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APPROXIMATION BY A KANTOROVICH VARIANT OF
THE BLEIMANN, BUTZER AND HAHN OPERATORS

XI1AO-MING ZENG ', ULRICH ABEL AND MIRCEA IVAN

(communicated by Th. Rassias)

Abstract. We study the approximation properties of a Kantorovich variant of the Bleimann,
Butzer and Hahn operators for locally bounded functions, and estimate their rate of convergence
by some techniques of probability theory and analysis methods.

1. Introduction

In 1980, Bleimann, Butzer and Hahn [4] introduced a sequence of positive linear
Bernstein-type operators (abbreviated in the following by BBH operators) defined on
the space of real functions on the infinite interval I = [0, co) by

k

Ln(f;x) = ;bn,l{ (x)f <m) , xel, ne N, (1)

where
b (x) = (k )xku N

The approximation-theoretical properties of the operators L,, have been studied by
several authors (cf. the references, in particular the book of Altomare and Campiti [3].
Recently, Abel and Ivan [2] introduced a Kantorovich variant of the BBH operators as
an approximation process for locally integrable functions defined by

k41

o - ik f (1)
K,(f:x) = (n+2) ];bmk (x) / L md; (n eN) (2)

The operators K, are called BBHK operators. Their basic approximation properties
when applied to continuous or differentiable functions can be found in [2].
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In this paper we consider the rate of convergence of the operators K, for the
following class of locally bounded functions of exponential growth:

E={f:1—R|f islocally bounded on I and, for a constant A, f (t) = O(e")
ast— oo} .

Forf € E, x€land A >0, set
W:(f,A) = sup |f(t) —f (x)]-
t€lx—A x+A]
It is clear that
(i) @ (f,A) is monotone increasing with respectto A,
(i) limy_0wc(f,A) =0,if f is continuous at the point x,
(iii) if f is of bounded variation on [a, b], and \/z(f ) denotes the total variation of
f on [a,b], then w.(f, 1) < V5 (F).
For further properties of w,(f,A) we refer to Zeng and Cheng [14].

In the case that for f € E and x € (0,00) both one-sided limits f (x+), f (x—)
exist the function f, is defined as

fO) =fxt), x<r< 1,
fx(t) =1 0, t=ux, (3)
F@) —fx=), 0<r<ux

Now let us state our main result as follows:

THEOREM 1. Let f € E with |f (t)| < Me*" on I. Assume that f (x+), f(x—)
exist at a fixed point x € (0,00). Then forall n > 1 we have

X2 x)* —
K0 - 50+ 6| < SIS (1,0vE)
k=1

nx

(4)
1+ 2x
+

Jnx

(I b)) =f =) + Ra (%)

where

= —A Zexp | — (n . .
R, (x) =2Me " (1 + x) p( (+2)<16(1+x)2 A)) (5)

If f is of polynomial growth with |f (1)] < M (1+1)" on I for some y > 0 we can
put

R, (x) = 2M(n +2)" (1 4 x)* exp (ﬁ) . (6)

REMARK 1. The term R, (x) in estimate (5) decays exponentially fast with n —

oo for each x > 0 with .

16 (1 + x)*
According to Eq. (6) this is always the case if f is of polynomial growth.

> A.



KANTOROVICH VARIANT OF THE BLEIMANN, BUTZER AND HAHN OPERATORS 319

2. Auxiliary Results

We first give several auxiliary results, which mainly are some estimates concerning
the basis functions and moments of BBHK operators. Some results and techniques of
probability theory play important roles in this section.

Throughout this paper we define

(pnk )
n(xt +2 ank 1—’-[27 (7)

where @, denotes the characteristic functlon of the interval [, = [k/(n+2 — k), (k+
1)/(n+ 1 — k)] with respect to I = [0,00). With H, as kernel function the BBHK
operators can be written in the form

Kn(fax) = Amf(t)Hil(x’ t)dt

LEMMA 2. For 0 <y < x, there holds
y 1 4
/ H,(x,0)dt < Lx)z
0 n(x—y)
Proof . From Lemma 3.1 of [2] it is known that
1 2 1 4 1 4
Kn((t—x)z,x) < )C( —|—.X) ( +X) < ( —|—.X) )
n+1 (n+1)(n+3) n
Thus

/yHn(x, t)dl < /y MH (x7 t)dt < Kn((x* [)Z’x) < (1 +X)4
0 0

(x—y2 " (x—y? T oal—y)?

O

LEMMA 3. Let {5k},fi | be a sequence of independent random variables with the
same two-point distribution

P(é,-_j)_(liﬂy(ﬁ)lj, j=0,1, x€l0,00).

Then
X X x(x® —x+1)
E = E —FE 2 - 7 E —E 4 = 8
&= oy FO B = e BB =T e ®
and
xVxr—x+1
E|& — E&P < ———5—
(1 + x)?
Proof . Direct calculation derives Eq. (8), and by Holder inequality we get
xvVx2—x+1
El& — E& P < VE(E — E&)*E(& — E&)? S =
(1 4+ x)?
O

The following lemma is the well-known Berry-Esseen bound for the central limit
theorem of probability theory [7, 12].
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LEMMA 4. Let {&}22, be asequence of independent and identically distributed
random variables with the expectation E&, the variance E(& — E&))? = 6> > 0,
E|& — E& P = p < oo, and let F, stand for the distribution function of y_ (& —

=1
E&))/(ov/n). Then there exists an absolute constant C, 1/v/2n < C < 0.8, such
that for all t and n

1 2 Cp
F,(t) — — e 2du| < .
- = <o
LEMMAS. If x € [n e nfl k,) for some nonnegative integer k' < n, then
- 1+ 2x
Z bn,k (X) 5 g \/ﬁ .
k=k'+1

Proof. Let {&}2, be asequence of independent random variables with the
same two-point distribution

P(é,-_j)_(liﬂy(ﬁ)lj, j=0,1, x€l0,00).

and let n, = > &. Then the probability distribution of the random variable 7, is

P(n, =k) = ( r]l( )xk(l +x)7" =bu(x).

Thus,

Z bn,k (X) = Z bn,k (X) =P (nn > (nl<:—2,;c)x)

k=k"+1 (nl++zx)x <k<n

Hence by Lemma 3, Lemma 4 and direct computations we obtain

=i - o)

k=k'+1
ENING
< Cp 1 _u2/2du
0'3\/_ V2n
0.8vx2 —x+1 n 1 2x < 1+ 2x
Vnx V2mynx  ynx
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LEMMA 6. [9, Lemma 2.3] Let x > 0, & > 0 and put

62

@) = T

Then there holds
Z by (x) < 2e "5 (0<d<x,neN).
|k/(n—k)—x|>8
3. Proof of Theorem 1

Forany f € E, if f(x+) and f(x—) exist at x, Bojanic-Cheng decomposition
yields

f(t) :f(x+) ;f(xi) + fx(t) +f(x+) ;f(xi) sgnx(t)
+ 80 [r - L],
where f is defined in (3) and
1, t>x, 1 =y

sgny (1) = —Oi, ft?; 8:(r) = { 0, 1#x.

Obviously
K, (6,,x) =0.
Hence it follows that
K, (f,x) WI < K (furx)| + ’M&(Sgnmﬂ )

We need to estimate |K,(sgny,x)| and |K,(fx,x)].

Letxe [K/(n+2—kK), (K +1)/(n+1—k')) for some k. Then by Lemma 5
combining some direct computations, we have

K —1 n
sgn, (7
Ksgnn) = =Y b+ 3 b+ o) [ 0
k=0 k=k"+1 I
< 2 Z bn,k ()C) — 1]+ 2bn,k’ (_x)
k=k"+1

< 1—|—2x+2+2x < 2 +4x
S Vnx v 2enx Vnx

(10)
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Now it is clear from (9) and (10) that Theorem 1 will be proved if we establish
that

Mzﬂ:wx(ﬁ“xm + Ry (). (11)

k=1
Recalling the Lebesgue-Stieltjes integral representation we have

(K (fx, x)| < 2

Kn(fxax) = )fx(t)Hn(xa t)dt7

[0,00

where H, is as defined in (7). We divide K, (fy,x) into four parts

4
TAEDY / f(0)Hy(x, 1)dt,
=174

where

I :=[0, x—x/\/n|, ©L:=(x—x/vn, x+x/\/nl,
L= (x+x/v/n, 2x], Iy := (2x, 00).

Firstly, note that f,(x) = 0. Thus
| [ f(O)H,(x,1)dt] < u(fr, x/Vn). (12)
L

Next we estimate | '[11 Sfx(t)Hy(x,2)dt| . Note that |fy(7)] < wx(fy, x — 1), it follows that

Fx(t)Hy (x, 1)dt
I

</wx(fx,x—t)Hn(x,t)dt.

I

Integration by parts with y = x — x/+/n and using Lemma 2, we have

/ O (fr,x — 1)H,(x, 1)dt
I
<@ﬁ@x.wAUuumwu+[ﬁAzuumww¢<ww;xm

(4t (9 P d(odfox 1)
<ol S S W
Since
Vd(—ofe,x—1)  olfux—y) | 0ulfasx) Y20, (fr, x — 1)
A G- w-E TR *A CEDEG

So from (13) we have

(14 x)*
g CO,C X9
nx2 (%) n

fx(O)Hy(x, 1)dt
I

n (1+x)4/ ZwX(fx,xft)dt.
I

(x—1)}

Putting # = x — x/+/u in the last integral we obtain

x—x/\/n 2 1 n
/0 (U)c(f,nx - I)Wdt = ;/1 wx(fx,x/\/ﬁ)du.
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Consequently
4 n
fo(O)H, (x,1)dt| < a +2x) (wx(fx,x) +/ wx(fx,X/\/b_t)du>-
I nx 1
2(1 4 x)* &
< — .
S L (14)
Using the similar method we get
2(1 4 x)* &
FeOH,(x 1| < S22 " 0(f,x/VE) (15)
I k=1

Finally, we estimate

Sx(O)H,(x, 1)dt

Iy

Since |f (¢)] < Me*" on I and

k+1
n+i—k

(140 2dt=(n+2)"

n+2—k
we conclude that
< MeAD Z bug (x).

0<k<n
k/(n4+2—k)>2x

fx(O)Hy(x,1)dt
Iy

Using the relation

(n+2—k (n+1—k)

(n + 2) (n + 1) (l +x)2bn+2,k (x) < (1 +X)2bn+2’k (x) (16)

bn,k ()C) =

we obtain

< MeA("+l> (1 +x)2 Z bn+2,k (X) .
k) (n+2—k) >2x

S H,(x, 1)dt
Iy

An application of Lemma 6 with § = x yields

<2Me ™ (1 +x)% exp (— (n+2) (L —A)) . (17)

16 (1 4 x)°

Fx(t)Hy (x, 1)dt
Iy

In a similar way, we prove the estimate for functions of polynomial growth satisfying
If )] <M (1+1)" on I forsome y > 0. An application of the mean value theorem
for integrals yields

k+1

n+1—k n+2
140" 2dr =

L 1D (e CE

n+2—k

(1+&)r2
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k+1
n+l—k *

(148 ?<(n+2) " (n+1).

For # > 2x, it is easily to verify that

Hence, by Eq. (16) we conclude that

and

nflﬂk n+2)2(1 y—2
(n+2) bag (x) / N %dr < (n(++2 _>k() : n* f i M)
= P I+ 0 by ()
we obtain,
[ 1w < "y Y 0 ()

k/(n4+2—k)>2x

Finally, an application of Lemma 6 with § = x yields

— 2
Fet)Hy (e 1)di| < 2M(n 1 2)7 (1 4 2P exp [ D (18)
L 16 (1 + x)
Collecting the estimates (12), (14), (15), and (17) resp. (18), we obtain
41+ x)* &
Kn X5 S——5—— ( X k) R" ’
Kalfo <GS0 (V) £ R
with R, (x) as definedin (5) and (6), respectively. O
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