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Abstract. In this paper, we introduce and study a new system of generalized nonlinear mixed
variational inequalities which contains some classes of variational inequalities and systems of
variational inequalities in the literature as special cases. We prove the existence and uniqueness
of solution and the convergence of some new n -step iterative algorithms with mixed errors for
this system of generalized nonlinear mixed variational inequalities and its special cases. The
results in this paper unify, extend and improve some known results in the literature.

1. Introduction

Variational inequality problems are among the most interesting and intensively
studied classes of mathematical problems and have wide applications in the fields
of optimization and control, economics and transportation equilibrium, engineering
science. For the past years, many existence results and iterative algorithms for various
variational inequality problems have been studied. For details, please see [1-6, 8-31,
33-49, 51, 52] and the references therein.

Recently, some new and interesting problems, which are called to be system
of variational inequality problems were introduced and studied. Pang [37], Cohen
and Chaplais [14], Bianchi [6] and Ansari and Yao [4] considered a system of scalar
variational inequalities and Pang showed that the traffic equilibrium problem, the spatial
equilibrium problem, the Nash equilibrium, and the general equilibrium programming
problem can be modeled as a system of variational inequalities. Ansari et al. [5]
introduced and studied a system of vector equilibrium problems and a system of vector
variational inequalities by a fixed point theorem. Allevi et al. [1] considered a system
of generalized vector variational inequalities and established some existence results
with relative pseudomonotonicity. Kassay and Kolumbdan [23] introduced a system
of variational inequalities and proved an existence theorem by the Ky Fan lemma.
Kassay, Kolumbdn and Péles [24] studied Minty and Stampacchia variational inequality
systems with the help of the Kakutani-Fan-Glicksberg fixed point theorem. Peng
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[38, 39] introduced a system of quasi-variational inequality problems and proved its
existence theorem by maximal element theorems. Verma [41-45] introduced and studied
some systems of variational inequalities and developed some iterative algorithms for
approximating the solutions of system of variational inequalities in Hilbert spaces.
Kim and Kim [25] introduced a new system of generalized nonlinear quasi-variational
inequalities and obtained some existence and uniqueness results of solution for this
system of generalized nonlinear quasi-variational inequalities in Hilbert spaces. Cho
et al. [13] introduced and studied a new system of nonlinear variational inequalities in
Hilbert spaces. They proved some existence and uniqueness theorems of solutions for
the system of nonlinear variational inequalities.

Inspired and motivated by the above works, in this paper, we introduce and study
a new system of generalized nonlinear mixed variational inequalities in Hilbert spaces
which contains the mathematical models in [41-44, 25] as special cases. We prove the
existence and uniqueness of solution for this new system of generalized nonlinear mixed
variational inequalities and its special cases. We also give the convergence of some n-
step iterative sequences with mixed errors for this system of generalized nonlinear mixed
variational inequalities and its special cases. The results obtained in this paper unify,
extend and improve those results in [41-44, 25] and the reference therein.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space with the inner
product ( -,-) andnorm || - ||, we recall some definitions and lemmas needed later.

DEFINITION 2.1. Let T : H — H be a single-valued operator. T is said to be
(i) monotone if
(Tu—Tv,u—v) >0, Yu,v € H;
(ii) strictly monotone if T is monotone and
(Tu—Tv,u—v)y =0 ifandonlyif u=yv;
(iii) strongly monotone if there exists a constant r > 0 such that
(Tu—Tv,u—v) >rllu—v|? Yu,v€H.
(iv) Lipschitz continuous if there exists a constant s > 0 such that

|1Tu — Tv|| < sllu—v|, Yu,v € H.

LEMMA 2.1. ([7, 50]) For any given u € H, the point z € H satisfies the
following inequality
(u—z,v—u) = pdp(u) —po(v), ¥v e H
if and only if
u= ng; (Z)7
where Jg¢ = (I 4+ pd¢9)~! and 0¢ is the subdifferential of a proper convex lower
semicontinuous function @ .
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LEMMA 2.2. [32] Let {a,},{b,} and {c,} be three sequences of nonnegative
numbers satisfying the following conditions: there exists ny such that

An+1 g (1 - tn)an + bntn + Cn, Vn 2 no,

where
%) %)
I, € [07 ”7 Ztn = o0, nli{go b, = 07 ch < +o00.
n=0 n=0

Then, a, — 0 as n — oo.

3. System of generalized nonlinear mixed variational inequalities

In this section, we will introduce a new system of generalized nonlinear mixed
variational inequalities and construct a new n -step iterative algorithm for solving this
system of generalized nonlinear mixed variational inequalities. In what follows, unless
other specified, for each i = 1,2,...,n, we always suppose that T; : H — H is a
single-valued mapping, ¢; : H — RU{+o00} is a proper convex lower semi-continuous
function. We consider the following problem:

find (x7,x3,...,x}) € H" such that

(o1 T1xX5 + p1S1x5 + X7 — x5, x — x7)
(02Tox5 + P2Soxy + x5 — x5, x — x3)
<pn71Tnflx:1< +Pn—1Sn—1xZ +x::71 7x;:ax 7x:1<71>

2 pnflq)nfl x;:—l) - pnflq)nfl(x)a Vx S Ha
<pnTn-)Ci< +annxT +x;1k _xikwx —)C::> = pn¢n(x;qk) - pn¢n(x)> Vx € H,

which s called the system of generalized nonlinear mixed variational inequalities, where
pi>0 (i=1,2,---,n) are constants.

Below are some special cases of the problem (3.1).

(1) If n =2, then the problem (3.1) reduces to the problem of finding (x,x}) €
H x H such that

P101(x7) — P11 (x), Vx € H,

{ (p1T1x5 + P181x5 + X7 — x5, x — x7) (3.2)
P202(x3) — P2 (x), Vx € H. '

(P2Toxt + P2S2XT + X5 — xf,x — X5)

Moreover, If ¢; = ¢, = @, then problem (3.2) becomes the system of generalized
nonlinear mixed variational inequalities introduced and studied by Kim and Kim in
[45].

If 9 = ¢ = @ and T} = T, = 0, then problem (3.2) becomes the system of
nonlinear mixed variational inequalities in [43].

(2) For i = 1,2,...,n,if ¢ = & (the indicator function of a nonempty closed
convex subset K; C H ), then the problem (3.1) reduces to the problem of finding
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(x},x5,....,x5) € [1, K;, such that

(p1Thx5 + p1S1x5 + X7 — x5, x —xf) >0, Vx € K3,
(02Tox5 4+ P2Saxy + x5 — x5, x —x3) >0, Vx € Ky,
o (3.3)
(Pa=1Tn1X5 4 Pu—1Sn—1xf + x5 — x5 x—xi_) 20, Vx € K,y
{PnTuX + PuSuXt + x5 —xF,x —x3) >0, Vx € K,

0
0

(3) For i = 1,2,...,n,if T; = 0, then the problem (3.3) reduces to the problem
of finding (x},x3,...,x}) € [T, K;, such that

(18125 +xf —x5,x —x7) >0, Vx € Ky,
(02825 + x5 —x5,x—x3) >0, Vx € Ky,

. (3.4)
(Pn1Sn—1Xs + x5 —xi,x—xi_) 20, Vx € K,_1,

(PuSuxT + x5 —xf,x —x5) >0, Vx € K,

0
0

Both problem (3.3) and (3.4) are called the system of nonlinear variational in-
equalities. Moreover, if n = 2, then problem (3.4) reduces to the following system of
nonlinear variational inequalities, which is to find (x},x}) € K; x K, such that

0, Vx € K,
0 e (3.5)

{ (P1S105 +x] — x5, x — x7)
Vx € K>.

<pzSzXT +x§ fx’f,x >

A\VAR\

If S; = S and K; = K> = K, then problem (3.5) reduces to the problem
introduced and researched by Verma [40-42].

LEMMA 3.1. Forany given xf € H(i = 1,2,--- ,n), (x},x5,...,x}) is a solution
of the problem (3.1) if and only if
xi = J5 5 — pi(Tixs + S1x3)],
x5 = Jho, [0 — pa(Toxs + $ox3)],
Y (3.6)
X 1_‘](”));"11[ Xy = Pt (Tu1X + Su—1xy)],

Xy = oo, 7 = Pa(Tox} + Suxp)],

where ]gip (I + pi0¢;)~" is the resolvent operators of O¢; for i =1,2,--- n.

Proof. 1t is easy to know that Lemma 3.1 follows from Lemma 2.1 and so the
proof is omitted. [
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4. Existence and uniqueness

In this section, we will show the existence and uniqueness of solution for problems
(3.1) and its special cases.

THEOREM 4.1. For i = 1,2,--- ,n, let S; : H — H be strongly monotone and
Lipschitz continuous with constants k; and ;, respectively, T; : H — H be Lipschitz
continuous with constant v;. If foreach i =1,2,--- . n,

20k —v;) 1
0<p,-<min{M —},v,-<k,-. (4.1

)
[

then problem (3.1) has a unique solution (x7,x5,...,x;) € H".

Proof. First, we prove the existence of the solution. Define a mapping F : H —
H as follows:

F(x) = J5j, bea — pr(Tixz + S1x2)],
Xy = 133,2 [x3 — P2(Tox3 + S2x3)],

ceey (4.2)
Xn—1 = Jg;;il [xn - pnfl(Tnflxn + Snflxn)L
Xy = Jggn [x — Pn(Thx + Spx)].
Fori=1,2,--- ,n,since Jgfpl_ is nonexpansive mapping, S; is strongly monotone

and Lipschitz continuous with constants k; and u;, respectively, and T; is Lipschitz
continuous with constant v;, for any x,y € H, we have:

[F(x) = F(y)l

= [[756, 2 = p1(Tixa + S122)] — Ty [v2 — p1 (Try2 + Siy)l||
(2 = ¥2) = p1((T1x, + S1x2) — (T1y2 + S1y2))||

(2 = y2) = p1(S1x2 — S1y2) || + p1l| Trx2 — Thya||

ININ

< \/||x2 = y2[* = 2p1(S1x2 — S1y2,02 = y2) + PilIS102 — S1y2|2 + prvi[lx2 — 2]

= (\/1 = 2piki + piui + pivi)|lx2 — 2|

= (/1= 2ptks + p3a? + prvi) 55, s — pa(Taxs + $vs)]
— J56, 3 = P2(Toys + Soy3)]|

< (\/1 —2p1k1 + piui 4+ p1vi)||xs — y3 — p2[(S2x3 — S2y3) + (Toxs — Tays )|

< (\/1 —2p1ki + piui 4+ pivi)||xs — y3 — P2(S2x3 — Say3) || + 2|| Taxs — Toys||
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< (\/1 —2piky + piuf + p1vi) X

x [\/||x3*y3||2*2102<Szx3*52Y3,X3*Y3> +031S2x3—S2y3 1> +p2v2 |33 —ys|l]

< (1= 2otk + PRk + puvi)(y/ 1 — 202k + P33 + pava) s — s

n—1
<< JG/ 1= 20k + p2u? + pivi) [l — vl
n—1
= [T/ 120kt 02u2+pive) [ 755, [e—pu(Tux+Sux)] =55 [y—pa(Tuy+Suy)

[T/ 1 = 20k + p2uz + pivi)[llx = ¥ = Pu(Sux) = Suy)ll + al| Tux — Ty ]
i=1

n—1

H( \/ 1*2/)iki+pi2.“i2+pivi)[\/fo)’||2*2pn< Spx—Suy, x—y) er;%HSnxf*SnyHZ

i=1
+ anon - y||]

n

[T/ 1 — 20k + p2u? + pivi)llx = y]|- (4.3)

i=1

N

N

N

It follows from (4.1) that

0< H(\/l — 2piki + pFuE 4 p;v;) < 1.
i=1

Thus, (4.3) implies that F is a contractive mapping and so there exists a point x{ € H
such that

xp = F(x7)
Let
x; = Jgibi[x:ll = pi(Ti(xjy) + Si(xfy))], i= 1,2, yn— 1
X = Jho q = oa(Tu(xf) + Su(x7))]
then by the definition of F, we have,
xp =50, b5 — pi(Thxs + S1x3)),
x5 = Jhe, s — pa(Taxy + Sax3)],
Xy =T 6 = pa1(Tuo1xy + Sum1x))],

X< = Jg;n Xt — on(Tux1™ + Spx1™)]

n

ie. (x7,x3,---,x%) is a solution of problem (3.1).
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Then, we show the uniqueness of the solution. Let (¥j,%,-- ,%,) be another
solution of problem (3.1). It follows from lemma 3.1 that
X1 = ]g(lpl X2 — pi(Tix2 + Six2)],
% = o, [55 — pa(Tos + $23%3)],
fnfl = Jg;;il [fn - p,,,l(T,,,pZ,, + S,,,l)fn)],
Xp = Jggn [fl - pn(Tnfl + Snfl)]
As the proof of (4.3), we have

n

i =l < TT0y/1 = 20k + p2u? + pivilllxi — |

i1
It follows from (4.1) that

0< H[\/l — 20ik; + p?u? + pivi] < 1.
i=1

Hence

and so for i = 2,3,--- ,n, we have

This completes the proof. [

REMARK 4.1. By Theorem 4.1, it is easy to get the existence and uniqueness of
solutions for the special cases of problem (3.1), now we give some examples as follows.
Fori=1,2,...,n,let T; = 0 and ¢; = J;, by Theorem 4.1, we have

COROLLARY 4.2. For i=1,2,--- ,n,let S; : H — H be strongly monotone and
Lipschitz continuous with constants k; and U;, respectively. Ifforeach i =1,2,--- ,n,
2k;
0<pi<—. (4.4)
M

then problem (3.4) has a unique solution (x},x3,...,x%) € H".
Let n = 2, by Theorem 4.1 and Corollary 4.2, respectively, we have

COROLLARY 4.3. For i = 1,2, let S; : H — H be strongly monotone and
Lipschitz continuous with constants k; and L;, respectively, T; : H — H be Lipschitz
continuous with constant v;. If for each i = 1,2,

. Z(k,‘—\/,') 1
O<pi<m1n{“27vl_2,;i},vi<ki~ (4.5)

;=

then problem (3.2) has a unique solution (x},x3) € H?.
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COROLLARY 4.4. For i = 1,2, let S; : H — H be strongly monotone and
Lipschitz continuous with constants k; and U;, respectively. If for each i = 1,2,

2k;
0<pi<is (4.6)

then problem (3.5) has a unique solution (x},x3) € H>.

REMARK 4.2. If ¢; = ¢ = ¢, then by Corollary 4.3, we recover Theorem 2.1 in
[45]. And so Theorem 4.1 extends and improves the corresponding results in [43] and
[45] in several aspects.

5. Algorithms and Convergence

This section deals with an introduction of some n -step iterative sequences with
mixed errors for problem (3.1) and its special cases that can be applied to the convergence
analysis of the iterative sequences generated by the algorithms.

ALGORITHM 5.1. For any given point xo € H, define the generalized N -step
iterative sequences {x1x}, {xax}, -, {xnx} as follows:

Xiapr = (1 — og)xix + OCngébl X2k — p1(Tixop + Sixop)] + oty x + wr,

Xop = JS;,Z X3k — P2(Toxz e + Saxz )] + ua g,

a (5.1)
Xn—1j = Jg%;il Xk — Pn—t (Tn—1Xnk + Sn—1Xnk)] + Un—14,
Xnk = Jggn [X14 — Pa(Tux1x + Sux1 k)] + Unk,
where x;; = xo, {04} isasequencein [0,1],and {u;x} C H(i=1,2, -+ ,n),{m} C

H are the sequences satisfying the following conditions:

kz_;ak=+oo; ;\|wk\|<+oo; lim g =0, = 1,2, n (52)

We can also construct some new iterative algorithms for the special cases of
problem (3.1). For examples, we give the following iterative algorithms for problem
(3.2), (3.4) and (3.3).

ALGORITHM 5.2. For any given point xo € H, define the generalized n-step
iterative sequences {x1}, {xax}, -, {xnx} as follows:
X1 = (1 — aw)xix + 0Pr, X2, — P1S1X2.k] + Oty g + Wi,
X2k = Pr,[x3% — p2Saxs] + uap,
)
Xn—1k = P, [Xnk — Pu—1Sn—1Xn k] + Un—14,

Xnjk = Pr, [X1.x — OnSpX1 k] + Un i,
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where x1; = xg, Pg; is the projection of H onto K;, p; > 0, is a constant, {ax} C
[0,1] and {u;jx} C H (i =1,2,---,n), {wx} C H are the sequences satisfying the
following conditions:

o0 o0
Zak = 4005 Z el < 4005 lim |luix| =0, i=1,2,--- ,n.
k=1 k=1 koo

ALGORITHM 5.3. For any given point xy € H, define the generalized n-step
iterative sequences {x1}, {xax}, -, {xnx} asfollows:
Xigr1 = (1 — og)x1 g + Pk, [X24 — P1S1%2.4)
Xo 5 = Pi, [X30 — P2S2x34],
)
Xn—1k = Pk, [Xnx — Pn—1Sn—1Xn k),
Xnk = Pr, X1k — PuSux1 4],

where x;; = xo, Px; is the projection of H onto K; and p; > 0 is a constant for
i=1,2,...,n, {a} C [0,1] are the sequences satisfying the following conditions:

o0
Z O = +00.
k=1

ALGORITHM 5.4. For any given point xo € H, define the generalized N -step
iterative sequences {x; s}, {x2x}} as follows:

Xiapr = (1 — og)xix + O!kfgé,l X2 — p1(Tixo g + Sixo)] + o x + wr,
Xop = JS?,,Z ik — P2(Toxt ke + Soxi k)] + ua g,

where x11 = xo, {ax} isasequencein [0,1], and {u;x} C H(i = 1,2),{wx} C H are
the sequences satisfying the following conditions:

o0 oo
o =+oor Y [well < +oor  lim uyl =0, i=1,2.
—00
k=1 k=1

ALGORITHM 5.5. For any given point xo € H, define the two-step iterative se-
quences {x1}, {x2x} as follows:
{ Xijr1 = (1 — aw)xi g + awPx, X2k — P1S1X24]
Xox = P, [X16 — 0252x14],

where x11 = xo, Pk; is the projection of H onto K;, p; > 0, is a constant, and
{ax} C [0,1] are the sequences satisfying the following conditions:

o0
Z O = +00.
k=1
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THEOREM 5.1. Let T; and S; be the same as in Theorem 4.1, and suppose that
the sequences {xi1},{x2x}, - ,{xnx} are generated by algorithm 4.1. If the con-
dition (4.1) holds, then (X1, Xk, ,Xnk) converges strongly to the unique solution
(xf,x%5,--+ ,x2) of the problem (3.1).

r'n

Proof. By the Theorem 4.1, we know that problem (3.1) has a unique solution
(xf,x5,--- ,x5), It follows from Lemma 3.1 that

Xt = Jho 5 — pu(T1xs + S1x3)],
x5 = Jhe, [ — pa(Tax + Sax3)],

oo (5.3)
Xy =Tt 5 = put (Tam1 + Sum1t)],

Xy = J50, 7 = oa(Tux} + Sux})],
By (5.1) and (5.3), we have

11 — 27|
= [[(1 = ow)xrx + oudly xax — P1(Tixas + S1x24)] + Ot g+ wi — x7 |
< (1= o) lerg = x5 || + 0wl 5y ok — P1(Tixag + Sixas)]
— Jpo, 5 = pr(Tuxs + S13)]| + ollun el + [[wil
< (L= ow)llxe = x| 4 owl| 2k = x3) = pr[(Tixak + Sixzk) — (T1x5 + S13)]|
+ ol ell + [lwell- (5.4)

Fori=1,2,--- ,n,since S; is strongly monotone and Lipschitz continuous with
constants k; and u;, respectively, and 7; is Lipschitz continuous with constant v;, we
getfori=1,2,...n—1

(i1 = x71) — Oil(Tixipr e + Sixipr ) — (Tixiy + Sixiy)] |l

< Girie — x7yy) = PilSixivix — Sixty )|l + oill Tixip1x — Tixf ||

< \/Hxi+1,k — x| = 20 Sixip 1k — Sixtyp Xivrk — X q) + OFSixis 1k — Sixf ||

+ Pivil[xis e — x5 |l
< Gillxivie — 27l (5.5)

where 5,' = 1 *Zpiki +p12‘bL12 + pivi, i= 1,27...71’1 —1.

It follows from (5.4) and (5.5) that
e =271 < (1= ow)llxre — 27|+ o l|xan — x5 || + owllur il + [[will. (5.6)

By (5.1), (5.3) and (5.5), we have



A NEW SYSTEM OF GENERALIZED NONLINEAR MIXED VARIATIONAL INEQUALITIES 365

[[x2.x — 23 ||

= |55, I3k — P2(Taxs 4 + Saxsa] — Ty, 165 — p2(Toxs + Sax3)] + ua|

<(x = x3) — P2[(Toxz e + Soxz ) — (T + S223)] || + [Jual]
< Sollxax — 251+ luzklls (5.7)
and
263 6 — X3
= |54, Prak — P3(Tsxag + S3xas] — I, (¥ — p3(Taxs + S3xp)] + uaxl|
< | Geage = x5) — p3[(Tsxa g + Ssxar) — (Tsxg + S3x3)][| + [Jus el
< Gllxar — x5 [ + llusll, (5.8)

1X0—14 — X5_1]]
= IIJ%;; Xk = Pn—1(Ta—1Xnk + Sp—1%n ]
— I xt = Puct (Tae1 + Suc1)] + ttn i
[ Gone = 5) = Pt (T 1Xge + Su—10k) — (T 1 + S 1] + [t

<
< Sl — x| + -1, (5.9)

since S, is strongly monotone and Lipschitz continuous with constants k, and u,,
respectively, and T, is Lipschitz continuous with constant v, , we get

[l — 2,
- ||Jg$n [xl,k - pn(Tnxl,k + Snxl,k} - Jg;n [XT - pn(Tnxik + Snxf)} + un,k”
SN Gorae = x7) = Pul(Taxr e + Spxre) = (Toxf + Spx)]N + [foen el
< Ik =311 = 20 S,314) — Suxt 01— xi) + PR1Sur1) — Suxi 2

+ pn”Tnxl,k - Tnxik”
g gnnxl,k - XTH + ||un,kH7 (510)

where &, = \/ 1 — 20uky + PEUZ + PuVy -
It follows from (5.6)—(5.10) that

X141 — x7|
< (1= o) llxie — X711 + cwdil[xo — 25 || + alluril| + [[we|
< (1= a)llxie = X711 + awi[Sallxs e — x5 || + lluaell] + ouellun il + [[well
< (1= o)|lxie = X7 || + 0w &ollxs x — X5 || + ol l|ua il + ctellur ]l + [Iwel]
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< (1= a)llxip = X7 || + 8183 lxan — x5 || + 0w alluz il + 0wy [Juail|
+ otellar il + flwill

<< (U= o) [lxng = x| + ow&i&o -+ Sumt [lxas — X3
+ il Enallun—1all + -+ |kl + owllur ]l + [[wil]

< (U= og)lfxre = xill + wli&o -~ Eallxiw — 27| + i+ - Eu [l unk|
+ouéi&o - Euallun—i il + -+ owSilJuok|l + ollun k]l + [[will

= (1= (1 = &8 Ellbng — il + bl — i &) g

X (Nurall + Silluaill + -+ &i&a -+ Euluniell) + [lwill- (5.11)
Let

a = |lxip —x7ll, tw=oa(l—=E5& &), o= |wl,

by = m(ﬂul,k\l + Cilluaall + -+ + &8 Gt llunal))-

Then (5.11) can be written as follows:
Arp1 < (1 — tx)ag + bty + ck.

From the assumption (5.2), we know that {ax}, {br}, {tx}, {ck} satisfy the conditions
of Lemma 2.2.

Thus ax — 0(k — o0), that is, ||xix — xf|| — 0(k — o0). It follows from
(5.6)—(5.10) that |jx,x —x}|| = 0 (k — 00), ||Xn—1p — x| = 0 (kK — 00),...,
ok — x5 = 0 (k— o0)"

And so Xixk — x,*(k — OO) for i = 1,2,...,n. That is, ()C]’k,xz’k,"' ,xn,k)
converges strongly to the unique solution (x},x},---,x}) of the problem (3.1).

’'n

By using similar argument with the proof of Theorem 5.1, we have

COROLLARY 5.2. Let S; be the same as in Corollary 4.2, and suppose that the
sequences {xii},{xax}, -+ ,{xnx} are generated by algorithm 4.2. If the condi-
tion (4.4) holds, then (Xi1x,Xo4,- -+ ,Xnk) converges strongly to the unique solution
(xF,x5,--+ ,x%) of the problem (3.4).

COROLLARY 5.3. Let S; be the same as in Corollary 4.2, and suppose that the
sequences {xii},{xax}, - ,{xnx} are generated by algorithm 4.3. If the condi-
tion (4.4) holds, then (Xy1x,Xo4,-+ ,Xnk) converges strongly to the unique solution
(xF,x5,--- ,x%) of the problem (3.4).

Let n = 2, by Theorem 5.1 and Corollary 5.3, respectively, we have

COROLLARY 5.4. Let T; and S; be the same as in Corollary 4.3, and suppose
that the sequences {x1},{x2x} are generated by algorithm 4.4. If the condition (4.5)
holds, then (xix,Xax," - ,Xnk) converges strongly to the unique solution (x},x3) of
the problem (3.2).
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COROLLARY 5.5. Let S; be the same as in Corollary 4.5, and suppose that the

sequences {x1},{x2x} are generated by algorithm 4.5. If the condition (4.6) holds,
then (x1x,X2x) converges strongly to the unique solution (x7,x%) of the problem (3.5).

REMARK 5.1. By Corollary 5.4 and Corollary 5.5, respectively, we can recover

Theorem 3.5 in [25] and Theorem 2.1(b) in [41]. And so Theorem 5.1, Corollary 5.2
and Corollary 5.3 extend and improve the corresponding results in [41-44, 25].
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