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COMPACTNESS OF INTEGRAL OPERATORS
IN LEBESGUE SPACES WITH MIXED NORM

ALBERTO FIORENZA, BABITA GUPTA AND PANKAJ JAIN

(communicated by L.-E. Persson)

Abstract. Compactness of certain double sized multidimensional integral operators is charac-
terized in terms of the corresponding two-dimensional operators in the framework of weighted
Lebesgue spaces with mixed norm.

1. Introduction

Consider the "double sized" multidimensional operators

(Terf o) = [

/ f(s,t)dtds, xc E,ye F (1.1)
b(lx))Sp\a(|x))Sy d(Iy])Sy\e(1y)Sy

and
(Hegf )(x,y) = / f(s,t)dtds, x e E, ye F (1.2)
Smy /SNy

where E, F are certain multidimensional cones which along with other symbols are
defined in Section 2. These operators are multidimensional analogues of, respectively,
the two-dimensional Hardy-Steklov operator

b(x)  pd(y)
(Tof ) (x,) :/(> /(> f(s,t)dtds, x,y € (0,00) (1.3)
alx c(y

and the two-dimensional Hardy operator

(Hof )(x,y) = /Ox /Oyf(s,t)dtds, x,y € (0,00). (1.4)

Note that in (1.1) and (1.2), x and y are multidimensional vectors whereas in (1.3)
and (1.4), they are real numbers but there should be no confusion since it is clear from
the context.

In this paper, we discuss the compactness of the above operators between suitable
Lebesgue spaces with mixed norm. The compactness of Tgr was studied in [6]. Here,
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we shall exhibit that the compactness of Tgr (respectively Hg ) can be studied in
terms of the compactness of T, (respectively H, ) and vice-versa.

The compactness of integral operators has applications in spectral theory. The
initial results on L’ - LY compactness (one dimensional case) are due to Stepanov [17-
22] (see also [11], [12]) who dealt with the Riemann-Liouville operator with kernel
k(x,y) = (x —y)%, o > 0 and considered all choices of parameters p,q € (1,00).

As regards the Hardy-Steklov operator (Tf)(x) = [, b(%) f(8)dt, its one-dimensional
boundedness was studied by Heinig and Sinnamon [4] while the compactness was
studied in [5] by Jain and Gupta. Also, a certain higher dimensional L? - LY compactness
with usual norm (not with mixed norm) was dealt with in [7]. For up to date information
about boundedness and compactness of various Hardy-type integral operators, one may
refer to the very recent monograph [9].

The equivalence of higher dimensional problems and the corresponding lower
dimensional ones was initiated by Sinnamon [14], [15] who did it for studying the
boundedness of Hardy and Hardy-Steklov operators in Lebesgue spaces with usual
norm. Here, we show that the same phenomenon works in case of compactness also
studied between Lebesgue spaces with mixed norm.

The paper is organized as follows : in order not to disturb our discussions later on,
we collect certain preliminaries in Section 2 required throughout the paper. Section 3
is devoted to duality where we construct the dual space to the weighted Lebesgue space
with mixed norm and consequently the adjoint operators to (1.1)-(1.4) are obtained.
Finally, in Section 4, we characterize the compactness of the operators (1.1) and (1.2)
in terms of, respectively, (1.3) and (1.4).

2. Preliminaries

Throughout the paper, all the functions are taken to be Lebesgue measurable. Let
Q C R" be anon-empty and measurable set. By a weight function (or simply a weight),
we mean a function which is measurable, positive and finite a.e. on . For a weight w
and 1 < p < oo, the weighted Lebesgue space L?(Q,w) is defined to be the space of
all measurable functions f on Q for which

If llri@w) = (/Q V(X)Ipw(x)dx) ” < 0.

It is known that the space L”(€2,w) is a Banach space and that for 1 < p < oo, it is
reflexive too.

Let (X, - |lx) and (Y] - |lv) be two normed spaces of real measurable functions
over Q; C RM and Q, C RV, respectively. We denote by [X, Y] the space of all real
functions f on Q; x Q, such that fora.e. x € Q;

(i) the function f (x,-) belongsto Y;

(i) the function g(x) = ||f (x,-)||y belongsto X.

The space [X, Y] is equipped with the mixed norm

£ ey = llgllx = [ = I G )l llx-
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The mixed normed space [L”(Q), L7(Q)] was introduced by Benedek and Panzone
[2] (see also [3]). In [1], Appell and Kufner studied the boundedness of two-dimensional
Hardy operator H, while in [8], Jain, Jain and Gupta studied the boundedness of two
dimensional Hardy-Steklov operator 7, and the corresponding geometric mean operator
in the context of Lebesgue spaces with mixed norm. Let us mention that the boundedness
of H, between Lebesgue spaces with usual norm has been studied by Sawyer in his
celebrity paper [13].

Let >_,, be the unit ball in RY ,ie., >, = {x € RM : |x| = 1}. Let By be a
measurable subset of ), and E C RM be the corresponding spherical cone, i.e.,

E={xcR”:x=s50,0<s5s< 00, 0€By}.

We denote by aSy, o > 0, the part of E with radius < o . In particular, |x|Sy

is denoted by Sy, . Note that E = J oSy . For x € E\ {0}, we denote by |Sy,|,
a>0

the volume of Sy, . The symbols By, F, Sy, and |Sy,| are defined similarly for an

N -dimensional setting.

Suppose, uj,v; are weight functions on E and u,, v, are weight functions on F'.
Consider the weighted Lebesgue spaces [L”' (E, vy), LP*(F,v;)] and [L(E, uy), L% (F, u3)]
with mixed norm. Now, we define the operator

TE,F : [Lpl (Ea V1)7 L (Fv VZ)} - [qu (E7 u1)7 L* (Fv MZ)]

by

(Tesf )(n,y) = / / Fs.0)
b(|x)Spm\a(x])Sp Jd(|y)Sn\c(|y])Sn

dtds, x€e E,yeF
where a, b, ¢, d are strictly increasing differentiable functions on [0, co| satisfying

a(0) =b(0) =0, a(x) < b(x) for 0 < x < 00, a(oco) =b(c0) =00
and

c(0) =d(0) =0, c(x) <d(x) for 0 <x < 00, ¢(o0)=d(0)=00.

In Section 4, we shall characterize the compactness of Tg  in terms of the two-
dimensional operator

T : [Lpl ((07 00)7 Vl)’Lpz((O’ OO)’ VZ)] - [qu ((07 00)7 Ul)quz((()? 00)7 UZ)]
defined by
(Tof ) (x,y) = / (b()) / j)y) (s, 0)deds, x,y € (0,00)

Uy, Uy, V1, V, being suitable weight functions defined on (0, 00) .
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3. Duality

In this Section, we shall construct the dual spaces [L' ((0, c0), V1), L72((0, 00), V2)]*
and [LP'(E,vy), [P (F,vp)]* of [L"'((0,00),V1),L[P*((0,00),V2)] and [LP'(E,vy),
LP*(F,v,)] respectively when 1 < py,p, < co. Inthis direction, we prove the following

THEOREM 3.1. Let 1 < pj,pr <00, g € [Lpi((()’OO) V1 ”1) Lpz((()7 oo),Vzlfpé)]

and denote
(8:.f) / / (x, y)f (x,y)dxdy,

Jor [ € [17'((0,00), V1), L*((0,00), V). Then f — (g.f) € [L'((0,00), V1),
72((0,00), V2)|* and

&l — —p = sup 1(&.f) |-
Lpl(O o)V, "IP2((0,00)¥, "?)] I 11221 (0,00 v, .72 (0,00, va) =

Proof. We apply Holder’s inequality twice and obtain

A1 [T sl eV EOVE Gdsay

< [T [ rwarviow)” ([Tl o)
= [T ([ renrviom)” ([T eearv o)

X le_‘ (x) Vlﬁ (x)dx

S
=

p

[

dx

S
=

p

(SN

1

< ( / w( / N v<x,y>mvz<y>dy)% v1<x>dx> i

L] oo ) v wan
0 0

= If lizer ((0,00).v2) 222 (0,000, v2)) I €

N

1-p|

[171(0.00),V, )22 ((0,00),V, )]

and we find that for Hf || [LP1((0,00),V1),LP2 ((0,00),V2)] = 1

< / —p! / .
e Hg“[ﬁ’l((o,oo>,vf ") ((0.00).v, ")

In fact, the equality can be attained in the last estimate. To see this, let us take
/_ 1—p} 1
Fny) = lgn )P sgngley)Va 2 0)V) 7 (@) g, )||pl V’fz .
p3.V;

X HgH 7/ 171;1 17‘1;; :

[171((0,00),V) "1).172((0,00), V3 2]
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Then [|f ||z ((0,00).v1).2 ((0,00),v2)) = 1 and

(8.0 =8l g o iy

Consequently, we are done. [
Thus in view of the above theorem, the space [L7!((0,0), V1 pl) 17:((0, 00),
V217p2)] can be identified as the dual space of [L7'((0, c0), V1), L"2((0, 00), V2)] .

REMARK 3.2. Theorem 3.1 extends a result of Benedek and Panzone [2] (see also
[3]) who proved it for the non-weighted case, i.e., when V; = V, = 1.

It can, now, be seen that the operators 7, and
T3 :[L7((0,00), U, ™), L% ((0,00), Uy )] = [I71((0,00),V; ), 14((0,00),V, )]
defined by

(T58)(x,) / / g(s,t)dtds, x,y € (0,00)
are mutually conjugate. Indeed, by applying Fubini’s theorem, one can see that

(¢:Tof ) = (f, T58) .-
Similarly, it can be shown that the dual space of [L”'(E,vy),LP*(F,v;)] can be
identified with the space [/ (E, vi_p Y, L2 (F, v;_p 2)] and the operators Tgr and

Tp e (L9 (B, ul ™), L% (F,ud ™)) — (74 (B, i), D5 (F, i)

defined by

(Tgrg)(x,y) = / / g(s,n)dtds, x€eE, yeF
a= (JxD)Sy\o= (IxDSp e 1 (Iy)SK\~ Iy Sy

are also mutually conjugate.

4. Compactness

Let X be a normed linear space and X* denote its conjugate space. We say that a
sequence {x,} in X is strongly convergent (or simply convergent) to x € X, written
Xn — x,if ||x, —x|]| — 0 as n — oo . A sequence {x,} in X is said to converge weakly
to x € X, written x,— x, if f(x,) — f (x), foreach f € X*. A sequence {f,} in X*

is said to be weak * convergentto f € X*, written f,——f , if f,(x) — f (x) for each
x € X. Note that the strong convergence implies the weak convergence which in turn
implies the weak * convergence. The implications in the reverse direction do not hold
in general. However, if X is a reflexive space then the weak * convergence implies the
weak convergence.
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We require certain well known assertions which we collect in the following theo-
rem:

THEOREM A. Let X and Y be Banach spaces.

(a) A bounded linear operator A : X — Y is compact if and only if its conjugate
A* . Y* — X* is compact.

(b) If A:X — Y is compact and {x,} is a sequence in X such that x,—— x,
for some x € X, then Ax,, — Ax.

(¢) An operator A : X — Y is compact if A* : Y* — X* is weak™ -norm

sequentially continuous, i.e., for each sequence {f,} in Y* with {f,}~— f , for some
f €Y*, wehave |A*f, — A*f ] — O.

We, now, prove the following equivalence :

THEOREM 4.1. Let 1 < pi, pa2,q1,q2 < 00, uy,v; be weight functions on E and
uy, vy be weight functions on F. Then the operator

TEF [Lpl (E Vl) LPZ(F7 Vz)} — [qu (E, Ml),qu(F, uz)]
is compact if and only if the operator
Ty : [Lpl ((0> 00)7 V1)7Lp2((07 00)7 VZ)] - [qu((07 00)7 U1)>Lq2((07 00)7 UZ)}

is compact with

/ uy (xox") xM Yax', x>0 (4.1)
By
/ uz(yoy' )y 'dy',  yo >0 (4.2)
By
I—p;
( xox )xg’ldx’) , x>0 (4.3)
L 1=p>
Va(yo) = ( /B v, " Z(yoy’)yg_‘dy’> . ¥o>0. (4.4)
N

Proof. First assume that T, is compact. It suffices to show that
Tip (L9 (E g ), L% (FLuy )] — [ (B ), 5 (F vy )

o
is weak * -norm sequentially continuous. Let {f,} be a sequence in [L% (E, u} amy,

] * . .
Lo (F, ué ®)] such that f,*— 0. Without any loss of generality, we may assume that
each f,, is non-negative. Define

gn(x0,y0) = / Fuox! s yoy )x) 'y ldy'dx’, xo,y0 >0, n€N.  (4.5)
By J By
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Then using Holder’s inequality

WS-

! 1_ !
gn(x0,y0) < / ( S (eox’, oy Yuy " (voy')vg ldy)
By By

o
X (/ uz(yoy’)ygldy'> xyldx .
By

Therefore, using (4.2), applying Minkowskii’s integral inequality, Holder’s in-
equality and using (4.1) we have
+
d)CO> !

( / Ulliq; (XO)( / Uiqé(yo)gzé(xwo)dyo)q
0 0
([ ot "o (e

EXEN

VAN
I/~
N

3

S

N
~—

S
N—
I/~

|’_ g\
N
N

3
g;\

B

=

(=)

=

<

S

=

N—

<

(=)

=

Q/

S

%

&

S
~——

S

N

S(/OOOU; quO(/BM</fn xox', y)u ()dY)

u}fqi (x()x/)xglldx/)

_ ( / ( / f%(x,y)uéq;(y)dy) (P <x>dx) T < oo,
E F

which shows that {g,} is a sequence in [L%((0, ), Ull_qi),Lq;((O,oo)7 U;_qg)}.
Next, we note that if g € [L?((0,0),U,),L%((0,00),Uz)] and f : Ex F — R
is defined by

fxy) =gxo,y0),  x=xx, y=yoy
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then f € [L?(E,uy),L%(F,u,)] since by making change of variable and using (4.2),
(4.1), we have

a

</ </fqz(x’)’)uz(y)dy> qzul(x)dx> ar
(/ /B uy (xox) (/ /B TP (xox!, yoy ua (yoy')yh —'dy’ dy())ﬂledx/dxo)a

ql

([ Lo [ o))

1

= </OOO Ul(x())(/ooo g"z(xovyO)Uz(yo)dyo)%dx0> g < .

Then, by using (4.5), we have

/ / gn(x0,¥0)g (X0, yo)dyodxo
0 0
= / / ( / fn(x()x7yoy )Ly, 1dy’dx) (0, ¥o)dyod:xo
o Jo By

- / / ( / Jn(xox', yoy')f (xox’ ,yoy) 1a’y’a’yo)xM Yax' dxg
0 By 0 By

://nwwuw@wﬁ0mnﬂm
EJF

Ql,_

ie., g.—— 0. Further, since T, is compact, in view of Theorem A((a) and (b)), T is
also compact and therefore

1T5gnll - r — 0 as n—o00.

171((0.00).V, P1).172((0,00). V2 72)]

Now, using (4.3), (4.4) and (4.5), we get

T*
ITE Al it o1 et

- (/vi_pl(x)</v;_p2(y)</
E F a=H(|x)Spm\b6— (1x])Sm

P
></ fn(s t)dtds> dy)l
YyDSv\d=(IyDs,

dx> g
(// (o) <//"2 (o)
By By
P
( / / / Fa(sos 2ot )ty st/ dt’ ds’ dto dso)
By Y By

CIEN
S
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/

at ,
X yf)v_ldy'dy0> " ﬂg_ldx’dxo> n

1’1

o0 1—p! o0 1—p! ”71("60) Cil()’o) P; ’2 l{
= (/ v, h (XO)(/ vy pz()’o)(/ / gn(SoJo)dfodS0> d)’o> dx0>
0 0 b~ (x0) Jd=(y0)

= |75 , oy, )
” zg”H[Lf’l((O,oo),Vll pl),L”z((O,oo),Vzl P2y

and Tg r is compact.
Conversely, assume that

TEF [Lpl (E Vl) LPZ(F7 Vz)} — [qu (E, Ml),qu(F, uz)]
is compact. Let {g,} be a sequence in [L% ((0,00), U; ™), L%((0,00), Uy~ *)] such
that g,—— 0. Without any loss of generality, assume that each g, is non-negative.

Using the polar coordinates, as before, define

Fu(xox', y0Y") = ga(x0, yo)u2 (voy' ) Us ' (vo)ur (xox’) Uy (xo) (4.6)

Then
/ Fulxox yo JH Yy 4 = ga(xo, yo) (4.7)
By Y By

and consequently using (4.6), (4.1) and (4.2), we get

(/E ( /F S Gy () dy) Z_éu}*qi (x)dx> "
</ /BM (/ o ( /BN ua(0y)yo 'y’ |U. ) (yo)dy°>

1

| _
ONES

7

X uy (xox')xh ' dx’! U;qi (xo)dxo) n

9 L
/ o q q
~ ([T ([ e eomui o) vi 4 ojan )
0 0
< 00,
ie., {f,} isasequencein [L (E, u} q‘) L% (F, ul qz)]
Thus, (4.3), (4.4) and (4.7) yield
T, n / —p! / _p = TF n ’ .
726 H[Lf’l«o’oo),vf 0.2 (0.00).V) ")) 1T ”[L”w Py )
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We, now, show that f,—~ 0. For any function f € [L% (E,u), L% (F,u,)] , using (4.6),
we have

/E/Ff 2 (6 2)f (v, y)dydx
: /Oo /BM /Oo /BN &n(x0, y0)u2 (y0y") Uy ' (yo)ur (x0x') Uy (x0)

x f (xox”, yoy')yp ~ g~ dy'dx’ dyodixo
/ / gn(X0,Y0) (/ / w2 (yoy"ur (xox)f (xox’, yoy')yp ~'xg 1dydx>
By /By
X U2 ( U)Ul (Xo)dy()dX()
=/ / 8n(x0,Y0)&(x0, y0)dyodxo — 0 as n — oo,
o Jo
where
¢(x0,30) = ( J A R e R g dx) (30) U7 (x0),
By /By

X0,Y0 >0

and it can be verified that g € [L?((0,00), U1),L?((0,00),U,)]. Indeed, using
Holder’s inequality, (4.2), Minkowski’s integral inequality, again Holder’s inequality
and (4.1), we have

</OOO </0°° qu(onO)Uz(yo)dyo)%UI(XO)dx()) a
) N 92
) </° </0 </B /B uz(yoyl)f(XOXIayoyl)yf)v_ldy'ul(xox')x%l_ldx)

n n
l—q « 1—qi a
x Uy #(yo)dyo | U, " (x0)dxo

S (/OOO</OOO</BM</BNf‘“(xOx Yoy Juz (yoy')vy la’y)L

q2
X ( / uz(y0y')yy ldy) (xox’))ay—ldx’>
By
q1

l—q @ 1—qi ar
x Uy ®(yo)dyo | U™ (x0)dxo

< </O </BM </ /BNf"2 xox's yoy uz(vay y ' dy dyo)%

1

q1

3 \|~

q1
X U (xox’)xglldx’) U (xo)dxo)
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< (/OOO (/BM (/Ff‘”(xox/7y)uz(y)dy> %Ml(xoxl)xg[_ldxl>

q1
7

X (/ ul(xox')xj(‘)l_ldx’) Tyl (xo)dxo)
By

= (/E (/Ff‘”()@y)uz(y)aly)Zébtl()f)@’%)ﬁ < 0.

Now, as Tg r is compact, using Theorem A((a) and (b)), T - is also compact and

therefore || T _, andhence ||T5 _ L
H E,an“[L,,I(E )7L,,£(F7V; Pay) || Zg”H[L”{((O,oo),V; ’1),L”§((0,oo),v21 7]

converges to 0 as n — oo. Thus T, is compact, by using Theorem A(c). O

€
q1

i
v1 Py
RS

REMARK 4.2. Theorem 4.1 establishes the compactness of the operators Tg r and
T> in terms of each other. In order that this result makes sense, we need to ensure
the compactness of at least one of these operators. To this end, let us mention that
precise weight conditions are known (see [6, Corollary 5]) for the compactness of
Tgr. Using that result and Theorem 4.1, we can obtain the compactness conditions
for the operator T, . Precisely, the sufficient conditions are stated in the following (the
necessary conditions can be written similarly)

THEOREM 4.3. Let 1 < p;,qi < oo, Uy, Vi, i = 1,2 be weight functions on
(0,00). Then the operator T, : [L"'((0,00), V1), LP2((0, 00), V2)] — [L7((0, 00), Uy),
L%((0,00), Ua)] is compact in the following cases

Case (a): p1 < q1, P2 < q2 and the following conditions are satisfied

X @ b(r) - p_l{
sup Bi(x,f) = sup </ Ul) / v, " < 00 (4.8)
0<t<x 0<1<x t a(x)

a0 <h(r) ax)<b()
1
x & v N\ 7
sup By(x,f) = sup (/ U2) / v, < oo (4.9)
0<t<x 0<t<x t c(x)
cW<d c<d(n
lim By(x,1) = lim  By(x,t) =0 forevery >0 (4.10)
X—1+ x—a~ 1 (b(1))—
lim By(x,r) = lim  Bj(x,r) =0 forevery x>0 (4.11)
v 1—b = a(x)) +
lim By(x,7) =  lim  By(x,t) =0 forevery >0 (4.12)
it x—se= 1 (d(1) -
and
lim By(x,r) =  lim  By(x,7) =0 forevery x>0 (4.13)

t—x— t—d~(c(x))+
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Case (b): p1 < q1, q2 < p2, (4.8), (4.10), (4.11) and the following conditions are
satisfied

€1
L) )

0o t d(x) L I t 7
/ / / yI ( / U2> Us(x)dx | p(i)dt| < oo (4.14)
0 d=(c(1)) (1) X
1
oo ¢~Hd()) dw |\ x > :
/ / / v, (/ Uz) Ux(x)dx | p(z)dt < oo
0 t c(x) t

(4.15)
1 1

1
with o= q_ — p_ and the function p is defined as follows : Fix My = d~'(1) and
2 2 2
define My = ¢~ (d(My)) if k > 0 and My = d=(c(My11)) if k < 0. The function
p is then defined by

P i= 3 Ao (0 5 (d ™ 0 (),
kEZ

where (d—' o ¢)k denotes k times repeated composition.
Case (¢): q1 < p1, p2 < q2, (4.9), (4.12), (4.13) and the following conditions are
satisfied

o t b(x) AN
fo e Uy
0 b—(a(t)) a(t)
r

1
o a= (b(1)) o N\ x L n
/ / / v, " (/ Ul) Ui(x)dx | p'(t)dt | < oo
0 t a(x) t

(4.17)
11

1
with — = — — — and the function p' is defined as follows : Fix Ny = b~'(1) and
r q1 D1
define Nii1 = a='(b(Ny)) if k = 0 and Ny = b= (a(Ni11)) if k < 0. The function
o' is then defined by

d, _
(1) = Z%(zvk,zvm)(t)a(b toa)(n),
keZ

where (b~! o a) denotes k times repeated composition.
Case (d): q1 < p1, g2 < p2 and the conditions (4.14)-(4.17) are satisfied.

The operator Hg r, defined in (1.2), can be studied analogously. Its dual HEF
is obtained as done in Section 3 for T . Also the result corresponding to Theorem
4.1 (and also to Theorem 4.3) can be obtained on parallel lines with some obvious
modifications and therefore we only state the result.
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THEOREM 4.4. Let 1 < p1,p2,q1,92 < 00, uy, vy be weight functions on E and
Uz, vo be weight functions on F. Then the operator Hgp : [LP'(E,vy), [P*(F,v;)] —
[L1(E, uy), L% (F,uy)] is compactifand only if H, : [LP*((0, 00), V1), LP2((0, 00),V2)] —
[L7((0, 00), Uy), L% ((0, 00), Ua)] is compact with Uy, Uy, V1,V given respectively by
(4.1), (4.2), (4.3) and (4.4).

REMARK 4.5. The operators Tg r and Hgr studied in this paper are considered
over multidimensional cones. As a special case, one can derive operators taken over
multidimensional balls. Precisely, if E = RY F = RY, then Sy, = By(x) and
Sy, = Bn(y), where By(x) and By(y) are the balls in RY and RV, respectively,
centered at the origin with radii |x| and |y|, respectively. In that case, the operators
Te r and Hg r become, respectively

(Tun)(x,y) :/ / f (s, t)dtds
a(lx) < Is1<b(1x]) Sl <l <die)

and
(Hyun)(x,y) = / (s, t)dtds.
By (x) /By (y)

All the results given in this paper can easily be translated for these operators Ty n and
H MN -
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