� Cγ (f ∗∗(t) − f ∗(t))
∫ t

0
g∗∗(u)du.

Next, estimate (g⊗ f 2)∗∗(t) . Taking into account Lemma 5 and equality (10) we have

(T·g(x))∗ (s) � (T·g(x))∗∗ (s) =
1
s

sup
|A |γ=s

∫
A

Tyg(x)yγndy = Cγ g
∗∗(s), (16)

hence by (11) we get

(g ⊗ f 2) (x) �
∫ ∞

0
(f 2)∗(u) (T·g(x))∗ (u)du

� Cγ

∫ ∞

0
(f 2)∗(u)g∗∗(u)du

= Cγ

(
f ∗(t)

∫ t

0
g∗∗(u)du +

∫ ∞

t
f ∗(u)g∗∗(u)du

)
.

Consequently by (10) we have

(g ⊗ f 2)∗∗(t) � Cγ

(
f ∗(t)

∫ t

0
g∗∗(u)du +

∫ ∞

t
f ∗(u)g∗∗(u)du

)
.

Therefore we obtain (15). �

THEOREM 2. If g ∈ WLr,γ (Rn
+), 1 < r < ∞, then

(f ⊗ g)∗(t) � (f ⊗ g)∗∗(t) �

C1‖g‖WLr,γ

(
t−

1
r

∫ t

0
f ∗(s)ds +

∫ ∞

t
s−

1
r f ∗(s)ds

)
, (17)

where C1 = Cγ r′(1 + r′) .

Proof. Since f ∈ WLr,γ (Rn
+) , we have

g∗(t) � ‖g‖WLr,γ t
− 1

r , g∗∗(t) � r′‖g‖WLr,γ t
− 1

r .

Taking into account inequality (15) we get the inequality (17). �
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4. O’Neil-type inequality for the B -convolutions

In this section we prove an O’Neil-type inequality for the B -convolutions.

THEOREM 3. 1. Let 1 < p < q < ∞ , 1/p′ + 1/q = 1/r , f ∈ Lp,γ (Rn
+) ,

g ∈ WLr,γ (Rn
+) . Then f ⊗ g ∈ Lq,γ (Rn

+) and

‖f ⊗ g‖Lq,γ
� A1 ‖f ‖Lp,γ

‖g‖WLr,γ
, (18)

where A1 = C1

(
p1/qq1/p′ + (p′)1/q(q′)1/p′

)
.

2. Let p = 1 , 1 < q < ∞ , f ∈ L1,γ (Rn
+) , g ∈ WLq,γ (Rn

+) . Then f ⊗ g ∈
WLq,γ (Rn

+) and
‖f ⊗ g‖WLq,γ

� A2 ‖f ‖L1,γ
‖g‖WLq,γ

, (19)

where A2 = 2C1 .

Proof. 1. Let f ∈ Lp,γ (Rn
+) , g ∈ WLr,γ (Rn

+) , 1 < p < q < ∞ and 1/r =
1/p′ + 1/q . By using equality (9) and inequality (17) we get

‖f ⊗ g‖Lq,γ
=
∥∥(f ⊗ g)∗

∥∥
Lq(0,∞)

� C1

(∫ ∞

0
t−1/r

(∫ t

0
f ∗(s)ds

)q

dt

)1/q

+C1

(∫ ∞

0

(∫ ∞

t
s−1/rf ∗(s)ds

)q

dt

)1/q

.

By Lemma 3, for the validity of the inequality

(∫ ∞

0
t−1/r

(∫ t

0
f ∗(s)ds

)q

dt

)1/q

� C2

(∫ ∞

0
f ∗(t)pdt

)1/p

it is necessary and sufficient condition that

sup
t>0

(∫ ∞

t
s−1/rds

)1/q(∫ t

0
ds

)1/p′

=
(
q/r − 1

)−1/q
sup
t>0

t1/r′−1/p+1/q < ∞.

Note that C2 �
(
q/r − 1

)−1/q
q1/q(q′)1/p′ = (p′)1/q(q′)1/p′ and 1/p − 1/q = 1/r′ .

Furthermore, by Lemma 4, for the validity of the inequality

(∫ ∞

0

(∫ ∞

t
s
− 1

r f ∗(s)ds

)q

dt

)1/q

� C3

(∫ ∞

0
f ∗(t)pdt

)1/p

it is necessary and sufficient condition that

sup
t>0

(∫ t

0
ds

)1/q(∫ ∞

t
s−p′/rds

)1/p′

=
(
p′/r − 1

)−1/p′
sup
t>0

t1/r′−1/p+1/q < ∞.
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Note that C3 �
(
p′/r − 1

)−1/p′
p1/q(p′)1/p′ = p1/qq1/p′ and 1/p − 1/q = 1/r′ .

By using these inequalities and applying equality (9) we obtain

‖f ⊗ g‖Lq,γ
� C1(C2 + C3) ‖f ‖Lp,γ

‖g‖WLr,γ
.

2. Let p = 1 , 1 < q < ∞ , f ∈ L1,γ (Rn
+) and g ∈ WLq,γ (Rn

+) .
By inequality (17) and equality (9) we obtain

‖f ⊗ g‖WLq,γ = sup
t>0

t1/q(f ⊗ g)∗(t)

� C1‖g‖WLq,γ sup
t>0

t1/q

(
t−

1
r

∫ t

0
f ∗(s)ds +

∫ ∞

t
s−

1
r f ∗(s)ds

)

= C1‖g‖WLq,γ

(
sup
t>0

∫ t

0
f ∗(s)ds + sup

t>0
t1/q
∫ ∞

t
s−1/qf ∗(s)ds

)
� 2C1‖g‖WLq,γ ‖f ∗‖L1(0,∞) = 2C1‖f ‖L1,γ ‖g‖WLq,γ .

Thus the proof is completed. �

5. Boundedness of the B -fractional integral operator with rough kernels in Lp,γ
spaces

We define the fractional B -maximal function with a rough kernel by

MΩ,α,γ f (x) = sup
r>0

1
rn+γ−α

∫
B(0,r)

|Ω(y)| Ty|f (x)| yγn dy (20)

and the B–fractional integral with a rough kernel by

IΩ,α,γ f (x) =
∫

R
n
+

Ω(y)
|y|n+γ−α Tyf (x) yγn dy, (21)

where Ω ∈ Ls,γ (Sn−1
+ ) , s � 1 , Sn−1

+ = {x ∈ R
n
+ : |x| = 1} , and Ω is homogeneous

of degree zero on R
n
+ , i.e., Ω(tx) = Ω(x) for all t > 0 , x ∈ R

n
+ .

It is easy to see that, when Ω ≡ 1, MΩ,α,γ and IΩ,α,γ are the usual fractional B–
maximal operator Mα,γ ([6]) and the B–Riesz potential Iα,γ ([1, 5, 11]), respectively.

Note that, it can be easily verified that

g(x) = |x|α−n−γ ∈ WL(n+γ )/(n+γ−α),γ (Rn
+), 0 < α < n,

moreover in this case

g∗(t) = ω(n, γ ) t−(n+γ )/(n+γ−α), g∗(t) =
(
ω(n, γ ) t−1

)1−α/(n+γ )
,

‖g‖WL(n+γ )/(n+γ−α),γ = ω(n, γ )1−α/(n+γ ),

where ω(n, γ ) = |B(0, 1)|γ , and B(0, 1) = {x ∈ R
n
+ : |x| < 1} .
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If we take

g(x) =
Ω(x)

|x|n+γ−α , 0 < α < n,

where Ω is homogeneous of degree zero on R
n
+ and Ω ∈ L(n+γ )/(n+γ−α),γ (S

n−1
+ ) , then

g∗(t) =
A

n + γ
t−(n+γ )/(n+γ−α), g∗(t) =

(
A

(n + γ )t

)1−α/(n+γ )

,

g∗∗(t) =
n + γ
α

g∗(t),

where
A = ‖Ω‖(n+γ )/(n+γ−α)

L(n+γ )/(n+γ−α),γ (Sn−1
+ )

and therefore g ∈ WL(n+γ )/(n+γ−α),γ (Rn
+) and ‖g‖WL(n+γ )/(n+γ−α),γ = ( A

n+γ )1−α/(n+γ ) .

COROLLARY 1. Let 0 < α < n + γ , Ω be homogeneous of degree zero on R
n
+

and Ω ∈ L(n+γ )/(n+γ−α),γ (S
n−1
+ ) . Then the following inequalities hold(

IΩ,α,γ f
)∗ (t) �

(
IΩ,α,γ f

)∗∗ (t)

� C4 ‖Ω‖L(n+γ )/(n+γ−α),γ (Sn−1
+ )

(
t

α
n+γ −1

∫ t

0
f ∗(s) ds +

∫ ∞

t
s

α
n+γ −1 f ∗(s) ds

)
,

where C4 = α−2(n + γ )
α

n+γ +1 Cγ .

LEMMA 6. Suppose that Ω ∈ Ls,γ (Sn−1
+ ) , s � 1 , 0 < α < n + γ , then

MΩ,α,γ f (x) � 2n+γ−α

1 − 2α−n−γ I|Ω|,α,γ (|f |)(x).

Proof. Denote

I|Ω|,α,γ ,j(|f |)(x) =
∫

B(0,2j)\B(0,2j−1)

|Ω(y)|
|y|n+γ−α Ty|f (x)| yγn dy,

then
I|Ω|,α,γ (|f |)(x) =

∑
j∈Z

I|Ω|,α,γ ,j(|f |)(x). (22)

Since

I|Ω|,α,γ ,j(|f |)(x)
� 2j(α−n−γ )

∫
B(0,2j)\B(0,2j−1)

|Ω(y)| Ty|f (x)| yγn dy

= 2j(α−n−γ )

[∫
B(0,2j)

|Ω(y)| Ty|f (x)| yγn dy −
∫

B(0,2j−1)
|Ω(y)| Ty|f (x)| yγn dy

]

=
1

2j(n+γ−α)

∫
B(0,2j)

|Ω(y)| Ty|f (x)| yγn dy

− 2α−n−γ

2(j−1)(n+γ−α)

∫
B(0,2j−1)

|Ω(y)| Ty|f (x)| yγn dy,
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we have

I|Ω|,α,γ ,j(|f |)(x) +
2α−n−γ

2(j−1)(n+γ−α)

∫
B(0,2j−1)

|Ω(y)| Ty|f (x)| yγn dy

� 1
2j(n+γ−α)

∫
B(0,2j)

|Ω(y)| Ty|f (x)| yγn dy.

If we take the supremum with respect to j ∈ Z in the both sides of the above
inequality, then we get

sup
j∈Z

I|Ω|,α,γ ,j(|f |)(x) � (1−2α−n−γ ) sup
j∈Z

1
2j(n+γ−α)

∫
B(0,2j)

|Ω(y)| Ty|f (x)| yγn dy. (23)

On the other hand, it is easy to see that

M|Ω|,α,γ (f )(x) � 2n+γ−α sup
j∈Z

1
2j(n+γ−α)

∫
B(0,2j)

|Ω(y)| Ty|f (x)| yγn dy. (24)

Thus, the proof of Lemma 6 follows from (22), (23) and (24). �
From Corollary 1 and Lemma 6 we get the following

COROLLARY 2. Suppose that Ω is homogeneous of degree zero on R
n
+ and

Ω ∈ L(n+γ )/(n+γ−α),γ (S
n−1
+ ), 0 < α < n + γ , then for all 0 < t < ∞(

MΩ,α,γ f
)∗ (t) �

(
MΩ,α,γ f

)∗∗ (t)

� C′
4

(
t

α
n+γ −1

∫ t

0
f ∗(s) ds +

∫ ∞

t
s

α
n+γ −1 f ∗(s) ds

)
,

where C′
4 = 2n+γ−α

1−2α−n−γ C4 .

COROLLARY 3. For the B -Riesz potential

Iα,γ f (x) =
∫

R
n
+

Ty|x|α−n−γ f (y)yγndy, 0 < α < n + γ ,

for all 0 < t < ∞(
Iα,γ f

)∗ (t) �
(
Iα,γ f

)∗∗ (t)

� C5

(
t

α
n+γ −1

∫ t

0
f ∗(s)ds +

∫ ∞

t
s

α
n+γ −1f ∗(s)ds

)
,

where C5 = Cγ
( n+γ

α
) (

1 + n+γ
α
)
ω(n, γ )1− α

n+α .

COROLLARY 4. Let Ω be homogeneous of degree zero on R
n
+ and Ω ∈

L(n+γ )/(n+γ−α),γ (S
n−1
+ ) , 0 < α < n . Then

1) If 1 < p < n+γ
α , f ∈ Lp,γ (Rn

+) and 1/p − 1/q = α/(n + γ ) , then IΩ,α,γ f ∈
Lq,γ (Rn

+) and

‖IΩ,α,γ f ‖Lq,γ � A3 ‖Ω‖L(n+γ )/(n+γ−α),γ (Sn−1
+ ) ‖f ‖Lp,γ

,
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where A3 = Cγ α−2(n + γ )α/(n+γ )+1
(
p1/qq1/p′ + (p′)1/q(q′)1/p′

)
.

2) If p = 1 , f ∈ L1,γ (Rn
+) and 1− 1/q = α/(n + γ ) , then IΩ,α,γ f ∈ WLq,γ (Rn

+)
and

‖IΩ,α,γ f ‖WLq,γ � A4 ‖Ω‖L(n+γ )/(n+γ−α),γ (Sn−1
+ ) ‖f ‖L1,γ

,

where A4 = Cγ α−2(n + γ )α/(n+γ )+1 .

COROLLARY 5. Let 0 < α < n . Then
1) If 1 < p < n+γ

α , f ∈ Lp,γ (Rn
+) and 1/p − 1/q = α/(n + γ ), then Iα,γ f ∈

Lq,γ (Rn
+) and

‖Iα,γ f ‖Lq,γ � A5 ‖f ‖Lp,γ
,

where A5 = Cγ (pq+q−p)
(
pq/(q− p)2

)
ω(n, γ )1/p′+1/q

(
p1/qq1/p′+(p′)1/q(q′)1/p′

)
.

2) If p = 1 , f ∈ L1,γ (Rn
+) and 1 − 1/q = α/(n + γ ), then Iα,γ f ∈ WLq,γ (Rn

+)
and

‖Iα,γ f ‖WLq,γ � A6 ‖f ‖L1,γ ,

where A6 = Cγ (pq + q − p)
(
pq/(q − p)2

)
ω(n, γ )1/p′+1/q .

Note that, Corollary 5 was proved in [1], [5] and [11] by using other methods but
in those studies the constants were not calculated explicitly.

Next we obtain necessary and sufficient conditions on the parameters for the
fractional B -maximal operator and B -fractional integral operator with rough kernels to
be bounded from the spaces Lp,γ to Lq,γ and from the spaces L1,γ to the weak spaces
WLq,γ .

THEOREM 4. Let 0 < α < n + γ , Ω be homogeneous of degree zero on R
n
+ and

Ω ∈ L(n+γ )/(n+γ−α),γ (Sn−1
+ ) . Then

1) If 1 < p < (n+ γ )/α , then the condition 1/p−1/q = α/(n+ γ ) is necessary
and sufficient for the boundedness of IΩ,α,γ from Lp,γ (Rn

+) to Lq,γ (Rn
+) .

2) If p = 1 , then the condition 1 − 1/q = α/(n + γ ) is necessary and sufficient
for the boundedness of IΩ,α,γ from L1,γ (Rn

+) to WLq,γ (Rn
+) .

Proof. Sufficiency of Theorem 4 follows from Theorem 3.
Necessity. 1) Suppose that the operator IΩ,α,γ is bounded from Lp,γ (Rn

+) to
Lq,γ (Rn

+) and 1 < p < (n + γ )/α .
Define f t(x) =: f (tx) for t > 0 . Then it can be easily shown that

‖f t‖Lp,γ
= t−

n+γ
p ‖f ‖Lp,γ

, (IΩ,α,γ f t)(x) = t−α IΩ,α,γ f (tx),

and ∥∥IΩ,α,γ f t

∥∥
Lq,γ

= t−α− n+γ
q
∥∥IΩ,α,γ f

∥∥
Lq,γ

.

Since the operator IΩ,α,γ is bounded from Lp,γ (Rn
+) to Lq,γ (Rn

+) , we have∥∥IΩ,α,γ f
∥∥

Lq,γ
� C‖f ‖Lp,γ ,
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where C is independent of f . Then we get

∥∥IΩ,α,γ f
∥∥

Lq,γ
= tα+ n+γ

q
∥∥IΩ,α,γ f t

∥∥
Lq,γ

� Ctα+ n+γ
q ‖f t‖Lp,γ = Ctα+ n+γ

q − n+γ
p ‖f ‖Lp,γ .

If 1
p < 1

q + α
n+γ , then for all f ∈ Lp,γ (Rn

+) we have
∥∥IΩ,α,γ f

∥∥
Lq,γ

= 0 as t → 0 .

If 1
p > 1

q + α
n+γ , then for all f ∈ Lp,γ (Rn

+) we have
∥∥IΩ,α,γ f

∥∥
Lq,γ

= 0 as t → ∞ .

Therefore we get the equality 1
p = 1

q + α
n+γ .

2) Suppose that the operator IΩ,α,γ is bounded from L1,γ (Rn
+) to WLq,γ (Rn

+) . It
is easy to show that

‖f t‖L1,γ
= t−n−γ ‖f ‖L1,γ

, (IΩ,α,γ f t)(x) = t−α(IΩ,α,γ f )(tx),

and ∥∥IΩ,α,γ f t

∥∥
WLq,γ

= t−α− n+γ
q
∥∥IΩ,α,γ f

∥∥
WLq,γ

.

By the boundedness of IΩ,α,γ from L1,γ (Rn
+) to WLq,γ (Rn

+) , we have∥∥IΩ,α,γ f
∥∥

WLq,γ
� C‖f ‖L1,γ ,

where C is independent of f . Then we have

(IΩ,α,γ f t)∗(τ) = t−n−γ (IΩ,α,γ f )∗(tατ),

∥∥IΩ,α,γ f t

∥∥
WLq,γ

= t−α− n+γ
q
∥∥IΩ,α,γ f

∥∥
WLq,γ

,

and∥∥IΩ,α,γ f
∥∥

WLq,γ
= tα+ n+γ

q ‖IΩ,α,γ f t‖WLq,γ � Ctα+ n+γ
q ‖f t‖L1,γ = Ctα+ n+γ

q −n−γ ‖f ‖L1,γ .

If 1 < 1
q + α

n+γ , then for all f ∈ L1,γ (Rn
+) we have

∥∥IΩ,α,γ f
∥∥

WLq,γ
= 0 as t → 0 .

If 1 > 1
q + α

n+γ , then for all f ∈ L1,γ (Rn
+) we have

∥∥IΩ,α,γ f
∥∥

WLq,γ
= 0 as t → ∞ .

Therefore we get the equality 1 = 1
q + α

n+γ . �

COROLLARY 6. Let 0 < α < n + γ .
1) If 1 < p < (n+ γ )/α , then the condition 1/p−1/q = α/(n+ γ ) is necessary

and sufficient for the boundedness of Iα,γ from Lp,γ (Rn
+) to Lq,γ (Rn

+) .
2) If p = 1 , then the condition 1 − 1/q = α/(n + γ ) is necessary and sufficient

for the boundedness of Iα,γ from L1,γ (Rn
+) to WLq,γ (Rn

+) .

COROLLARY 7. Let 0 < α < n + γ , Ω be homogeneous of degree zero on R
n
+

and Ω ∈ L(n+γ )/(n+γ−α),γ (S
n−1
+ ) .

1) If 1 < p < r′ , then the condition 1/p − 1/q = α/(n + γ ) is necessary and
sufficient for the boundedness of MΩ,α,γ from Lp,γ (Rn

+) to Lq,γ (Rn
+) .

2) If p = 1 , then the condition 1 − 1/q = α/(n + γ ) is necessary and sufficient
for the boundedness of MΩ,α,γ from L1,γ (Rn

+) to WLq,γ (Rn
+) .
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Proof. Sufficiency of Corollary 7 follows from Theorem 4 and Lemma 6.
Necessity. 1) Let MΩ,α,γ be bounded from Lp,γ (Rn

+) to Lq,γ (Rn
+) for 1 < p <

n+γ
α .

Then we have

MΩ,α,γ f t(x) = t−α Mα
γ f (tx),

and ∥∥MΩ,α,γ f t

∥∥
Lq,γ

= t−α− n+γ
q
∥∥MΩ,α,γ f

∥∥
Lq,γ

.

By the same argument in Theorem 4 we obtain 1
p − 1

q = α
n+γ .

2) Let MΩ,α,γ be bounded from L1,γ (Rn
+) to WLq,γ (Rn

+) .
Then we have

MΩ,α,γ f t(x) = t−α Mα
Ω,α,γ f (tx),

and ∥∥MΩ,α,γ f t

∥∥
WLq,γ

= t−α− n+γ
q
∥∥MΩ,α,γ f

∥∥
WLq,γ

.

Hence we obtain the equality 1 − 1
q = α

n+γ . �

Acknowledgements. The authors would like to express their thanks to Prof. V. I.
Burenkov for many helpful discussions about this subject.

RE F ER EN C ES

[1] I. A. ALIEV, A. D. GADJIEV, On classes of operators of potential types, generated by a shift, Reports
of enlarged Session of the Seminars of I. N. Vekua Inst. of Applied Mathematics, Tbilisi. 3 (1988), 2,
21–24 (Russian).

[2] R. O’NEIL, Convolution operators and L(p, q) spaces. Duke Math. J. 30, 1963, p. 129–142.
[3] D. E. EDMUNDS, W. D. EVANS, Hardy operators, function spaces and embeddings, Iger Monographs in

Math., Springer-Verlag-Berlin Heidelberg, 2004.
[4] I. EKINCIOGLU, A. SERBETCI, On weighted estimates of high order Riesz-Bessel transformations gener-

ated by the generalized shift operator, Acta Mathematica Sinica, 21 (2005), 1, 53–64.
[5] V. S. GULIEV, Sobolev theorems for B –Riesz potentials, Dokl. RAN, 358 (1998), 4, 450–451. (Russian)
[6] V. S. GULIEV, On maximal function and fractional integral, associated with the Bessel differential

operator, Mathematical Inequalities and Applications, 6 (2003), 2, 317–330.
[7] I. A. KIPRIJANOV, Fourier-Bessel transformations and imbedding theorems, Trudy Math. Inst. Steklov,

89 (1967), 130–213.
[8] V. I. KOLYADA, Rearrangments of functions and embedding of anisotropic spaces of Sobolev type, East

J. on Approx., 4 (1999), 2, 111–119.
[9] B. M. LEVITAN, Bessel function expansions in series and Fourier integrals, Uspekhi Mat. Nauk 6 (1951),

2(42), 102–143. (Russian)
[10] L. LOFSTROM, J. PEETRE, Approximation theorems connected with translations, Math. Ann. 181 (1969),

255–268.
[11] L. N. LYAKHOV, Multipliers of the mixed Fourier-Bessel transformation, Proc. V. A. Steklov Inst. Math.,

214 (1997), 234–249.
[12] V. G. MAZ’YA, Sobolev Spaces, Springer-Verlag, Berlin, 1985.



112 V. S. GULIYEV, A. SERBETCI AND Z. V. SAFAROV

[13] E. M. STEIN AND G. WEISS, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Univ.
Press, 1971.

[14] B. OPIC AND A. KUFNER, Hardy-type Inequalities, Pitman Research Notes in Mathematics Series 219,
Longman Scientific and Technical, Harlow, 1990.

(Received February 15, 2007) V. S. Guliyev and Z. V. Safarov
Institute of Mathematics and Mechanics

of NAS of Azerbaijan
e-mail: vagif@guliyev.com
e-mail: szaman@rambler.ru

A. Serbetci
Ankara University
Faculty of science

Department of Mathematics
06100 Tandogan-Ankara

Turkey
e-mail: serbetci@science.ankara.edu.tr

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


