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GENERALIZED QUASILINEARIZATION METHOD
FOR A FORCED DUFFING EQUATION WITH
THREE-POINT NONLINEAR BOUNDARY CONDITIONS

BASHIR AHMAD, AHMED ALSAEDI AND BADRA ALGHAMDI

(communicated by V. Lakshmikantham)

Abstract. We develop a generalized quasilinearization method for a forced Duffing equation with
three-point nonlinear boundary conditions and obtain two monotone sequences of approximate
solutions converging quadratically to the unique solution of the problem.

1. Introduction

The method of quasilinearizaion (QSL) provides an adequate approach for obtain-
ing approximate solutions of nonlinear problems. The origin of the quasilinearizaion
lies in the theory of dynamic programming [1-3]. This method applies to semilin-
ear equations with convex (concave) nonlinearities and generates a monotone scheme
whose iterates converge quadratically to the solution of the problem at hand. The as-
sumption of convexity proved to be a stumbling block for the further development of
the method. The nineties brought new dimensions to this technique. The most inter-
esting new idea was introduced by Lakshmikantham [4-5] who generalized the method
of quasilinearizaion by relaxing the convexity assumption. This development was so
significant that it attracted the attention of many researchers and the method was exten-
sively developed and applied to a wide range of initial and boundary value problems
for different types of differential equations, see [6-17] and references therein. Some
real-world applications of the quasilinearization technique can be found in [18-22].

Multi-point nonlinear boundary value problems, which refer to a different family
of boundary conditions in the study of disconjugacy theory [23], have been addressed
by many authors, for example, see [24-26]. In this paper, we study a generalized quasi-
linearization method for a forced Duffing equation with nonlinear three-point boundary
conditions. In fact, two monotone sequences of upper and lower solutions converging
quadratically to the unique solution of the problem are presented.
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2. Preliminaries

We consider a three-point boundary value problem for the forced Duffing equation
given by
X'+ kx +f(t,x) =0, (2.1)

x(0) =a, x(1) = g(x(1/2)),
where f is continuous with f, < 0 on [0,1] x R and g : R — R is continuous.
Here, we remark that the three-point nonlinear boundary conditions (2.2) [15] give
rise to Dirichlet boundary conditions for @ = 0 and g = 0 which have been addressed
in [27-28] whereas g = constant corresponds to a nonhomogeneous Dirichlet boundary
value problem [29].
By Green’s function method, the solution, x(7) of (2.1)—(2.2) can be written as

ok _ okt | — ekt 1
x(t) =a {ﬁ] + &(x(1/2)) |: 11— e_k:| + / Gi(t, s)f (5, x(s))ds,
0
where .
<[] — 91— e M), 0<1<s,
Gultys) = { T fr=e
1 -1 —e™], s<r<I.

k(1—ek)
We say that o € C?[0,1] is a lower solution of the boundary value problem
(2.1)-(2.2) if
o (1) + ko (1) +f (t,0(1)) 20, te]0,1],
a(0) <a, ol) < gla(1/2)),
and 8 € C?[0, 1] is an upper solution of (2.1)—(2.2) if

B7(6) +kB'() +f (. B(r)) <0, t€]0,1]
B(0) > a, B(1) = g(B(1/2)).

Now, we present comparison and existence results related to (2.1)—(2.2) which
play a pivotal role in proving the main result.

THEOREM 2.1. Assume that | is continuous with f, < 0 on [0,1] X R and g is
continuous on R satisfying a one-sided Lipschitz condition: g(x)—g(y) < L(x—y), 0 <
L < 1. Let B and a be the upper and lower solutions of (2.1)—(2.2) respectively. Then
o(r) < B(r), t €10, 1].

Proof. Define h(t) = o(t) — B(¢). For the sake of contradiction, we suppose that
h(r) > 0 for some ¢ € [0, 1]. First we take 7y € (0,1). Then by the definition of lower
and upper solutions and the assumption f, < 0, we obtain

' (to) + kR (19) = o (to) + ko' (t0) — B” (t0) — kB’ (20)
= —f (1o, a(to)) +f (20, B(to)) > 0.

Now, employing a standard procedure [30] in the applications of upper and lower
solutions, let A(#) have a local positive maximum at #, € (0,1), then #'(fy) = 0 and
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K" (1) < 0, which contradicts the above inequality. Thus, for 7 € (0,1), we have
o(t) < B(r). Now, suppose that h(f) has a local positive maximum at #, = 1, then
K'(1) =0 and A”(1) < 0. On the other hand, using the definition of lower and upper

solutions together with the fact that g satisfies a one sided Lipschitz condition, we find

that

M(1) = (1)~ B(1) < g(al3)) - 8(B(3)) < alz) ~ B() =h(3),

which is a contradiction. Similarly, we get a contradiction for 7y = 0. Hence we
conclude that o(¢) < B(7) on [0,1]. O

THEOREM 2.2. Assume that | is continuous on [0,1] X R with f, < 0 and g is
continuous on R satisfying a one-sided Lipschitz condition: g(x)—g(y) < L(x—y), 0 <
L < 1. Further, we assume that there exist an upper solution 3 and a lower solution
o of (2.1)-(2.2) such that o(t) < B(t), t € [0, 1]. Then there exists a solution x(t) of

(2.1)—(2.2) satisfying a(t) < x(r) < (), t € [0,1].
Proof. Letus define F and ¢ by

1B - Pt it > B0,
Rt = 7o) it alt) < x0) < B0
xX—a .
g(B(1)), ifx > B(3),
10 - s, wa(h) <x< Bl
sla(d)), it < a(})

Since F(z,x) and g(x) are continuous and bounded, a standard application of Schauder’s
fixed point theorem ensures the existence of a solution, x of the problem

X'(t) + kX' () + F(t,x(2)) =0, te€][0,1],
x(0) = a, x(1) = &(x(1/2)).
In order to complete the proof, we need to show that c(f) < x(¢) < B(z) on [0, 1].

For that, we set h(r) = a(f) — x(¢) and observe that 2(0) < 0. For the sake of the
contradiction, let 4(f) > 0 for some 7 € (0, 1]. We define

to = inf{t € [0,1] : h(1) > h(r), 0 <1 < 1},

and note that 0 < 7y by continuity. As g satisfies a one-sided Lipschitz condition on

[oe(3), B(3)], it follows that

h(1) = (1) —x(1) < &(a(1/2)) — 8(x(1/2)) < (a(1/2) = x(1/2)) = h(1/2).
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As in the proof of Theorem 2.1, let /(z) have a local maximum at 7y € (0, 1)
implying that /' (fo) = 0 and A" (#y) < 0. On the other hand, by the definition of upper
and lower solutions together with the assumption Fy < 0, we have

W' (to) + kh'(10) = ' (10) + ko (t0) — (x" (1) + kx' (10))
> —F(t, a(t)) + F(to,x(t0)) > 0.

This contradicts our supposition. Hence o(f) — x(¢) < 0. Similarly, it can be shown
that x(¢) < B(z). Thus, it follows that a(r) < x(r) < B(¢), r€[0,1]. O

3. Main Result

THEOREM 3. Assume that
(A)) o, Po are lower and upper solutions of (2.1)—(2.2) respectively.
(A2) f(t,x) € C([0,1] X R) be suchthat fy <0 and (fyc(t,x) + ¢re(t,x)) = 0, where
0w (7, X)) = 0 for some continuous function ¢(t,x) on [0,1] x R.
(A3) g iscontinuouson R suchthat g',g" existand 0 < g’ < 1, (g"(x)+y"(x)) <0
with w" < 0 on R for some continuous function Y (x).
Then there exist monotone sequences {0}, {Bn} that converge quadratically in the
space of continuous functions on [0, 1] to the unique solution x of (2.1)—(2.2).

Proof. Define F : [0,1] X R — R by
F(1,x) = f(5,%) + ¢(2, %),
and G: R — R by
G(x) = g(x) + y(x).
Using the generalized mean value theorem together with (A;) and (A3), we obtain
f(2) 2 f(6,y) + Felt,y)(x = y) + 0(t,y) = ¢(2,%), (3-1)
g(x) <g) + G ()x—y) +wy) — wix). (3:2)
Now, we set
F(t,x;00) = f (t, ) + Fx(t, o) (x — 00) + ¢(1, 00) — 9(t, %),
F(t7X; Qo, ﬁo) :f(t, BO) + F-‘C(ta O(())(X - ﬁo) + ¢(t7 60) - (P(t?x)?

and
(x(1/2); 00, Bo) = 8( (1/2))+G’(ﬁo(1/2))( (1/2) — a0 (1/2))
w(ao(1/2)) — w(x(1/2)),
(x(1/2); Bo) —g(Bo(l/Z))+G’(Bo(1/2))( (1/2) = Bo(1/2))
w(Bo(1/2)) — w(x(1/2))
Consider the BVPs

X' (1) + kx' (1) + F(t,x;00) =0, 1€ [0,1], (3.3)
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x(0) =a, x(1)=h(x(1/2); 00, Po), (3.4)
and
X (1) + kx' (1) + F(t,x; 00, Bo) = 0, 1€ [0,1], (3.5)
x(0) =a, x(1)=h(x(1/2),Bo). (3.6)
Let us show that ¢ and f3y are respectively lower and upper solutions of (3. 3)

(3.4). By definition of lower solution and the fact that F(¢, og; ) = f(f,0), W
get
oy + ko + F(1, a3 o) = o + ko + f (1, 00) > 0,
%(0) <a,  oo(l) < glan(1/2)) = h(ao(1/2); o; Po),
which implies that o is a lower solution of (3.3)—(3.4). Using (3.1) and the definition
of upper solution, we have

By + kBy + F (1, Bo; )
= By + KBy +f (1, 00) + Fu(t, 00) (Bo — 00) + 9 (8, 00) = 9(2, fo)
< By + KBy +1 (1, Bo) <O
Moreover, fy(0) > a and there exists ¢y € (0t(1/2), Bo(1/2)) such that

8(Bo(1/2)) = h(Bo(1/2); oo, Po)
= g(Bo(1/2)) — g(an(1/2)) — G'(Bo(1/2))(Bo(1/2) — aw(1/2))
—w(aw(1/2)) + w(Bo(1/2))
= G(Bo(1/2)) — G(w(1/2)) = G'(Bo(1/2))(Bo(1/2) — ato(1/2))
= [G'(co) = G'(Bo(1/2))](Bo(1/2) — o (1/2)) = 0
Thus, Py is an upper solution of (3.3)—(3.4). Hence, by Theorem 2.2, there is a solution
oy of (3.3)—(3.4) satisfying
op(1) < oy(r) < Po(r), te€]0,1]. (3.7)
Note that Theorem 2.2 applies since A’ = g’'(Bo(1/2)). Similarly, By is an upper
solution of (3.5)—(3.6) as

F(t, Bo; 03 Bo) = £ (1, o), 8(Bo(1/2)) = h(Bo(1/2); Bo)-
As before, using (3.1), we obtain
o + ko + F(t, o3 o, o)
= o +kag +f (1, Bo) + Fx(t, a0) (00 — Bo) + ¢(t, Bo) — ¢(t, o)
> o +ka' +f(t,a0) > 0.
Also, 0(0) < a and there exists ¢; € (0(1/2), fo(1/2)) such that
h(oo(1/2); Bo) — (0w(1/2))
= g(Po(1/2)) — g(ow(1/2)) + w(Bo(1/2)) — w(a(1/2))
+G'(Bo(1/2))(a0(1/2) = o(1/2))
= G(Bo(1/2)) — G(an(1/2))
+G'(Bo(1/2))(0(1/2) = Bo(1/2))
= [G'(c1) = G'(Bo(1/2))](Bo(1/2) — o0(1/2)) > 0
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Thus, op is a lower solution of (3.5)—(3.6). Again, by Theorem 2.2, there exists a
solution f; of (3.5)—(3.6) such that

(1) < Bi(r) < Bo(r), re]0,1]. (3.8)

Now, we show that o;; < ;. To do this we prove that ¢, B; are lower and upper
solutions of (2.1)—(2.2) respectively. Using the fact that ¢ is a solution of (3.3)—(3.4),
we get

o (1) + ko () +f (¢, 01)
2 ail(t) + kOCi (t) +f(t7 a()) + Fx(t7 O(())(al - a()) + ¢(ta O(()) - ¢(t7 al)
= oy (1) + koy (1) + F(1, 005 0t9) = 0,
(04] (O) = a,

and

g(au(1/2)) —en(1)
= g(a(1/2)) — g(an(1/2)) = G'(Bo(1/2))(eu (1/2) — o (1/2))
—w(ow(1/2)) + y(u(1/2))
= [G'(c2) = G'(Bo(1/2))] (e (1/2) — 0(1/2)) > O,

where ¢; € (ap(1/2), 04 (1/2)). Thisimplies that ; is alower solution of (2.1)—(2.2).
Similarly, it can be shown that f; is an upper solution of (2.1)—(2.2). By Theorem 2.1,
it follows that

o (t) < pi(r), te€]0,1]. (3.9)
Combining (3.7), (3.8) and (3.9) yields
o (1) < ou(r) < Pi(t) < Polr), t€10,1].
Continuing this process, by induction, one can prove that
a"(t) < a"+l(t) <Bﬂ+1(t) <ﬁn(t)> re [07 1]7 n:071>"'7
where o, satisfies the problem
X' (1) + kx' (1) + F(t,x;0,) =0, 1€ [0,1],
x(0) = a, x(1) = h(x(1/2); o, Bn),
and [, satisfies the BVP
X'(t) + kX' (1) + F(t,x; 000, B2) =0, t€0,1],
x(0) =a, x(1)=h(x(1/2);B,).

Since [0,1] is compact and the convergence is monotone, it follows that the
convergence of each sequence {a;,} and {f,} is uniform. Employing the standard
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arguments [15, 20], we conclude that x is the limit point of each of the two sequences
and consequently, we get

x(r) —a{#] +glx (1/2)){l e_kt} +/01 Gi(t, 5)f (5, x(s))ds.

e 1 — ek

This proves that x is the unique solution of (2.1)—(2.2).

In order to prove that each of the sequences {c,},{8,} converges quadratically,
weset g, =B, —x >0, p,=x— oy >0, where x denotes the unique solution
of (2.1)—(2.2). We only show the quadratic convergence with p, as the details for the
quadratic convergence for g, are similar. Applying the mean value theorem, there exist
oy < c3,c4 < xand o, < & < o,y such that

Pii1 + kpyi

—f (, %)+ (1, 0) +Fu(t, 00) Q1 — 0 )+ (2, 0 ) — P (2, Gty 1)

= 7fx(t7 c3)(x706,1)+Fx(t, Oén)(OC,,foerfOCn)*(l)x(t, Cl)(anﬂfan)

= [=Fu(t, c3)+Fu(t, 0)+¢c(t, €3) = Ou(t, &) | pat[—Fu(t, 0)+ (2, &) |pnt1

2 [=F(t,x)+Fu(t, ) +9u(t, )= 9u(t, %) pu+[—Fx(t, &) +9x(t, 1) pnsr
= *Fxx(ta C4)p;%7¢xx(t7 03)[)3*]“.’6( aCl)anrl
2 7M||pn||27

where A isaboundon ||Fy||, B isaboundon ||¢.| forz € [0,1] and M = A+B. Here
||l.]l denotes the supremum norm on C|0, 1]. Also there exist a,(1/2) < ¢s,¢6 < x,
¢s < c7 < PBu(1/2) and o, < & < o441 such that

e

ok
Pui (1) = [g(x(1/2)) — h(an+1(1/2);aml3n)](ll_ﬁ>

1
T / Gult,)If (5,%) — F(s, 0ers 0u)Jds
— [5(x(1/2)) — g(0u(1/2) — G'(Bu(1/2))(etnsr — 0(1/2))

1 e—kt

B 1
w2 v (/) (o ) - [ Gules)pta +apiilis
< [(Ges) ~ G'(B(1/2)) — (W/(ee) — W/ (E))pal1/2)
—kt

(G (B2 <cz>>pn+1<1/2>1(1_e_k)+M|pn|2 / Gult,5)|ds

l—ek

< [=G" (@) (Bu(1/2)~es)pa(1/2)+5' (B <1/2)>pn+1<1/2)1{ }+Mllpnl

<[ ( )(Bn(l/z) an(l/z))pn(1/2)+g( n(l/z))anrl(l/z)F'_MlHpn‘lz
(-G ( )(qn(1/2)+pn(1/2))pn(1/2)+g( Bu(1/2))pa+1(1/2)]+M||pa?
)+

M( 2(1/2 —pn(l/2))+g(ﬂn(1/2))pn+1(1/2)+M1||pn\|2

N

3 M,
< oo M)l + 22 gl + Al
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where ||g'|| <A < 1,M; provides a bound on Mfol |Gy (2, 5)|ds, M, provides a bound
on ||G"||. Letting M3 = 3M> + M;, My = "2 and solving algebraically for ||p,1]|,
we obtain

and

(10]
(11]
(12]

(13

(14]
(15]
(16]
(17]
(18]
19]
20]

1]

1
Ipwall < 7= Mallpa P + Mgl ).
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