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REFINEMENTS OF JENSEN’S INEQUALITY OF MERCER’S

TYPE FOR OPERATOR CONVEX FUNCTIONS

A. MATKOVIĆ, J. PEČARIĆ AND I. PERIĆ

(communicated by F. Hansen)

Abstract. Refinements of Jensen’s inequality for operator convex functions, which are gen-
eralizations of Mercer’s result, are proved. Obtained results are used to refine monotonicity
properties for power means of Mercer’s type, and a comparision theorem for quasi-arithmetic
means of Mercer’s type for operators.

1. Introduction

We assume that H and K are Hilbert spaces, B (H) and B (K) are C∗ -algebras
of all bounded operators on the appropriate Hilbert space and P [B (H) , B (K)] is the
set of all positive linear maps from B (H) to B (K) . We denote by C ([m, M]) the set
of all real valued continuous functions on an interval [m, M] . Let A1, ..., Ak ∈ B (H)
be selfadjoint operators with spectra in [m, M] for some scalars m < M and let
Φ1, ...,Φk ∈ P [B (H) , B (K)] be positive linear maps with

∑k
j=1 Φj (1H) = 1K .

In [5] the following theorem is proved:

THEOREM A. If f ∈ C ([m, M]) is a convex function on [m, M] , then

f

⎛⎝m1K + M1K −
k∑

j=1

Φj (Aj)

⎞⎠
�

M1K −∑k
j=1 Φj (Aj)

M − m
· f (M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· f (m)

� f (m) 1K + f (M) 1K −
k∑

j=1

Φj (f (Aj)) .

In this paper we refine this result for operator convex function. For related results
in the real case see [3], [6] and [1]. We shall start with the following definition (see [2,
p. 6])
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DEFINITION. A real valued continuous function f defined on an interval I is said
to be operator convex if

f ((1 − λ ) A + λB) � (1 − λ ) f (A) + λ f (B) (1.1)

for all λ ∈ [0, 1] and for all selfadjiont operators A and B on a Hilbert space H whose
spectra are contained in I . A real valued continuous function f is said to be operator
concave if the reversed inequality (1.1) holds.

In [4] the following generalization of discrete Jensen’s operator inequality is proved:

THEOREM B. If f ∈ C ([m, M]) is an operator convex function on [m, M] , then

f

⎛⎝ k∑
j=1

Φj (Aj)

⎞⎠ �
k∑

j=1

Φj (f (Aj)) . (1.2)

To obtain some further results we need several well known assertions. The first
one is Löwner-Heinz inequality (see for example [2, p. 9]):

THEOREM C. Let A, B ∈ B (H) be positive operators. If A � B, thenAp � Bp

for all p ∈ [0, 1] .

In [2, p. 220, 232, 250] the following theorems are also proved:

THEOREM D. Let A, B ∈ B (H) be positive operators with Sp (A) ⊆ [m1, M1] ,
and Sp (B) ⊆ [m2, M2] for some scalars Mj > mj > 0 (j = 1, 2) . If A � B, then the
following inequalities hold:
(i) for all p > 1 :

K (m1, M1, p) Ap � Bp,

K (m2, M2, p) Ap � Bp,

(ii) for all p < −1 :

K (m1, M1, p) Bp � Ap,

K (m2, M2, p) Bp � Ap,

where a generalized Kantorovich constant K(m, M, p) is defined by

K (m, M, p) =
(mMp − Mmp)

(p − 1) (M − m)

(
p − 1

p
Mp − mp

mMp − Mmp

)p

for all p ∈ R .

THEOREM E. Let A, B ∈ B (H) be selfadjoint operators with Sp (B) ⊆ [m, M] for
some scalars M > m. If A � B , then

S
(
eM−m, 1

)
eA � eB,
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where the Specht ratio S(h) for h > 0 is defined by S (h) = (h−1)h
1

h−1

e ln h (h �= 1) and
S(1) = 1 .

In Section 2 we give the main result of our paper which is a refinement of Theorem
A for operator convex functions. In Section 3 we use that result to refine monotonicity
properties of power means of Mercer’s type for operators. In the final section we
consider related quasi-arithmetic means for operators.

2. Main result

THEOREM 1. Let A1, ..., Ak ∈ B (H) be selfadjoint operators with spectra in
[m, M] for some scalars m < M and Φ1, ...,Φk ∈ P [B (H) , B (K)] positive linear
maps with

∑k
j=1 Φj (1H) = 1K . If f ∈ C ([m, M]) is operator convex on [m, M] , then

we have the following series of inequalities

f

⎛⎝m1K + M1K −
k∑

j=1

Φj (Aj)

⎞⎠
�

k∑
j=1

Φj (f (m1H + M1H − Aj)) (2.1)

�
M1K −∑k

j=1 Φj (Aj)
M − m

· f (M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· f (m)

� f (m) 1K + f (M) 1K −
k∑

j=1

Φj (f (Aj)) .

If function f is operator concave, then the inequalities (2.1) are reversed.

To prove Theorem 1, we need the following Lemma:

LEMMA 1. Let A1, ..., Ak , Φ1, ...,Φk be as in Theorem 1 and f convex on [m, M] .
Then

k∑
j=1

Φj (f (Aj)) �
M1K −∑k

j=1 Φj (Aj)
M − m

· f (m) +

∑k
j=1 Φj (Aj) − m1K

M − m
· f (M).

Proof. Since f is convex,

f (Aj) � M1H − Aj

M − m
· f (m) +

Aj − m1H

M − m
· f (M),

holds for all j = 1, . . . , k . Applying linear maps Φj and summing, it follows that

k∑
j=1

Φj (f (Aj)) �
M1K −∑k

j=1 Φj (Aj)
M − m

· f (m) +

∑k
j=1 Φj (Aj) − m1K

M − m
· f (M),

since
∑k

j=1 Φj (1H) = 1K . �
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Proof of Theorem 1. Since m1H � Aj � M1H for j = 1, . . . , k and
∑k

j=1 Φj (1H) =
1K , applying linear maps Φj and summing, it follows that m1K �

∑k
j=1 Φj (Aj) �

M1K , and hence m1K � m1K + M1K −∑k
j=1 Φj (Aj) � M1K .

Since f is continuous and operator convex, the same is also true for the function
g : [m, M] → R defined by g(t) = f (m + M − t), t ∈ [m, M] . By Theorem B,

g

⎛⎝ k∑
j=1

Φj (Aj)

⎞⎠ �
k∑

j=1

Φj (g (Aj))

i.e.,

f

⎛⎝m1K + M1K −
k∑

j=1

Φj (Aj)

⎞⎠ �
k∑

j=1

Φj (f (m1H + M1H − Aj)) . (2.2)

Applying Lemma 1 to g and then to f , we have

k∑
j=1

Φj (f (m1H + M1H − Aj))

�
M1K −∑k

j=1 Φj (Aj)
M − m

· g (m) +

∑k
j=1 Φj (Aj) − m1K

M − m
· g (M)

=
M1K −∑k

j=1 Φj (Aj)
M − m

· f (M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· f (m) (2.3)

= f (m) 1K + f (M) 1K −
[

M1K −∑k
j=1 Φj (Aj)

M − m
· f (m)

+

∑k
j=1 Φj (Aj) − m1K

M − m
· f (M)

]

� f (m) 1K + f (M) 1K −
k∑

j=1

Φj (f (Aj)) .

Using the inequalities (2.2) and (2.3) , we obtain desired inequalities (2.1) .
The last statement follows immediately from the fact that if f is operator concave

then −f is operator convex. �

3. Applications to Mercer’s power means

We suppose that:
(i) A = (A1, . . . , Ak) , where Aj ∈ B (H) are positive invertible operators with

Sp (Aj) ⊆ [m, M] for some scalars 0 < m < M ,
(ii) ΦΦΦ = (Φ1, . . . ,Φk) , where Φj ∈ P [B (H) , B (K)] are positive linear maps with∑k

j=1 Φj (1H) = 1K ,
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(iii) Δ (m, M, p) = K
(
mp, Mp, 1

p

)
=

p(mpM−Mpm)
(1−p)(Mp−mp)

(
(1−p)(M−m)
mpM−Mpm

) 1
p
, for 0 < m < M

and p ∈ R , p �= 0 . Set: Δ(m, M, 0) = limp→0 Δ(m, M, p) = S(M
m , 1) =

M−m
ln M−ln m exp

(
m(1+ln M)−M(1+ln m)

M−m

)
In [5] the power mean of Mercer’s type for operators

M̃r(A,ΦΦΦ) =

⎧⎨⎩
[
mr1K + Mr1K −∑k

j=1 Φj
(
Ar

j

)] 1
r

, r �= 0,

exp
(
(ln m) 1K + (ln M) 1K −∑k

j=1 Φj (ln (Aj))
)

, r = 0 .

is defined and the following theorem is proved.

THEOREM F. Let r, s ∈ R , r < s .
(i) If either r � −1 or s � 1 , then

M̃r(A,ΦΦΦ) � M̃s(A,ΦΦΦ).

(ii) If −1 < r and s < 1 , then

M̃r(A,ΦΦΦ) � Δ(m, M, s) · M̃s(A,ΦΦΦ).

Now, we define, for any r, s ∈ R

R(r, s, A,ΦΦΦ) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

[∑k
j=1 Φj

([
mr1H + Mr1H − Ar

j

] s
r
)] 1

s
, r �= 0, s �= 0,

exp
(∑k

j=1 Φj

(
ln
[
mr1H + Mr1H − Ar

j

] 1
r
))

, r �= 0, s = 0,[∑k
j=1 Φj (exp s [(lnm) 1H + (ln M) 1H − lnAj])

] 1
s
, r = 0, s �= 0,

S(r, s, A,ΦΦΦ) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

[
Mr1K−Sr
Mr−mr · Ms + Sr−mr1K

Mr−mr · ms
] 1

s
, r �= 0, s �= 0,

exp
(

Mr1K−Sr
Mr−mr · ln M + Sr−mr

Mr−mr · lnm
)

, r �= 0, s = 0,[
(ln M)1K−S0

ln M−ln m · Ms + S0−(ln m)1K
ln M−ln m · ms

] 1
s
, r = 0, s �= 0,

where Sr =
∑k

j=1 Φj
(
Ar

j

)
and S0 =

∑k
j=1 Φj (ln (Aj)) . It is easy to see that R(r, s, A,ΦΦΦ)

and S(r, s, A,ΦΦΦ) are well defined and also notice that R(r, r, A,ΦΦΦ) = S(r, r, A,ΦΦΦ) =
M̃r(A,ΦΦΦ) (including r = 0 ).

To simplify notations, in what follows we will write M̃r, R(r, s),S(r, s) instead of
M̃r(A,ΦΦΦ), R(r, s, A,ΦΦΦ), S(r, s, A,ΦΦΦ) , respectively.

The following figure illustrates regions (i)−(vii) which determine the seven cases
occurring in Theorem 2 (compare with the figure on p. 117 in [2]).
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1

�1

1�1 r

s

1
2

�

1
2

( )iii ( )vi ( )vi

( )vi( )vi

( )viii
( )vii

( )vii( )vii

( )ii

( )v

( )iv ( )i

THEOREM 2. Let r, s ∈ R , r < s .
(i) If 1 � r , then

M̃r � S(s, r) � R(s, r) � M̃s.

(ii) If s � −1 , then

M̃r � R(r, s) � S(r, s) � M̃s.

(iii) If r � −1, s � 1 , then

M̃r � R(r,−1) � S(r,−1) � M̃−1 � S(1,−1)

� R(1,−1) � M̃1 � S(s, 1) � R(s, 1) � M̃s.

(iv) If 1
2 < r < 1 < s , then

M̃r � R(r, 1) � S(r, 1) � M̃1 � S(s, 1) � R(s, 1) � M̃s.

(v) If r < −1 < s < − 1
2 , then

M̃r � R(r,−1) � S(r,−1) � M̃−1 � S(s,−1) � R(s,−1) � M̃s.

(vi) If −1 < r � 1
2 , s � 1 ; or −s � r < s � 1 , then

M̃r � Δ (m, M, r) S(s, r) � Δ (m, M, r)2 R(s, r) � Δ (m, M, r)3 M̃s.

(vii) If r � −1,− 1
2 � s < 1 ; or −1 � r < s � −r , then

M̃r � Δ (m, M, s) R(r, s) � Δ (m, M, s)2 S(r, s) � Δ (m, M, s)3 M̃s.

Proof. (i) Suppose that 1 � r < s .
Applying the inequalities (2.1) to the operator concave function f (t) = t

r
s (note

that 0 < r
s � 1 here) and replacing Aj , m and M with As

j , ms and Ms respectively,
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we have⎡⎣ms1K + Ms1K −
k∑

j=1

Φj
(
As

j

)⎤⎦
r
s

�
k∑

j=1

Φj

([
ms1H + Ms1H − As

j

] r
s
)

� Ms1K − Ss

Ms − ms
· Mr +

Ss − ms1K

Ms − ms
· mr

� mr1K + Mr1K −
k∑

j=1

Φj
(
Ar

j

)
,

or [
M̃s

]r
� [R(s, r)]r � [S(s, r)]r �

[
M̃r

]r
. (3.1)

Raising these inequalities to the power 1
r

(
0 < 1

r � 1
)
, by Theorem C it follows that

M̃r � S(s, r) � R(s, r) � M̃s. (3.2)

(ii) Suppose that r < s � −1 .
Applying the inequalities (3.2) to A−1 =

(
A−1

1 , . . . , A−1
k

)
(notice that Sp

(
A−1

j

) ⊆[
M−1, m−1

]
and −s < −r ), it follows that

M̃−s(A−1,ΦΦΦ) � S
(−r,−s, A−1,ΦΦΦ

)
� R

(−r,−s, A−1,ΦΦΦ
)

� M̃−r(A−1,ΦΦΦ).

Observing that M̃−r(A−1,ΦΦΦ) =
[
M̃r(A,ΦΦΦ)

]−1
, M̃−s(A−1,ΦΦΦ) =

[
M̃s(A,ΦΦΦ)

]−1
,

S
(−r,−s, A−1,ΦΦΦ

)
= [S (r, s, A,ΦΦΦ)]−1 and R

(−r,−s, A−1,ΦΦΦ
)

= [R (r, s, A,ΦΦΦ)]−1 ,
we have [

M̃s

]−1
� [S (r, s)]−1 � [R (r, s)]−1 �

[
M̃r

]−1
.

Hence,
M̃r � R(r, s) � S(r, s) � M̃s. (3.3)

(iii) Suppose that r � −1 and s � 1 .
Applying the inequalities (2.1) to the operator convex function f (t) = t−1 we

have ⎡⎣m1K + M1K −
k∑

j=1

Φj (Aj)

⎤⎦−1

�
k∑

j=1

Φj

(
[m1H + M1H − Aj]

−1
)

� M1K − S1

M − m
· M−1 +

S1 − m1K

M − m
· m−1

� m−11K + M−11K −
k∑

j=1

Φj
(
A−1

j

)
,

or [
M̃1

]−1
� [R(1,−1)]−1 � [S(1,−1)]−1 �

[
M̃−1

]−1
.
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Hence,
M̃−1 � S(1,−1) � R(1,−1) � M̃1.

If we let r = 1 in (3.2) and s = −1 in (3.3) then it follows that

M̃1 � S (s, 1) � R (s, 1) � M̃s,

and
M̃r � R (r,−1) � S (r,−1) � M̃−1.

Hence,

M̃r � R(r,−1) � S(r,−1) � M̃−1 � S(1,−1)

� R(1,−1) � M̃1 � S(s, 1) � R(s, 1) � M̃s.

(iv) Suppose that 1
2 < r < 1 < s .

Applying the inequalities (2.1) to the operator convex function f (t) = t
1
r (note

that 1 � 1
r � 2 here) and replacing Aj , m and M with Ar

j , mr and Mr respectively,
we have⎡⎣mr1K + Mr1K −

k∑
j=1

Φj
(
Ar

j

)
)

⎤⎦
1
r

�
k∑

j=1

Φj

([
mr1H + Mr1H − Ar

j

] 1
r
)

� Mr1K − Sr

Mr − mr
· M +

Sr − mr1K

Mr − mr
· m

� m1K + M1K −
k∑

j=1

Φj (Aj) ,

or
M̃r � R(r, 1) � S(r, 1) � M̃1.

If we let r = 1 in (3.2) then it follows that

M̃r � R(r, 1) � S(r, 1) � M̃1 � S(s, 1) � R(s, 1) � M̃s. (3.4)

(v) Suppose that r < −1 < s < − 1
2 .

Applying the inequalities (3.4) to A−1 =
(
A−1

1 , . . . , A−1
k

)
and following analo-

gous arguing as in (ii) , we have

M̃r � R(r,−1) � S(r,−1) � M̃−1 � S (s,−1) � R (s,−1) � M̃s.

(vi) Step 1: Suppose that 0 < r � 1
2 , 1 � s .

In the same way as in (i) we obtain the inequalities (3.1) . Observing that all
terms in (3.1) have spectra in [mr, Mr] and raising (3.1) to the power 1

r

(
1
r > 1

)
, by

Theorem D (i) it follows that

M̃r � K

(
mr, Mr,

1
r

)
S(s, r) � K

(
mr, Mr,

1
r

)2

R(s, r) � K

(
mr, Mr,

1
r

)3

M̃s.

(3.5)
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Step 2: Suppose that −1 < r < 0, 1 � s .
Applying the inequalities (2.1) to the operator convex function f (t) = t

r
s (note

that −1 � r
s < 0 here) and replacing Aj , m and M with As

j , ms and Ms respectively,
we have [

M̃s

]r
� [R(s, r)]r � [S(s, r)]r �

[
M̃r

]r
.

Observing that all terms have spectra in [Mr, mr] and raising these inequalities to the
power 1

r

(
1
r < −1

)
, by Theorem D (ii) it follows that

M̃r � K

(
Mr, mr,

1
r

)
S(s, r) � K

(
Mr, mr,

1
r

)2

R(s, r) � K

(
Mr, mr,

1
r

)3

M̃s.

Since K (M, m, p) = K (m, M, p) (see [2, p. 77]), we have (3.5) .
Step 3: Suppose that 0 < r < s � 1 .
In the same way as in Step 1, we have (3.5) .
Step 4: Suppose that −1 � −s � r < 0 .
In the same way as in Step 2, we have (3.5) .
Step 5: Suppose that 0 = r < s .
Applying the inequalities (2.1) to the operator concave function f (t) = 1

s ln t
(note that 1

s > 0 here) and replacing Aj , m and M with As
j , ms and Ms respectively,

we obtain

1
s

ln

⎛⎝ms1K + Ms1K −
k∑

j=1

Φj
(
As

j

)⎞⎠ �
k∑

j=1

Φj

(
1
s

ln
(
ms1H + Ms1H − As

j

))

� Ms1K − Ss

Ms − ms
· ln M +

Ss − ms1K

Ms − ms
· lnm

� (lnm) 1K + (lnM) 1K −
k∑

j=1

Φj (ln (Aj)) ,

or
ln M̃s � lnR (s, 0) � ln S (s, 0) � ln M̃0.

Observing that all terms have spectra in [lnm, ln M] , by Theorem E it follows that

M̃0 � S
(
eln M−ln m, 1

)
S(s, 0) � S

(
eln M−ln m, 1

)2
R(s, 0) � S

(
eln M−ln m, 1

)3
M̃s.

(vii) Suppose that r � −1,− 1
2 � s < 0 .

Applying the inequalities (3.5) to A−1 =
(
A−1

1 , . . . , A−1
k

)
and following analo-

gous arguing as in (ii) , we have

M̃r � K

(
Ms, ms,

1
s

)
R(r, s) � K

(
Ms, ms,

1
s

)2

S(r, s) � K

(
Ms, ms,

1
s

)3

M̃s.

Similarly, we obtain desired inequalities in cases when r � −1, 0 < s < 1; −1 � r �
−s < 0; −1 � r < s < 0; r < s = 0 . �
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REMARK 1. Besides these results in Theorem 2, one can prove in the same way
that for r < s < 2r, s > 1

M̃r � R(r, s) � S(r, s) � M̃s,

and for r < s < 1
2 r, r < −1

M̃r � S(s, r) � R(s, r) � M̃s

also hold, but to include these cases in the figure we should compare sequences of
inequalities in common regions (see Remark 2).

REMARK 2. If we define by Mr(A,ΦΦΦ) =
(∑k

j=1 Φj(Ar
j )
) 1

r
(the weighted power

mean), by M̃r(B) = (mr1+Mr1−Br)
1
r (theMercermean for positive invertible operator

B with Sp(B) ⊂ [m, M], 0 < m < M ) and by M̃r(A) = (M̃r(A1), . . . , M̃r(Ak)) (for
an k− tuple A of positive invertible operators), we can write:

M̃r(A,ΦΦΦ) = M̃r(Mr(A,ΦΦΦ))

R(r, s, A,ΦΦΦ) = Ms(M̃r(A),ΦΦΦ),

so one can describe inequalities in Theorem 2 as mixed mean inequalities. We can
also state the following open problem: What is the complete set of inequalities among
mixed means Mr(M̃s(A),ΦΦΦ) , M̃s(Mr(A,ΦΦΦ)) , M̃r(Ms(A,ΦΦΦ)) and Ms(M̃r(A),ΦΦΦ) ?
Some special cases are given in Theorem 2 and Remark 1. Also, it is easy to see that

M̃r(Mr(A,ΦΦΦ)) � M̃s(Mr(A,ΦΦΦ))

reduces to monotonicity property of Mercer’s means, and that in some cases,

M̃s(Ms(A,ΦΦΦ)) � M̃s(Mr(A,ΦΦΦ))

reduces to inequalities between (
∑k

j=1 Φj(Ar
j ))s/r and

∑k
j=1 Φ(As

j ) .

4. Quasi-arithmetic means of Mercer’s type

Let A and ΦΦΦ be as in the previous section. Let ϕ,ψ ∈ C ([m, M]) be strictly
monotonic functions on an interval [m, M] . We define

M̃ϕ (A,ΦΦΦ) = ϕ−1

⎛⎝ϕ (m) 1K + ϕ (M) 1K −
k∑

j=1

Φj (ϕ (Aj))

⎞⎠ .

Observe that, since m1H � Aj � M1H , it follows that
• ϕ (m) 1H � ϕ (Aj) � ϕ (M) 1H if ϕ is increasing,
• ϕ (M) 1H � ϕ (Aj) � ϕ (m) 1H if ϕ is decreasing.

Applying positive linear maps Φj and summing, it follows that

• ϕ (m) 1K �
∑k

j=1 Φj (ϕ (Aj)) � ϕ (M) 1K if ϕ is increasing,
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• ϕ (M) 1K �
∑k

j=1 Φj (ϕ (Aj)) � ϕ (m) 1K if ϕ is decreasing,

since
∑k

j=1 Φj (1H) = 1K . Hence, M̃ϕ (A,ΦΦΦ) is well defined.
A function f ∈ C ([m, M]) is said to be operator increasing if f is operator

monotone, i.e., if A � B implies f (A) � f (B) , for all selfadjoint operators A and B
on a Hilbert space H with Sp(A), Sp(B) ⊆ [m, M] . A function f ∈ C ([m, M]) is said
to be operator decreasing if −f is operator monotone.

THEOREM 3. Under the above hypotheses, we have
(i) if either ψ ◦ ϕ−1 is operator convex and ψ−1 is operator increasing, or

ψ ◦ ϕ−1 is operator concave and ψ−1 is operator decreasing, then

M̃ϕ (A,ΦΦΦ) � ψ−1

⎛⎝ k∑
j=1

Φj
((
ψ ◦ ϕ−1

)
(ϕ (m) 1H + ϕ (M) 1H − ϕ (Aj))

)⎞⎠
� ψ−1

(
ϕ (M) 1K −∑k

j=1 Φj (ϕ (Aj))
ϕ (M) − ϕ (m)

· ψ (M) (4.1)

+

∑k
j=1 Φj (ϕ (Aj)) − ϕ (m) 1K

ϕ (M) − ϕ (m)
· ψ (m)

)
� M̃ψ (A,ΦΦΦ) .

(ii) if either ψ ◦ ϕ−1 is operator concave and ψ−1 is operator increasing, or
ψ◦ϕ−1 is operator convex and ψ−1 is operator decreasing, then the reverse inequalities
(4.1) hold.

Proof. Suppose that ψ ◦ ϕ−1 is operator convex. If in Theorem 1 we let f =
ψ ◦ ϕ−1 and replace Aj , m and M with ϕ (Aj) , ϕ (m) and ϕ (M) respectively, then
we obtain

(
ψ ◦ ϕ−1

)⎛⎝ϕ (m) 1K + ϕ (M) 1K −
k∑

j=1

Φj (ϕ (Aj))

⎞⎠
�

k∑
j=1

Φj
((
ψ ◦ ϕ−1

)
(ϕ (m) 1H + ϕ (M) 1H − ϕ (Aj))

)
�

ϕ (M) 1K −∑k
j=1 Φj (ϕ (Aj))

ϕ (M) − ϕ (m)
· (ψ ◦ ϕ−1

)
(ϕ (M))

+

∑k
j=1 Φj (ϕ (Aj)) − ϕ (m) 1K

ϕ (M) − ϕ (m)
· (ψ ◦ ϕ−1

)
(ϕ (m))

�
(
ψ ◦ ϕ−1

)
(ϕ (m)) 1K +

(
ψ ◦ ϕ−1

)
(ϕ (M)) 1K −

k∑
j=1

Φj
((
ψ ◦ ϕ−1

)
(ϕ (Aj))

)
.
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or

ψ

⎛⎝ϕ−1

⎛⎝ϕ(m)1K + ϕ(M)1K −
k∑

j=1

Φj (ϕ (Aj))

⎞⎠⎞⎠
�

k∑
j=1

Φj
(
ψ
(
ϕ−1 (ϕ (m) 1H + ϕ (M) 1H − ϕ (Aj))

))
(4.2)

�
ϕ (M) 1K −∑k

j=1 Φj (ϕ (Aj))
ϕ (M) − ϕ (m)

· ψ (M) +

∑k
j=1 Φj (ϕ (Aj)) − ϕ (m) 1K

ϕ (M) − ϕ (m)
· ψ (m)

� ψ (m) 1K + ψ (M) 1K −
k∑

j=1

Φj (ψ (Aj)) .

If ψ ◦ ϕ−1 is operator concave then we obtain the reverse of inequalities (4.2) .
If ψ−1 is operator increasing, then (4.2) implies (4.1) . If ψ−1 is operator

decreasing, then the reverse of (4.2) implies (4.1) . Analogously, we get the reverse of
(4.1) in the cases when ψ ◦ ϕ−1 is operator convex and ψ−1 is operator decreasing,
or ψ ◦ ϕ−1 is operator concave and ψ−1 is operator increasing. �

THEOREM 4. Under the above hypotheses, we have
(i) if either ϕ is operator concave and ϕ−1 is operator increasing or ϕ is operator

convex and ϕ−1 is operator decreasing, and either ψ is operator convex and ψ−1 is
operator increasing or ψ is operator concave and ψ−1 is operator decreasing, then

M̃ϕ (A,ΦΦΦ) � ϕ−1

(
M1K −∑k

j=1 Φj (Aj)
M − m

· ϕ(M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· ϕ(m)

)

� ϕ−1

⎛⎝ k∑
j=1

Φj (ϕ (m1H + M1H − Aj))

⎞⎠
� M̃1 (A,ΦΦΦ) (4.3)

� ψ−1

⎛⎝ k∑
j=1

Φj (ψ (m1H + M1H − Aj))

⎞⎠
� ψ−1

(
M1K −∑k

j=1 Φj (Aj)
M − m

· ψ(M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· ψ(m)

)
� M̃ψ (A,ΦΦΦ) .

(ii) if either ϕ is operator convex and ϕ−1 is operator increasing or ϕ is operator
concave and ϕ−1 is operator decreasing, and either ψ is operator concave and ψ−1

is operator increasing or ψ is operator convex and ψ−1 is operator decreasing, then
the reverse inequalities (4.3) hold.
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Proof. Suppose that ϕ is operator concave and ϕ−1 is operator increasing, and
ψ is operator convex and ψ−1 is operator increasing. By Theorem 1, we have

ϕ

⎛⎝m1K + M1K −
k∑

j=1

Φj (Aj)

⎞⎠
�

k∑
j=1

Φj (ϕ (m1H + M1H − Aj))

�
M1K −∑k

j=1 Φj (Aj)
M − m

· ϕ(M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· ϕ(m)

� ϕ (m) 1K + ϕ (M) 1K −
k∑

j=1

Φj (ϕ (Aj)) .

Since ϕ−1 is operator increasing, it follows that

M̃ϕ (A,ΦΦΦ) � ϕ−1

(
M1K −∑k

j=1 Φj (Aj)
M − m

· ϕ(M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· ϕ(m)

)

� ϕ−1

⎛⎝ k∑
j=1

Φj (ϕ (m1H + M1H − Aj))

⎞⎠
� M̃1 (A,ΦΦΦ) .

Also, by Theorem 1, we have

ψ

⎛⎝m1K + M1K −
k∑

j=1

Φj (Aj)

⎞⎠
�

k∑
j=1

Φj (ψ (m1H + M1H − Aj))

�
M1K −∑k

j=1 Φj (Aj)

M − m
· ψ(M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· ψ(m)

� ψ (m) 1K + ψ (M) 1K −
k∑

j=1

Φj (ψ (Aj)) .
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Since ψ−1 is operator increasing, it follows that

M̃1 (A,ΦΦΦ) � ψ−1

⎛⎝ k∑
j=1

Φj (ψ (m1H + M1H − Aj))

⎞⎠
� ψ−1

(
M1K −∑k

j=1 Φj (Aj)
M − m

· ψ(M) +

∑k
j=1 Φj (Aj) − m1K

M − m
· ψ(m)

)
� M̃ψ (A,ΦΦΦ) .

Hence, we have the inequalities (4.3) . In remaining cases the proof is analogous. �
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Faculty of Textile Technology

University of Zagreb
Prilaz baruna Filipovića 30
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