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INEQUALITIES INVOLVING THE ARITHMETIC
AND GEOMETRIC OPERATOR MEANS

JADRANKA MICIC, JOSIP PECARIC AND VIDOSAVA SIMIC

(communicated by T. Ando)

Abstract. As a continuation of our previous research, we give an estimate of the difference
between the weighted arithmetic mean and the geometric one of positive invertible operators.

1. Introduction

We recall the Kubo-Ando theory of operator means [3]: A map (A,B) — Ao B
in the cone of positive invertible operators is called an operator mean if the following
conditions are satisfied:
monotonity: A < Cand B D implyAcB<CoD,
upper continuity: A, | A and B, | B imply A, 6B, | Ao B,
transformer inequality: 7*(A o B)T < (T*AT) o (T*BT) for every operator 7T,
normalized condition: AcA =A.

Mici¢, Pecari¢ and Seo in [5, 6] obtained several inequalities associated with
operator means. For example, they determined the bound f in the inequality

D(A 01 B) > a®(A) 0s B(B) + PO(A),

where A and B are positive invertible operators on a Hilbert space H, oy, 0, are two
operator means with not affine representing functions, @ is a unital positive linear map
and o > 0 is a given real constant.

We shall observe the weighted arithmetic mean V, and the weighted geometric
mean f, for o € [0, 1], defined by

1

AVyB:=(1—a)A+aB and Atf,B:=A7(A"7BA™7)%A?,
respectively. Like the numerical case, the arithmetic-geometric mean inequality holds:
At B<AVyB forall a € [0,1]. (1)

Mathematics subject classification (2000): 47A63.
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In [4, Corollary 10] it is obtained the following converse inequality of the arithmetic-
geometric mean inequality (1): Let A and B be positive invertible operators satisfying
0<ml<A<MI and 0 < myl < B < M,I. Then

AVyB—Aty B<max{l—a+am—m*1—o+oM—M*}A,

where m = §7 and M = J=.
Tominaga [9] showed the another converse of (1) for the arithmetic mean and the
geometric one: Let A and B be positive operators on a Hilbert space H satisfying

m < A,B < M for some scalars 0 < m < M. Then (like the numerical case)
AVyB— Aty B<hL(m,M)logM;(1) forall o € [0,1],

where h = Y the logarithmic mean is defined for 0 < m < M as L(m,M) =

W"ﬁ,’%ﬁgm if M # m and L(m,m) = m and the Specht ratio is defined for & > 1 as

1
My(1) = U0 if > 1 and My (1) = 1.

In this paper, as a continuation of papers [5, 6, 4, 7, 8], we shall consider an another
estimate of the difference between the arithmetic mean and the geometric one of positive

invertible operators.

2. Inequalities involving the arithmetic and geometric means

In this section we give several inequalities involving the arithmetic and geometric
means of two positive real numbers.

LEMMA 2.1. Let x,y,a, B be positive numbers and o, 3 suchthat o« +f = 1.
If a € (0,1], then

1 1 2

PTG =y ot By — P < aP (xﬁ *yﬁ) : (2)
If a €[4, 1), then the reverse inequalities in (2) are valid.

For o0 = 3 we have the identity in (2).

Proof. First, we prove the right hand inequality in (2). We start with the known
arithmetic-geometric inequality [2, Chapter II]:

wiai + waap

W > Wg/a”‘agz holds for any ay,az,wy,ws >0 and W = wy + wy,

3)

with the equality if and only if a1 = as.

o—p
Since 0 < o < 5 and o+ = 1, then f§ — 0. Putting a; = (’—‘) ,

o>
y
@ =%, w = 2B>O Wy = ﬁa >0and W= Lﬂ+ﬁ—ﬁ—11n(3)glves:

R A A
2B \y 26y~ \y y o
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It follows

1 1-2
Exo‘fﬁyzﬁ + 5 OCx > By,
1.e.

1 1
2xa By2b 4 7% > ax + PBy.

Substracting x*y# on both sides gives

1 2
Exa*ﬁ (yﬁ —xﬁ) > ax+ By 7xocyﬁ_
This is the right hand inequality in (2).

Next, we prove the right hand reverse inequality in (2). If % < a <1 and
o+ B = 1, then we start with the known reverse arithmetic-geometric inequality [2,
Chapter I1]:

W < W\/a;”agz holds for any ay,ax,w; =20, w; <0 and W = wi+wy,

(5)
N\ o—h

with the equality if and only if a; = a,. Putting a; = (f) , ) = %, wp = ﬁ >0,

wy = Bz;ﬁa < 0and W= ﬁ + Bz;ﬁa = 1 in (5), then the reverse inequality in (4)

is valid. The rest of the proof is the same as above. Then we obtain the right hand

inequality in (2).

Finally, we prove the left hand inequality in (2). Since 0 < o < and o+p=1,
it is enough to replace o by f and x by y in the right hand reverse 1nequahty in (2)

(or putting a; = (ﬁ)ﬂ_a ar =Y, w =5 >0, w=%P <0in(5). Inthe same

way we obtain the left hand reve;.se inequahty in (2).
If we replace x by y or a by B in (2) we can observe new inequalities. Then,
for example, we obtain the following lemma.

LEMMA 2.2. Let x,y, , B be positive numbers and o, B such that o0+ 5 = 1.
Let 1y (resp. t1 ) be the unique solution of the equation o+ = t* + %(IB —1)? (resp.
Bt+a=1+11*—1)?)on (0,1) for a # %.

If a €(0,1), then

1 2
ax+ By —x*P > Eyafﬁ (xﬁ - yﬁ) in the case 0 < > < <to, (6)
y

ot By —xyP < LyaB (B ) X
y =P <y X —y inthe case ty <

> (7)

If o € (3,1), then the reverse inequality in (6) and (7) are valid given same conditions.
If a € (3,1), then

1
ax+ By —x*P > Exﬂ_a (x* — y*)? in the case 0 <2 < <1, (8)
X
1
ox + By —x%yP < Exﬁf‘x (x* — yo‘)2 in the case t; < 4 9)
X
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If o € (0, ) then the reverse inequality in (8) and (9) are valid given same conditions.
For o = 5 we have the identity in (6), (7), (8) and (9).

Proof. Let o € (0,%) hold. Then for every B € (1,1), we put a function fg(r)
derived from the inequahty (6) or (7) as follows:

fo0i= (B 3) + 0= Br =0 P S s 000 (10
We consider the sign of this function. We have
0 = (1-B-B) (1-177),
10 = P[0 (2 1)+ -2py]

We have the stationary points for 7 = 1 and t = #~¢/a/B. (Obviously #~¢/a/B =
2ﬁ—1/% —1 < 1 forevery 0 < B < 1). Since B € (3,1), then fg(1) <0,

”( a/B) > 0,ie. fg(1) isalocal maximum, f5( #~¢/a/B) is alocal minimum.
Then there is the unique solution # of the equation f(t) = 0 on (0,1) for a # 3
Since f5(0) =B — 5 >0, fg(to) =0, fp( P~¢/a/B) < 0 and f5(1) = 0, it follows
that fg < 0 on [fp,00) and fg > 0 on (0,1].

Replacing ¢ by f in (10) and next multiplying by y > 0 on both sides, we obtain

that )

ax + By —x"y < %y‘x’ﬁ (xﬁ —)F )
holds in the case 3 € [fy,00) and the reverse inequality holds in the case 3 € (0, 1].
Then we have the desired inequalities (6) and (7).

Similarly, using (10) in the case & € (1,1), we obtain that fg > 0 on [t, 00)
and fg < 0 on (0,%)]. Then we have the reverse inequality in (6) (resp. (7)) in the
case 0 < % < 1o (resp. fo < ’y—‘)

Now, in the case & € (3, 1), the inequalities (8) and (9) follow from (6) and (7),
respectively, if we replace o by B, x by y and 7, by ;. If o € (0,1), we have in
the same way that the reverse inequality in (8) (resp. (9)) holds in the case 0 < ¥ <1
(resp. 11 < 1) 0

Now, we can compare bounds given in Lemma 2.1 and Lemma 2.2. Then we
obtain the following lemma. This statement is obvious. We omit the proof.

LEMMA 2.3. Let x,y, &, B be positive numbers and o, B such that o0+ 5 = 1.
Let 1y (resp. t1 ) be the unique solution of the equation o+ = t* + %(IB —1)? (resp.
Bt+a=1+ 1% —1)?)on (0,1) for a # %.

If a €(0,1), then

1 4 2 1 45 2
PTG =) < P =) S ot By — 2%y (11)
ey <heoo sy
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holds in the case ty < f <1 and

1 1
A G I e R e (12)
<« Los (xB _ yB)2 < Lya-p (xB _yB)2
S 2 S 2

holds in the case t| < * < 1. Otherwise, the inequality (2) holds.

If a € (3,1), then the reverse inequalities in (11) and (12) are valid given same
conditions.
For o =} we have identities in (11) and (12).

REMARK 2.4.  We can obtain similar results if we replace 1y*~# (xf — yb )2 by
Lyp=a (xP —yﬁ)2 in (6) - (7) and 1xP~% (x* — y*)* by 1x%7F (x* —y*)* in (8) -

9)-
If we replace the factor % by %g or a by B in Lemma 2.1 and Lemma 2.2 we

can observe new inequalities. Then, for example, we obtain the following lemma.

LEMMA 2.5. Let x,y, o, 3 be positive numbers and o, B such that oo+ 3 = 1.
Suppose that either of the following conditions holds

(i) x <y and a € (0, 1], (i) y<x and a € [1,1),

(iii) x <y and a € [L,1), (iv) y < x and o € (0, 5].

Then
1[3[3705 o a2 o, B lﬁﬁ*a o o2
_= _ < _ < _F _
2ax (x y) \ax—&—ﬁy Xy \Zay ()C y)> (13)
1 2 1 2
E%ya*ﬁ (xﬁ—yﬁ) <ox+ By —x*P < E%xo‘fﬁ (xﬁ*yﬁ) (14)

hold in the cases (i) and (ii) and the reverse inequalities in (13) and (14) hold in the
cases (iii) and (iv)

For a = } we have identities in (13) and (14).

Proof. First, we prove the right inequality in (13), i.e. that

1
et By — s < Dy ey (15)
holds in the cases (i) and (ii) and the reverse inequality in (15) holds in the cases (iii)
and (iv).
Forevery o, 8 € (0,1), oo + 8 = 1, we put a function f, g(z) deriver from the
inequality (15) as follows:
létmx ﬁ —a 1 ﬁ

1) = — T 4+ =
fap(t) 2d T a tart sy

We have fop(1) = 0, ff,5(1) = =Br*~" + (B — a)r* ' + a, f; 4(1) = 0 and

fap(t) = Blo—By=2 (1 —1%). (17)

(a—PB), t € (0,00). (16)
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Letbe 0 <7 < 1. Observe fi/5(t) 2 0if a > B and f)/5(1) < O0if o < B. Tt
follows that f, g(r) > 0 if & > § and fop(r) <O if & < %,

Replacing ¢ by f in (16) and next multiplying by y > 0 on both sides, we obtain
that

|
ox + By — x%yP — ngﬁ’“ (x* —y")? >0 (18)

holdsif x <y and o > % and the reverse inequality in (18) holdsif x < y and & < 3.
Hence we have the desired inequality (15) in the case (i) and the reverse inequality in
(15) in the case (iii).

Letbe 1 > 1 in (17). Then f/5(1) > 0 if o < B and f/5(r) <O if B < . It
follows that f, g(r) > 0 if o < 5 and fop(r) <O if o0 > 1.

Replacing ¢ by ’y—‘ in (16) and next multiplying by y > 0 on both sides, we have
the desired inequality (15) in the case (ii) and the reverse inequality in (15) in the case

(iv).
Next, we prove the left inequality in (13), i.e. that
LB po o _ oy o
5t W=y St By —x%y (19)

holds in the cases (i) and (ii) and the reverse inequality in (19) holds in the cases (iii)
and (iv). We put a function f, g(¢) derived from the inequality (19) as follows:

fap(t) == fégtm + gt“ — P Br+ <oc - %g) . 1e€(0,00).  (20)

We have fop(1) =0, fg4(t) = —BrPet 4 Bre—t — B 4 B, flp(1)=0and

=L m a2 pE gL @)

Itis obvious that (1 —2B)~% + (1 —B)t* +1— B > 0if e > § and (1 —2B)* +
(1-B)*+1-B<0if <.

Letbe 0 <7 < 1. Then f;4(t) > 0 if o > : and f;/5(t) <0 if o < ;o It
follows fo (1) =0 if > 5 and fop(r) <0 if o0 < 5.

Replacing 7 by * in (20) and next multiplying by x > 0 on both sides, we obtain
the inequality (19) in the case (ii) and the reverse inequality in (19) in the case (iv).

Similarly, putting # > 1 in (21), we obtain the inequality (19) in the case (i) and
the reverse inequality in (19) in the case (iii).

Next, replacing x by y and o by B in (13) in the case (i) (resp. (ii)), we obtain
(14) in the case (ii) (resp. (i)). Similarly, using the reverse inequalities in (13) we
obtain the reverse inequalities in (14). (]

Next, in the following lemma we compare bounds given in Lemma 2.5.

LEMMA 2.6. Let x,y, o, 3 be positive numbers and o, B such that oo+ 5 = 1.

Suppose that either of the following conditions holds
(i) x<yand a € (0,1], (i) y <x and a € [3,1),
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(iii) x <y and o € [3,1), (iv) y<x and a € (0, 3].
Then
A < ax+ By —x4P < Ay, (22)
where
1 2 1 _ e
2yt (xﬁ —yﬁ) : LB oo o yay2 if (i),
A = 2B Ay = 2a
N lﬁﬁfa a a2 B lga—ﬂ<ﬂ_32 i (i
Eax (x -y ) ) Zﬁx X y) ’ if (11).

In the case (iii) (resp. (iv)) the reverse inequality in (22) is halid with the same bound
as in the case (i) (resp. (ii)).
For a = 1 we have the identity in (22).

Proof. Using Lemma 2.5 we obtain:

1 21
max E%xa*ﬁ (xﬁ yﬁ) ,2§yﬁ *(x* yo‘)z} (24)
1 1 2
< ox+ Py —x%P < mln{igxﬁ_a (x* —yo‘)2 , E%ya B (xﬁ —yﬁ) }

in the cases (iii) and (iv).
First, we shall prove that

1 1 2 1
A2 = min { Egyﬁ—a (= y)?, E%xa_ﬁ (xﬁ - yB) } = Eg)’ﬁ_a (=)’
in the cases (i), i.e. that
1 la 2
Egyﬁ*“ (x —y*)? < ng“*ﬁ (xﬁ - yﬁ) it (). (25)
Forevery o, 8 € (0,1), a < B we consider the sign of a function

a B _B
2 17 —t 2
o B g’
Since li - =0 and £/, (1) = LD < e gl
ince lim;—o+ fo,p(1) = 00, f(1) = 0 and f§ 4(1) = 55— < 0, it follows

. 2_,—a/2 B/2_,—B/2 2 —a)2 2
that f, (1) > 0,ie. 0> el > Br b . Then we have (M) <

o B
(,ﬁ/z,,—ﬁ/z )2
=) .

! re(0,1).

foc,B(t) =
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Replacing ¢ by f in the last inequality and next multiplying by %aﬁxo‘yﬁ >0 on
both sides, we obtain (25).

Next, multiplying by x#~%y*~F onboth sides (25), we obtain that %%yo‘_ﬁ (xP—yP )2
> %gxﬁ’“ (x* —y*)* e A = %%ya’ﬁ (xP — yﬁ)2 in the case (i).

Now, replacing o by [ and x by y in (25), we obtain we obtain that A, =
340 F (aF — yB)2 < A ByP—o (x* — y*)? in the case (ii). In the same way we obtain
A1 in the cases (ii). Finally, the reverse inequalities are evident. ]

Now, we obtain the following lemma comparing bounds given in Lemma 2.3 and
Lemma 2.6.

LEMMA 2.7. Let x,y, &, B be positive numbers and o, B such that o0+ 5 = 1.
Let ty be the unique solution of the equation \/B(1* — 1) = \/a(? — 1) on (0,1) for
a# L

If a €(0,3), then

1
ox + By —x%P < Egyﬁ—oc (x* —y%)? in the case x < y; (26)
l B—o (o o2 . x
3 (x% —y%) in the case 0 < 5 <o,
wripy x> 4 : @)
EEyafﬁ (xﬁ fyﬁ) in the case 10 < 3 < 1.

In the case y < x the reverse inequality in (26) is valid. In the case 0 < * < o
(resp. to < ¥ < 1) the reverse inequality in the first inequality (resp. the second
inequality) in (27) is valid.

If a € (3,1), then

la 2
ox + By 7xayB < Eﬁxa B (xﬁ 7y3) in the case y < x; (28)
1 2
—x%—B (xﬁ _yﬁ) in the case 0 < * <1y,
ox + By — x%yP > I (29)
5 axﬁ*a (x* ya)z in the case tp < 3 < 1.

In the case x <y the reverse inequality in (28) is valid. In the case 0 < f <t
(resp. to < § < 1) the reverse inequality in the first inequality (resp. the second
inequality) in (29) is valid.

For a0 = % we have identities in (26), (27), (28) and (29).

Proof. In this proof we use the same cases (i)—(iv) as in Lemma 2.6. Using results
given in Lemma 2.3 and Lemma 2.6, we have to decide

1 1 2
(a) min{igyﬁ“ (x* — y*)?, Exa*ﬁ (xﬁ fyﬁ) } and

la op(p B)2 l oo _ oy
maX{zﬁy (x A T e G )
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in the case (i);

1 21
(b) min { E%xo‘_ﬁ (xﬁ - yB) , Eyﬁ_o‘ (x% — yo‘)z} and
1 1 2
max {5 28 oy e (- )

in the case (ii).
In the case (iii) (resp. (iv)) we can replace max by min in (a) (resp. (b)).
Let (i) hold. Since § < 1 it follows

1 1 2 1 2
LB pear (o _yoy2 < E%xa B (xﬁ ,yﬁ) < et (xﬁ ,yﬁ) .
. _ 2
Then we have mm{lﬁyﬁ O (x% —y@)? Lxa B (3B — 3B } = 1ﬁyﬁ @ (x* — yo)?
and (26) is valid.
Next, forevery o, € (0,1), a < B, we consider the sign of a function

-1 P

va o /B
Wehave £1,5(1) = v/@i —\/Bb1, lim,o, /1, 5(0) = 00, f1p(1) = Va—/B <
0 and f; (1) = 0 for t = 1, = 2029/:% € (0,1). Then f (1) > O is the

fap(t) = c[0,1].

maximum value since f (;’ ﬁ(tl) = tf 72\/3 (a — B) < 0. Then there is the unique
solution £ of the equation fopg(f) = 0 (i.e. /B(t* —1) = a( —1))on (0,1).
Since fqp(0) = Ve /B <0, f(%) =0, f(t;) >0 and f(1) = 0, it follows that

va/B =
o_ &B_
fap(t) <0 fort € [0,4)] and fup(t) > 0 for r € [to, 1]. Then t\/al <t \/E <0 if
© B_1 .
t €10, and 0 > ﬁl > ﬁ if ¢ € [to, 1]. It follows

2 2
(tal) > 1 if 1 € [0, 1]
— ) 2\ 1 s 1o
va VB
and the reverse inequality if ¢ € [to, 1].
Replacing ¢ by

X

5 in the above inequality and next multiplying by %ay >
0 on both sides, we obtain that max {%% =B (xP — yﬁ)2 P (e — y"‘)z}
1P (2 = )2 if 1 € [0,10] and max { $6y% P (#F — )7, hyPme (s -y}
LayeB (xF —y8)* if 1 € [15, 1]. Then (27) is valid.

Next, in the case (ii) it is enough to replace & by 8 and x by y in (26) and (27).
Finally, the reverse inequalities are evident. ]
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REMARK 2.8. i) If wereplace o by 5, B by I, x by u” (u>0), y by w? >0

w > 0), in Lemma 2.1 and denote P(u,v) = i + v uv, ®(t) = P, we obtain
P q
that | |
EWP-Z (1 —w)? < P(u, ®(w)) < Euz_” (D(u) — D(w))? (30)

holds if [17 < % and w # wlP=Y4 ie. p >2 and u # w and the reverse inequalities
in (30) are validif p <2 and u # w.

The right hand inequality in (30) is just [1, Inequality (2.11)]. Moreover, in
Lemma 2.1 we give one proof more of [1, Inequality (2.11)].

Notice that P(u, v) is the difference between the arithmetic mean and the geometric
oneof u” and v?. Then we have directly that P(u,v) > 0 givenin [1, Inequality (2.10)].

ii) Using Lemma 2.6 and doing equal substitute as in i), we obtain that

1
2(p—=1)

holdsif p >2 and O < u < w,

WP (D(u) — D(w))* < P(u, D(w)) < %IWH (w—w)? (31

1
2(p—=1)

”Tluﬂ (1 — w)* < P(u, ®(w)) < 2P (D) — D) (32)
holdsif 1 <p <2 and u>w>0.
Ifl<p<2and 0 <u <w (resp. p > 2 and u > w > 0) the reverse
inequalities in (31) (resp. (32)) are valid.
If we select the right hand inequality in (32) and the left hand reverse inequality in
(32), we have that
1

P(u, ®(w)) < muzﬂ’ (@) — D(w))* (33)

holdsif 1 < p < 2 and the reverse inequality in (33) holdsif p > 2, where u > w > 0.
Now, we define P(u,v) = % + % —uv, ®(t) = |t|~% forall u,v € R. Then
O(—1) = —D(t), P(u,v) = P(—u,—v) inthe case uv > 0. Using (33) we can obtain

that
1

2(p - 1)
holds if 1 < p < 2 and the reverse inequality holds if p > 2, where u,w such that
|u| > |w|, uw > 0. Then (34) and its reverse are just [1, Inequality (2.12)].
iii) We obtained new bounds for P(u, ®(w)), which are not given in [1, Inequality
(2.11)] and [1, Inequality (2.12)].
Let 1 < p < 2, uw > 0 and #, be the unique solution of the equation
p—1({1—1)= (" —1) on (0,1). Using Lemma 2.7 we obtain

Pu, ®(w)) < Jul> 7 (D(u) — D(w))* (34)

Wl

ST (@) — (). it0 << Ui,

P(u, ®(w)) > ! (35)
p—1 2 wl
—— [ (- w)”, if Y10 < <.

2 Jul
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If0< |”| {/ty, then the reverse inequality in the first inequality in (35) is valid. If

{1y < ‘Iu\l < 1 then the reverse inequality in the second inequality in (35) is valid.
Similarly, let p > 2. Then

p%l|w|27”(u7w)2, if0<|L<(757
Plu,®(w) > { | i (36)
EWP-Z (D) — D(w))?, if {1 < ol < 1.
w

If 0 < |’: < {/to, then the reverse inequality in the first inequality in (36) is valid. If
Yty < H < 1 then the reverse inequality in the second inequality in (36) is valid.

REMARK 2.9. We can compare our results with the one given in [9].

i) We remark that our results from Lemma 2.1 are better than the results from [9,
Theorem 2.3] for some o, x and y, but not all.

ii) We can not compare the results from Lemma 2.6 and [9, Theorem 2.3], since
their hypotheses are not the same.

3. Inequalities involving the arithmetic and geometric operator means

In this section we give several inequalities involving the arithmetic and geometric
means of two positive invertible operators using results obtained in Section 2. In the next
result we observe the generalized geometric mean defined for every positive invertible
operators A and B as follows:

1

Aty B:=AT(A"IBA"71)%A’,  a€R.

For o € (—00,0) U (1, 00), it cannot be Kubo-Ando mean and is often denoted by fi,, .
In the next proofs we shall use the known property of monotonity for operator

functions: If X is bounded selfadjoint operator on a Hilbert space H with a spectra
Sp(X), then

f)=g() espX) = F(X)>eX) (&%)
Using Lemma 2.1 we obtain the following theorem.

THEOREM 3.1. Let A and B be positive invertible operators on a Hilbert space
H.If a € (0,3], then

%(AﬁZaB+A)<AVaB ( ﬁZa 1B+B) (37)

l\)lH

If a €[4, 1), then the reverse inequalities in (37) are valid.
For o0 = 3 we have the identity in (37).
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Proof. We only prove the case o € (0, 1]. Putting y = 1 in Lemma 2.1 for this
o, we have the following inequality:

1 1 2
E(xo‘—l)zéax—i—ﬁ—xaé Exo‘_ﬁ (xB—l) ,

ie.
%(x2a+l)<ax+(l—a)<;(2a "x).

Using (&) we can replace x by A~2BA™7 in the above inequalities. Then we have

1
5 ((A—zBA B2y 1H) <A TBATT + (1 — a)ly

% ((a=tpa=tye ! 4 a~ipa~t).
It follows
% (Af(A_fBA")MAZ +A) aB+ (1 — o)A < % (A%(A—%BA—%)Za—lA% +B) .
From here the desired inequalities follow (37). 0

Using Lemma 2.3 we obtain better results than the one from Theorem 3.1 given
some conditions.

THEOREM 3.2. Let A and B be positive invertible operators on a Hilbert space H .
Let ty (resp. t1 ) be the unique solution of the equation at+1—o = t*+ 5 (tl “_1)?

(resp. (1—a)t+a=1"%+11*—1)*)on (0,1) for a € (0,1), Ot;«éz.
Let a0 € (0,%). IftoA<B<A then
%(AﬁzaB—ZAﬁaB—&—A) < AVyB—At,B
< S(Afr 2B 24t o B+A) (38)
if A<B< 1A, then

(Afh_2a B—2A%_4B+B) < AV4B—AtyB

N —

< SAte B-2A1 BB, (39)

In the case o € (,1) the reverse inequalities in (38) and (39) are valid given
same conditions.

For a = 1 we have identities in (38) and (39).

Proof. We only prove the case o € (0, 1).
(a) Putting y = 1 in Lemma 2.3 for & € (0, 1), we have:

(P—2x"+1) <ox+(1—0) —x* < = (@ =2"%4+ 1), ifx€n,1),

—_ N =
N —

1
3 (r—2x"" "+ Cox+ (1 — ) —x* < 3 (x—2x* + 271, if x € (1,1/4].
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Using () wecanreplace x by A~2BA~% . Weobtain the following: if Sp(A~2BA~z) C
[f0, 1], then

1

((A’%BA’i)Z“ ~2(ATBATE)® + 1H)

N —

< aA IBAT 4+ (1 — a)ly — (A"BA3)®
1
5 ((A’%BA’%)Z’ZO‘ —2(A"IBAT) " 4 1,,) :

N

but if Sp(A~2BA~2) C (1,1/1], then

% (A’%BA’% —2(atBAT )l 4 (A*%BA*%)I*ZO‘)
<aATIBATI + (1 —a)ly — (A"IBA™1)*
< % (A—%BA—% —2(ATIBATH)* 4 (A—%BA—%)M—I) .

Consequently, if Sp(A~2BA~z) C [1, 1], then

% (A%(A—%BA—%)Z“A% — 24 (A~ iBA oAl +A)

1

B+ (1— a)A —A?(A"ZBA™3)%A? (40)
AF(A~EBAH)P 200t _oat(A-EBAT ) ImoAl +A) :

but if Sp(A~2BA~1) C [1,1/1], then

(B—ZA%(A*%BA*%)I*O‘A% +A%(A*%BA*%)1*2“A%)

<aB+(1—a)A— A (A TBA™?)"A? (41)

< % (B — 2AT(A"TBATT)%A? +A%(A’%BA’%)2“’1A%) .

(b) Now, if 70 A < B < A, then 1y ly < A"IBA=: < ly. It follows,
Sp(A~2BA~1) C [t9, 1]. Then (40) holds, i.e. if 7y A < B < A, then

(A ﬁ2—2a B —2A ﬁl—oc B +A)'

N =

1
(A% B—24aB+A) <AVaB— Al B<

This is the desired inequality (38).
Similarly, if A < B < 1 A, then Sp(A~*BA~%) C [1, 1]. Then (41) holds and
we have the desired inequality (39). O

REMARK 3.3.  We can obtain similar results as in Theorem 3.2 if we observe
inequalities as in Remark 2.4.
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Using Lemma 2.5 we have the following theorem.

THEOREM 3.4. Let A and B be positive invertible operators on a Hilbert space
H . Suppose that either of the following conditions holds

(I) B<A and a € (0,1], (I) A<Band a € [},1),

(Ill) B< A and a € [3,1), (IV) A< B and o € (0,1].

Then

11—«

2o (Afi—2a B—2A#1_« B+B) < AVoB—AfsB (42)
< L%t B-244,B14)
X 200 20 a )

(04

m(Aﬁz—zaB—ZAﬁl—aB—FA) < AVyB—-AtfyB (43)
o
< ——(Aty 1B—2A4,B+B
2(1—05)( ﬁZal ﬁa + )

hold in the cases (1) and (I1) and the reverse inequalities in (42) and (43) hold in the
cases (II1) and (IV).
For o = § we have identities in (42) and (43).

Proof. The proof is quite similar to the proof of Theorem 3.2. We give the quick
proof.
Putting y = 1 in Lemma 2.5, we obtain that

lﬁ 120 l—o o lﬁ o
_F _ _ < ZE _
2a(x —2' T4 x) <ax+ (1—a) —x \206( 2% +1),
1 1
zg (P2 =2+ ) Cax+ (1—a) —x* < 5% (P! —2x% + x)
hold in the cases (i) x < 1, a € (0,1] and (ii) 1 < x, o € [1,1) and that their reverse
inequalities hold in the cases (iii) x < 1, a € [5,1) and (iv) 1 <x, o € (0,4]. It
follows:
1B
SoAti2B-2A4%oB+B) < AVyB—-AfuB
1B
< 3g —(Atoa B—2A Y B+A),

(Atr2aB-2AtaB+A) < AVyB—AtqB

N =
™I R

< (A1 B—2Aty B+ B)

N —
™| R

hold in the cases (I ;) Sp(A"7BA~7) C (0,1], a € (0, 1] and (I, ) Sp(A~2BA™?) C
[1,00), a € [4,1) and that their reverse inequalities hold in the cases (III;)
SpP(A~3BA~%) C (0,1], aw € [1,1) and (IV ;) Sp(A=2BA~%) C [1,00), a € (0, }].
Now, if B < A, then A"?BA~? < 1y and it follows Sp(A~2BA~z) C (0,1].
But, if A < B, then Sp(A"2BA~%) C [1,00). Then (I) implies (I, ), (II) implies
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(I, ), (II) implies (IT; ) and (IV) implies (IV ). It follows the desired inequalities
(42) and (43) in the cases (I) and (II) and their reverse inequalities in the cases (III)
and (IV). O

Finally, using Lemma 2.7 we obtain the following theorem where we compare
bounds given in Theorem 3.1 and Theorem 3.4.

THEOREM 3.5. Let A and B be positive invertible operators on a Hilbert space
H. Let ty be the unique solution of the equation /1 — o(t* — 1) = \/a(t' =% — 1) on
(0,1) for a € (0,1), o # 1.

Let o € (0,1) hold. Then

1-a

AVyB-Aty B < W(A fou B—2A tly B+A), if B<A, (44)
1

AVaB=AtaB > (A t2 B=2A %o B+A), if B<nA,  (45)

AVyB-AtyB > Z(IOiOC) (Atrsu B-2At_o B+A), if 1A<B<A. (46)

If A < B the reverse inequality in (44) is valid. If A < 1B the reverse inequality in
(45) is valid, but if toB < A < B the reverse inequality in (46) is valid.
Let o0 € (3,1) hold. Then

AVyB-At.B < ﬁ(ﬁx fa—1 B=2A 1y B+B), if A<B, (47)
1
Ava B-A ﬁocB > E(A ﬁZa—l B-2A ﬁoc B+B)> lf A< tOB7 (48)

1_
AVyB-AtyB > T;‘(Aﬁl_zaB—zAﬁl_aBJrB), if ©B<A<B. (49)

If B < A the reverse inequality in (47) is valid. If B < 1A the reverse inequality in
(48) is valid, but if 1vA < B < A the reverse inequality in (49) is valid.
For o = % we have the identity in all the above inequalities.

Proof. Putting y = 1 in Lemma 2.7, we obtain the following:
Let o € (0,4) hold. Then

1

ox+p—x* < Eg(xza—Zxa—&—l), if x<1, (50)
1

ax+ B —x* > E(x20‘72x0‘+1), if x<t, (51)
1

ax+ B —x% > E%(xzfz"‘—zx“"‘ﬂ), if m<x<l.  (52)

If 1 < x, then the reverse inequality in (50) is valid. If x > %, then the reverse
inequality in (51) is valid, butif 1 < x < % , then the reverse inequality in (52) is valid.
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Let o € (4,1) hold. Then

la
ax+pf—x* < Eﬁ(xzo‘fl—bca—i—x), if 1<ux, (33)
1 1
ox+ B —x* > E(x2a—1f2xa+x), if x> o (54)
0
ox+p—x* > lﬁ()cl_zo‘—2xl_°‘—i—x) if l<x<l. (55)
2a ’ fy

If x < 1, then the reverse inequality in (53) is valid. If x < #, then the reverse
inequality in (54) is valid, but if 7y < x < 1, then the reverse inequality in (55) is valid.

The remainder of the proof is the same as the proof of Theorem 3.2. We omit the

details. O

]
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